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Definition and the Weinstein conjecture

Y - Y ' closed oriented 3- mfd
,

I contact form on Y

( i.e
.

in db so volume form )
, Zi = Kern ) contact

structure
.

The Reeb rector field R on Y is defined by

It ( R
,

. ) = o
,{

t.IR ) = i
.

A Reeb orbit is a closed orbit of R
,

i.e
.

a map

j :
"ZTE → Y

,
T > o

,

sit
. J = Rrr ) .

simple
Rank

.
A Reeb orbit is either embedded on the m - fold cover

,
Mr

mo
.

2
,

of an embedded Reeb orbit
. am

Def
.

A Reeb orbit
y is called non - degenerate if 1 is

not an eigenvalue of the linearized first return map

Py : ( Eye . , , Ill → I Erm ,
db ) .

A non - degenerate y is called elliptic if the eigenvalues

of Pg are on the unit circle
,

and hyperbolic otherwise
.

Def
.

A contact form t is called non - degenerate if all its

Reeb orbits are non - degenerate .
F- generic condition



Assume b is non - degenerate and fix TE H
,

( Y )
.

We

define a chain complex fees
on symmetrization of Y

ECC ( Y
,

I
,

T
,

J )
of Z - coefficients one also possible

freely generated over 7/22 by finite sets of pairs

di-tldi.mil) with :

• The di 's one pairwise distinct embedded Reeb orbits
;

• mi E IN
,

tf i - 1 ,
. . ,N ;

• F. mi I di ] =P
;

• m ;= r whenever di is hyperbolic .

Rink
. Why the last condition ?

( i ) Computation of Taubes Gromov invariant in case of

mapping toni ( see Section 2.6 of Hutchings
' lecture

notes ) shows that hyperbolic orbits one counted only

with weight 1
.

( ii ) Proof of 92=0 ( truncation procedure )
.

•

proof of well - def
.

 of D and of 8=0 in Barney 's talk (6)

The boundary operator

'T
is defined as follows : let ( Mi

-112
x Y

,

d les . b ) ) be the symmetrization of ( Y
,

it )
,

and let I be a symmetrization - admissible acs on M :

- T is IR - invariant
,



- J ( Os ) =
R

,

- Jtg :3 - s Z rotating positively wat db
.

For di - f ( di, mil } and f i - f ( Pj ,
n ; ) } chain complex

generator
,

the coefficient

Fda
, B ) E 2/22

is a mod 2 count of J - holomorphic curves C ( i.e
.

"

J . de = de . j , ) in M ( modulo IR - translations and

" equivalence of currents
"

) S.t.
 

:

I i ) C → midi
.

C If Tjnjfj as currents
S - sty

( more details in Bes ' talk (2) and Johanna 's talk 151 )
.

( ii ) C has ECH - index 1 ( see Jones ' talk ( 41 ) .

Rink
.

For generic choice of J
,

ECH - index t curves one

embedded
,

except possibly for multiple covers of trivial

cylinders 112 x fr }
, y Reeb orbit

. Dam

writes

The induced homology is denoted by ECHACY.3.TT

✓
" " " " "

"

ECH
*

C Y
,

d. M
,

J )

and is called embedded contact homology .

ECH
*

turns out

to be

independent
,

a direct proof of this

is however net available ( because of some unsolved



technical problems
,

see Section 5.5 of Hutchings
' lecture

notes ) . Currently ,
the only proof is via the following

y
Section 2. S in Hutchings

' lecture notes
,

" Tauber 's proof of the Weinstein

conjecture in  dimension three
,

Thin
. ( Taubes ) There is a canonical

isomorphism

of relatively

graded modules
Poincare dual of

TECH*
( Y

, b. T
,

J ) = HM
- * ( Y

, Sgt

PITTI
)

7 Yann in

statement connect seibeng -
spin - c structure

if Sgt PD ( T ) non Witten determined by Z
torsion

,
otherwise Hoen co - ( set of spin - c

should replace with homology structures can be
def

. by
seen as on affineHMT - * "

from version
,

know heimer -

Mnowka Space oven H2 C Y ; 21 )

Corollary ECH is a topological invariant ( up to shifting T

if one changes the contact structure ) .

Corollary ( Weinstein conjecture in dimension 3) Every

closed contact 3 - mft
.

( Y
,

b ) has a Reeb orbit
.

proof .

Suppose ( Y
,

b ) has no Reeb orbits
.

Then b is non -

degenerateand
,

empty set of Reeb orbits is a

ECH
*

( Y
,

I ,T ,

I ) , fake
if Teo

,

" Yoke .

o otherwise
.

However
show that there is

HM
*

I Y
, Sgt PD f T ) ) always such a T

is infinitely generated whenever on G) t !PDIT ) e H2 ( Yip )



is torsion ( see knenheimer - Mnowka )
.

G
is

Rink
.

The fact that ECH is infinitely generated does not

imply the existence of co - many embedded Reeb orbits
.

Consider

for instance the ellipsoid

ZE
ra

,
b ) :  -

flzi.zz.ca/tIEItEfI=r

)

with contact form

I :=
t

z
. Ti

.

( xi . dyi - yi
' dxi ) I

Tera .bg
.

Then
,

if Ib E IR . Oh
,

then there are exactly two simple

Reeb orbits ( explicit computation of ECH in Jan 's talk HI )
. aan

Rink
. By making stronger use of Taubes 's isomorphism ( among

other things ) one can prove several refinements of the

Weinstein conjecture in dimension 3 :

- Cristoforo - Gardiner
, Hutchings : I always at least two

Emmureembedded Reeb orbits
.

essentially based on the Weyl
law

- Cristoforo - Gardiner
, Hryhiewicz , Hutchings ,

Liv : i )

characterizationof contact 3 - mfds with exactly two simple

Reeb orbits ( YES
'

on lens space ,

the Reeb flow

has a global disk - like surface of section
,

its dynamics

is described by a pseudo - notation
, E is universally



tight ,
. . . ) ,

and ii ) if c. (Z ) is tension
,

then

either 2 on b -

many simple Reeb orbits
.

am

2
.

Additional structures

A nice feature of ECH is that it has several additional

structures
.

These are crucially used in the definition of

ECH - capacities ( and in the applications we will describe

in the next section ) .

The ECH - contact invariant : ECH contains a canonical

class which is defined as follows
.

If I is non -

degenerate
,

then the empty set 0 of Reeb orbits is a

generator of the chain complex

ECC ( Y
,

t
,

o
,

I ) .

As T - holomorphic curves in M = Rx Y can be seen

wedges, }

"

gradient flow lines of the symplectic action

defined Hegg ;  = Tim , .f = Too period of ai
filtered a

ECHL
,

LER

we readily see that 9/0=0
,

i.e
.

01 is a cycle .

One can show that the homology class of 01 does not

depend on I on b
,

and thus $ defines a class

of E) E ECH * ( Y
, E ,

o )



called the ECH contact invariant
.

←
explicit example for IT

's
in Simon 's talk re )

Rink
. Cfg ) can distinguish some contact structures :

• If y is over twisted
,

then 437=0 .

• cfg) to if ( Y
,

E ) is strongly symplectically tillable
.

The U .

map Assume Y is connected
.

Then

U : ECH
* ( Y

, E. T ) → ECH
* -2

( Y
, E. T )

is induced by a chain map defined by counting ECH - index

2 curves that pass through a base point C 0,2-1 E M
.

,
for I non - degenerate ( for

degenerate care approximation )
The ECH - spectrum Write E = Ken ( b ) and assume 43 ) to

.

We define a sequence of neat numbers

D= Co ( Y
,

b ) e Cs ( Y
,

d) s Cz f Y
,

b) f
. . .

f + is

as follow , µare action selectors
defined on

ECHL
as well

↳ ( Y
,

h ) : - inf fl > of Fye ECH
'

( Y
,

>
,

o ) s !
.

"

Utz - I to ] } .

Rink . Chef Y
,

) ) e to iff Cfg ) E Im ( Uk ) .

g
def .

 works for  weak Liouville domains  as well
and for general case using monotonicity

Let now IX. w ) be a Liouville ,
i.e

. an exact

symplectic filling of a contact 3 - mfd
. ( Y

,
I )

.

The

ECH - capacities of I X. w ) are defined by

Ck IX. w ) : = Ch.
( Y

,
t )

,
H KE No

.



Rink
.

If I
,

d
'

ane contact form on Y s
.

t
.

db = IS
'

= wlu
,

then ch.

( Y
,

d ) = Ck ( Y
,

's
'

)
,

t k E IN
. .

In particular ,

ECH - capacities are well - defined
.

Thin
.

( properties of ECH - capacities )

( i )
.

Monotonicity : If ( X. w ) embeds symplectically in

( X
'

,
w

' )
,

then Caf X. w ) E Calx ! w
' )

,
KEEN

. .

( ii ) Conformal 's try : Ck ( X
,

new ) = Int . c*fX
,

w )
,

t r -70 .

Other properties can be found in Thin 1.3 in Hutchings 's

lecture notes and in the next Section

As an application we consider the following symplectic

embeddingproblem : for a
,

b so let

F- ra
,

b) i-ffz.pe/EC2/ttIIttlf2Ies }
endowed with the standard symplectic form of 42=112 "

.

To Era
,

b ) we associate the sequence

Nra
,

b ) =

fl
. a +

jib
/ l

, j E IN
. )

of all nonnegative integer linear combinations of a and b
,

arranged in non decreasing order
.

Thin
.

( McDuff ) I symplectic embedding int ( Era
, b) → Ecc ,d )

iff Nfa
, b) E Nfc

,
I )

,
i.e

. Nfa
,

b ) I N ( c. d)
,

t

Kao
.

K k



To prove the
"

only if
,

part of the theorem one can use

the monotonicity property of ECH - capacities and

( iii ) Ellipsoids : Chef Ere ,
b ) ) = Nfa

,
b)

* ,
t k E IN

. .

Rink
.

It is a non - trivial problem to determine whether

Nra
,

b ) I Ncc
,

d )
.

For an account see Thin
.

1.2 in Hutchings 's lecture notes
.

3
.

The Weyl law and applications

Thin
.

( Cristoforo - Gardiner
, Hutchings ,

Ramos ) If ( X
,

w ) is a

Liouville domain with all ECH - capacities finite (

e.g.cm
d

star - shaped domain in IR " )
,

then in this case we will see

mm a proof in Alberto 's
2.

Lim CKFX ,
w )

= 4. vol ( X
,

w ) .

talk Cs )

K - > is k

As an application of the Weyl law we see here the following

Thm
. ( Irie ) Let ( Y

,
I ) be a closed contact 3 - mft

.

Then
,

the set

If E C. ( Y .IR
, .

) /
Ree.hn?enbiitnsoyfCY.fw }

is residual in C- ( Y
,

IRS
o

) Wnt E- topology .

We set PRY
,

1) i. fy Beeb orbit of ( Y ,1 ) ) .

The key step



of the proof is the following

Lemma ( CE closing lemma ) let U C Y be open and non -

empty and let E > o
.

Then I f E CKY ) such that

doo f f. e) e E and 7 ye PCY
,

f. 2 ) nondegenerate with

zr.in U to .

proof .

←
under the assumption Cfg ) to ( in general one uses

a  generalization  of the ECH - capacities defined for

arbitrary RE ECH
* r Y

, 's ,
T ) s fo ) and of the Weyl law )

Assume chg ) -1-0
.

Take he Co ( Y
,

Re
. ) with supp I h ) CU

,

11h How := 2-
l

.

" h " a es and h ¥ o
.

ttllhllce

Cleanly .

d ( h . t ) = th n I + h.dk
,

so that

( nth) I nIN th ) A ) = 4th' ) . An IT

and hence in particular

vol ( Y
,

Cath )7 ) > vol ( Y
,

I ) .

Claim

FIE
-10,1 ] , ye P ( Y

,

htt
.h)I ) with gun Utd .

Once the claim is proved one takes

f := et (
htt

. h )

with suitable
GE CKY ) to achieve hohdegeneracy .

Assume by contradiction that t te -6,47
. Hye PCY

,
ht th )2 )



yl . ) n U = to
.

Then
,

P ( Y
,

( it th ) 3) = PLY
,

] )
,

t t E [ 0,1 ] ,
and

hence in particular

A ( Y
,

fit th ) 2) = A r Y
.

7)
,

where f ( Y
,

I ) :=f Ty I re PCY
,

'd ) } c ( o .tw ) is the

action spectrum .

Therefore fast .  . tant amice
.

}

Ck ( Y
, ( it th )7 ) E A ( Y

,
ht "th)2)+ = AN ,

7)
+ ,

and since
y

continuity of ECH - spectrum

t t > C
*

( Y
,

( it th ) A ) continuous

and A ( Y
,

7)
+

is a closed zero measure set in ( o
,

to )
,

we deduce that

↳ I Y
, ( it th ) 1) = ch.fi ,

J ) t KEIN
. ,

htt Eton ]
.

Weyl
⇒ v. I ( Y

,
fit th ) ] ) = vol ( Y

,
2)

.
£ Dana

law

proof .
( trie 's thin )

Take Uc Y non -empty and let

Fyi = If E Cb ( Y
,

112
, o

) /
7 VE PCY

,
f . b ) non deg .

s.t.rr.in U to
} .

Clearly , Fu is open in CKY
,

IR
, .

)
,

and dense by the CE

closing lemme above
.

The claim follows taking a countable

base FU ; ) , c. µ
of open sets in Y and ? ,µ Fyi .

A




