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Let M, a) be a closes symphe bic man:fold god thatTarM) =0. Fit I am almostcample stracture on compatible
with co, i.e. (175 =c0]..) is a viemanmiane mafic.

for any HE40/s,
M. IR) we demote by H) the set of

contractible a-priodicabt of the Hom:/fou:an flou gave-
rafor long I, i.e. the flow of the time deguendant ventorfield XH

where co/X,) = - dHt.

The aim of these notes is to show that the set of A such that
d (_,a+) =qu:R =

S, M

=pre,) =x -(2
+((n)( +x)) =0

is a fin to dimensional saof man:fold for all a, a +tPrH).
is "N-gueic? We will be more precise in I.

The irea to prove this
is the following:

Remark:towern the groot we will give won't follow exactly the onder me present now.
can proof will be 1,2,4-3,3,6.
1. Fo any non degenerate from:fou:an fane" and for any a_, x, -4(H)
we consider a Banach man:fold
&48 (x,u+) CWIP/R -s',M) aus a Bamade Bunde
EP, BP (u-, x+) gach that 55 37

24 :$50(x_,x+)- 9 gewofte Fredhofm gafn
au 2 1903 =db, (x_, x + ).



2. If(Im8,)190}
1 1"{0} soft manifald and of fuite dimension.
3. To show that it happens for generic A we have to make I ran:es.
More precisely we will do as follow:
Fix Ho non degaats, we Jefuref/He)<2P/IMIR) a space of deformation of Hesit.
*H 294H),9H)=P.) ans (He) Banach man:fold

is
gi

feuse in enmitgarante angiden
S:$"P(x-,x +) +(H) -> E We gla flat
ra, H) 55,(a) Je S190}

Es 8h Bauad man:fold.
4. H-399/Ho) is a vegetaranlue of E Jam 55,15074: 8903- I/H)

5. We use gri-grafe faarem foconclude that Hrago) is danse in
It Ho) for stopology

2)Follows almostadlogively from whatLacan has dan

2).4),5) are gueral famfional analysis feovers.
Bon main fast will be to prove 3) eqecially the pink square,

me formalize it in theorem 3.3 below.
The plan will be the following:



I. The setting / The Banach man:folds)
a. The Gobolorspace WIP and *P (-, a+)
b.The space of reformationand the precise statementof the flore

I. Reformulation of the Thoram
a. IFT for gentions of Banach bande
b. Reframation of fee Thoran via IFT
#I. Prost of the thon
a. Gauf-ganale foretTransonfuty
b. Roof of the fluoram.



2. The setting
a. B2,P(x_,a +)

· E,:94/,M) ~En

a 17 +f(a)(5fx +Xy(a))
where 2D is Fricet bande 2: =FP/a*TM) is the openfor
that pays

outwhen we fransform flu OTEof gradient fines of the
fafional Ai:eM-i with respect to fle mefric on 1M defined by
(1) (5,41 =(x(3(+)5),4) dt, 5,2/M)

to a PTE.
· d64(x_,x +) =65,4 (04124(,a +)
where ex (_, n+) =(u:RxS'-MIls,) =x1).
. To be able to do analysis we have to work withBanach man:jols. It is natural to complete iM withrespect

to the metric Infined by (1) and go to work in Wai/,M).

· Hawere to complete 24 (x_, x+) C94 /s, M)
sime

die (SIR)=L, it is natural to work withNIP nora

for pr so flat Wap (a_, n-) C WIP (SFR,M) (2/SIR, M)
-instar of in fam

of digte:but
sif wedogneW faukog toaeubesding. spenden fan embedding
More precigely we will work with:

&48 (.,a+) (Wi (a -,x +) where



$"P(x_,x) =fa-W2P4_,_))75-W2P(7- x,-s.]',*d)
{E W" /s.,+n2 =s,a7)
~(s,t)=2px =4)(5(s,t)),1/804

Propos.Zon:FHE P/SIM,) ausfa=f(t)
-apra_,x1) is a gewooh Banach man:fold with
In 5*P(xe, x+) =W2P/R -s', a*TM)

- d64 (_,x +) (BP(x,x +) daponential decay)
-55,4:SP(a - ,x +)- EP

a + bga +((a)(qu +x+(a))
where EP Banac bande EP=LP/Rx', a*TM) is smooth.

We asmit this proposition.
Hark: - Is the expansion of G,to Bap in fan fast proposition can be
sone bydensity of 44(_,x+) ($2p(_,m+)?In the way we have dame it

tee and se designates the wande:fire of a tp(a_, x+)-

Moreover one can use the Calderan - Eygemund irfenality to prove effiphic
regabrify, i.e if a 848 (, a+) 8.6 ,(a)afgn/ R,M)
In offer words:

em 1.1: 55,4"90} =dy (a_,n+)



b. Precise statement
for this part we follow mainly Audin-Damian 8.3

fine 94/SM, R) das not admit a natural Barack gfranfare, we will song:der

for any HE 20/sM,R) a sabspace (H)C94/xM,R) that admits such structure.
Congide E:=/E:)ien a sequence CRro. For any

H-) 24 (SM, R) we defur the
wam IHI:-kId" Aly where Id*A is defined as follow
fix a covering dar tsfl;, (i) of SM, 4:Hits Boll (oseball)it41,ND

andDd*A ly:=max okHod;"(z)). We flem demote by 2/M, IR) the ventori,z,11h/sxa,... xxx

space consisting of H-C24/SIM. IR), s.t1HIl, {+
1s. Itis"fearly"a Banach

span,
·in (SM,R), Illa) is complete. Moreover we have the net propos.fonthatwe admit

Aoogition: There exists a sequence I such that *se met page farP au explicit I&4,SM, R) is dense in 94/BIM, IR) for the 4* fapology sequence E

Fix gade an Eau Hog/iM).Cangider e(H) (CP, (s'M, R),defubyH-IfHeS

H(t,x)=H.,x), fr in a wighbalaar of PrHo),fts' aus HH-Holls (S. Es(He)
ensomed unfaille is a Banach man.fold with THH.)={4-9"/s:M,R)/#e() =83
Moreau for S gaffenanger (Ht #s/H), 9/H) =PrH). We them demote Ifte)
We can finally state propenly the fluorem we want to glow:
Theorem:

Let to bea non degenerate from: fou:an franction. The set off(Ho) ofreg

HE Ie) sit. yb,n1) is a gooth finite dimensional
manigafer is residual in if/Ho) endowed with the estopology.



to explicit the sequence of the grevious proposition une use

and admit the mat fana proven
in Audiuifamian.

Lumena: Ensowed with the etopology the space P/M1,R)
is separable, i.e. itadmis a dense

sequence.

Remark:for fla 9 topology this regult can be reduced from
Store-Weienstra offer embedding Mx'- - 1,45N.

-

Gorsiderfa)si, IR)
a des sofremfe

En==
anwill fallou

where Iflen Id"fly as we defined in the beginning of
the section.

A Reforum fation of the Thorens via IET
a. IFT Banache Bante.fr



Let 3 * 3 be a Banach bunst
faute by :-> E the D-genfion,and songiden te caman:cal

splitting ofTools To B8 En ans devot by in:Tom,E-Ea

therforanyftarot antanafa"graie)) un dene

d():Ta- Er et- Ya((a))
Thoram21:Let o:B- 3 be a gation. Suppose that for all afallu
drose is gjerfine

and armites a night inouse from o"GOB4 is a

Banach manifata. Ifmareon drow is fresholm flem it is a manifla
of (finze) dimension quals to the Freshofm inde

Ramark/Idea ofthe proof: · dr
=ZumarO, in de (a) TetofordeSoshandrats-getinmase
The condition about asmiffing night ineuse is superfluous in fuite dimensional

. Acontinuous apeafor A: --F between fu Bamachlfting spaces
is Freshof if dir Ker A+D aus de FarA[+D.

IndeA=die Kert-die (F/zarA)
b. Reforumbition of the fluore
Thanks to the Calderon - Zyquand insqualify one can prove that
Iran2.2:Get A be a non degenerate from: forian frue fion. Ther
fa_,x+tP(H), ansfa-dby(,n)=25,"30)

d25,fe) is Freshofun



Thanks to the 2 previous florams one careformfate the fluoram
Theorem
Let to be a non degenerate fami/ fou:an franction. The set ifrig/Ho) of
HE IH) s.t. d55,(a) is sanjective fort -) PH), fa- My (e_,xt)

manigafer is regidual in i /Ho) endowed with the 90tplogy.
#. Proof of the Throwam
a. Gand gemale Theoram.

We saythat yEY is a regular value of fix-y, if f"(y)=bor dufis sangfatfh
Theoram 3.1:Get Xandy be separable Banach manfolds,i.e.
Hangarmit dense sequence and fix - Y a smath Freikolm map,

i.e3,

dof: Tax-> Fast is Frehom for allaEX.
Then Yougo) =Gy & Y is a vegular value off is regidual in y
- -

We admif this previous florem. This allows to reduce the following fluoram
Thoram3.2:Let &FsB: I be a Banach bande feraryphing separable) and

.5 x2- E (b,x)12(b,n) =(b) a genooft gration.
a) f(b,u) - ["90), the vertical devicative ofEat /b,a) is surjentive.
b) frt 2, rb on904 the rafical devinative of on at b is
Freshofun.
Then the set Gregifut2/dar/m) is surjeufice fautattesis a residual subit of Grugi



Roughida of the proof of Thronem3.2:
1) The hypothesis a)+b) allows to make gave thatthe refical dor:cafive of
I admits a rightinverse atany (b,2) -I",0).
2) This allows to apply IFT and reduce that I"30b=: of is a manifold.
3) 4:do -> I is fredholm of same indee as the vertical device
fire of on and moreon vice regular value ofdar() sanjective?
4) Use the soir. Sanale fluoram to concluse.
b) Proof of Thoren
We would like to applyfle previous Thorem 3.28 the wap
8:54(x -,x+) +f(H)->EP (a,H)1 f(a,H).=2,().
Sive we already know that this wap gutisfies assumption b) of
Thorem 3.2 flanks to theorem 2.2,it remains to glow that it

gafisfies also assomption a). More precisely
Theorem 3.3The onefical deirafive ofSat any point (a,H)-590) is surjective.
Inde, showing Theorem 3.3 fem with Thoram 3.2 fageflow
with Thorens 2.1. allows to more Theoram.
Recall that if F is a sabresfor space of a verfor space
we demote by Faun=( fCE*=2 /E,R) /f/f =0}.
Samma:Lut t be poser. Then = E E fam=903,-

Rof Use Haut-Beach.
Sine FH-CI(H0), His wow regenerate, for all (,H)-28",04
du 1(a) is Freshofm auf

go Jan(dS(r,H)) is afoser.



to franks to flepencious laaa to glow the sanjectivity of d"f(a,H)
it is enough to glow flat
·amforse,HI))am_ GwLP/IM, a*TM) *(-smds/r,t) -84=40}
Sime (P)*is naturally isamord to L1 fam me fix a mesure on
SYR and a mefricon M) where Itt=1 aa

↳-bywiffreffes, with dodb).
Using this identification

·Za drSa,H))a=Gw-C29/fa. [d"8(,H) [â,IS,m dedte()

↓(,) -> Tra, H) (B"P(_,x+) =e(H.)}.
We will show that if wi0 them IR, Sta, m/dedt=y confrawifing

Höffer inequality. e
1) Firstone can se fat dWS(a,H)(,I) =d"24(a)() -THt(n),
so qufting =0 me get

S_,44"21()(),m dedt=e, fü

Dans , dran(a))turdecte, fü ((((n))*w=
-> by elliptic regularby that i is genofh. Actually more is frue:

one can fini a fricialisation2. RSI RM-
at TM such that in flee wadinafs

/(j(u))*n =E) -+Jetstatuewhere w(s,t)=25i(w(st))
J. the standard complex structure of2 ans S:SIRR-EndrR).



Soin gatistes aperturber landing. Diemann efnation go if glau same gagor-
fines of holomorghic wap. In particular q,4)ERe/d4wt)iforallb) is open
and foges. It can be

proven using Canfeman-fimilarf principle, we will adanif it.
2) Now pafting in equation () gives
1- -DH(a),m/ dedt =0 for all I-CT, IrH.)
=Is,d(n)mdedt =0 fo all FEL,(He) (3).

alain:This implies that IX:S' R,

w(s,t) =21)7, m/s,t) for allt)ER-
We armit this claim for the moment and give a sketch of the proof below.
3) It show that I terfo,t), unfrottadt=0 for any

so

Inded first remark that
dN7q(a)[6u) =0 an(d" (H(a))*m =0 3.1).

We aready poses the prod equalby, the firstone comes from:Since 5H()=0
this implies that 2H(az)where ez(s,t) ==metz,t) so

⑤(2=021(yz) =d2(a)(2,u) =0 which implies d"21(a) (22) =0.

Sa using the fricialization and puffing m/so,t) =Isore(s,t), ifso,t)=et).
we have that Is+ Joty+sindand War+ Jo Wim+s=d

S Js, ,wdt= I, Etse,m+G,) ot

=Is,[-Jobte.S,(+4, Job,Sidt



=Is [-Jot,) -() +() +(,Jodt

·Isâ {, Jow) It =0.

4)suppose that it0. Then 2:'-Rob. Inde suppose
Ito, X70), te UstR, w/s,to) =0
-> Eme,to) for all REN. Now using again Gy())Fare and the firialigufion

. w+ d.++=Owe ge by indufion Hat2,4w(,t)=0 =dkw,to)
=0,tk aude.

So by 1) this would implythat wich. I
5) I Eu,wat=Js Etse,x) tadtf281220

by 2). As sby 3) faxe,, gdt=+
which contradicts folder inequality. 4I

It remonice to prove the alainof point 2). To do so we have to focus on fi
gets R/a) and C(u) associated to adby (u_, u+)
(a) =250,t)ERxS! 6sa/s,t) =0)
R(a) =f(1,t)tRx'=.beus,t) to

3. u(t)+x= (t).}
2.Is,u(,t)fa(r,t)

fined"((u)(Psu) se (3.1) one cam use again Canfeman
-

Similarity principle
and the principle of analytic continuation to get

the next fluorem that we arm.1:



Thovan 3.4:If x+ +x- them ((n) is discrete aux R/) is agen
and deuse.

Proof of the Pain:We will prove as follow
1) We prove the

existance of 2: Cra)*such that
w(,t) =((x,t)2a(x,t)foa))(s,t) ER-S'

2) We prove that
2x =0 go it can be see as a faction 2: S R.

Both proofs will be by confradicfiom:
proof of 1):
Suppose bycontradiction thatis and tu are finally independant at

-S., t.) - ((a)
=>Then 9.J3,57x00, SIM

&, 1,4)ft, expars,t)(ws,t))) is an embading
for ED and I migkkamla of J., to) gaffenange, inde

(=f(,s) =w(s,t) anssf(0,1)=25a/s,t).
1

Construct H with support inside of a smallmighborhood of Jefs.t
#(fre,n,t) =r/s,t) for a a pas.fir function on 1.

Ham (ate4(f(t,e,t)) =B(,t) =dH(f(0,1,t)(ws,t))
=d(a(s,t))(w(s,t)).

And so SIRxs.dats,ri)(a,t) dedt
Cheat/s the Remark beforI



IfdI(a(s,t))(w(s,t)dedt /0. Go this contradit
1)modal the fact flat we haven't docker HETHHe), se te remark befor)
ans we dedme that -> 6: C(a)- R, ws,t) =e,t)2
Remark:We have deafer for the precious efamalify, indee it can happens-

thatfor (s,t)e, (t, m/s,H)El! To solve this problem we

should first to the game thinglut congecting 2:R(a) -> IR,
not that R(a) (((m). Inde in this case one can make gave that
for gaffenangt ans et gewalfenanger (t,a(,t)-e es (t,)-E

Moreorm in this case we can make gave that I 1SxP(H) =b sine

(0,t) (R(a)- u(so,to)+x =fo). Au so #E THB/He).

Then we have 2:R(a) -> IR(e,t) ssal

Du can fan exfans 2 fo C(r) aus
Il Esell

Sime Ria) is dents we still have flat w(s,t) =2(st) (se(at)

for all (5,t) - ((a).I
Roof of 2):Suppose flat 22 = 0.

-> I(00,t)t R(a), 2,/so,to) FO.
Than flame exists K: R-'->Rio supporter in os.t.
&+1 .2) kdedt=f. Ipsh) dedt (IBP).
s'x

As before me consider to genaffenough s.t:
v-s'M -e,t) r(t,a(,t)) embedding

and I a neighborhood of this wap sit. (t,m(s,t)-e (e,t)-e



The we can consumet #: SIM-IR supporter in th s.t.
#(t,a(s,t)) =k/s,t) for all (it)et au fans.A arbitramily.

90 (t,n(5,t) =d4(a(0,t))(ten(e,t)) =2sk(s,t)

Ifd+((s,t))(a(s,t)de dt =ffd+(a(zt))(m/s,t)drdt
R v

=Ifd4(a(5,t)(X(s,t)2,2(st)) dedt

=(15,4)d((4)) (afat) desd

-((((5,t)2sk/,t)dedt C,and fleu
contradicting (3). Since Ru) is dange in C(u)
5x =0 also on C/n). Jinen 2(a) is dgenete, [/u) is

commenter - I can be seen as a fation '-1R.


