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Abstract. We consider the locally thinned Bernoulli field on Z¢, which is the
lattice version of the Type-I Matérn hardcore process in Euclidean space. It
is given as the lattice field of occupation variables, obtained as image of an
i.i.d. Bernoulli lattice field with occupation probability p, under the map which
removes all particles with neighbors, while keeping the isolated particles.

We prove that the thinned measure has a Gibbsian representation and pro-
vide control on its quasilocal dependence, both in the regime of small p, but
also in the regime of large p, where the thinning transformation changes the
Bernoulli measure drastically. Our methods rely on Dobrushin uniqueness cri-
teria, disagreement percolation arguments [7], and cluster expansions.
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1. Introduction

Thinning transformations play a major role in the stochastic geometry of
systems of point particles, see [4,5, 10,13, 25,26, 35,40,44]. In that context a
classical example is given when a point cloud is drawn according to a Poisson
point process with homogeneous intensity in Euclidean space, from which after-
wards all points are removed which have a neighbor at a distance less or equal
than 1, see [2,3,24,37-39,43,46].
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In this paper we consider a discrete version of such a transformation 7' of
removal of non-isolates, starting with the occupied sites drawn according to the
i.i.d. Bernoulli field on the integer lattice. The Bernoulli lattice field in itself and
fine properties of the percolation transition driven by the occupation density p
is the object of a large literature, and ongoing research [6,11,22].

The Bernoulli lattice field also serves as a building block for more complex
dependent processes of statistical physics and probability, which are derived
from it. Let us mention bootstrap percolation (in which sites are added accord-
ing to local growth rules [1,16]), random walks on percolation clusters [34], and
diluted spin systems [51]. The latter two types of systems are main subjects in
the broader realm of disordered systems, see also [12,42].

Specifically the GriSing model (where an Ising model is put on the occupied
sites chosen as a realization of the Bernoulli lattice field) provides a somewhat
surprising warning example of the appearance of a non-quasilocal measure, as
the authors of [51] showed. This lack of quasilocality, which is also termed non-
Gibbsian behavior, means that the system has finite-volume conditional proba-
bilities with non-decaying dependence on variations of the boundary condition
arbitrarily far away. For precise definitions see Section 2. The non-quasilocality
in the GriSing measure was shown to appear even in the regime of subcritical
p, due to a mechanism related to Griffiths singularities [21] caused by arbitrar-
ily large occupied clusters which appear at positive density. This shows that
Gibbs properties and quasilocal dependence are subtle and may fail even in the
absence of percolation.

It was also discovered later that the GriSing measure is just example of
the more general class of measures which may become non-quasilocal, namely
the joint measures of disordered spins systems on the product space of disorder
and spin variables [31,41,49]. Such systems may even possess full measure
sets of discontinuity points for they specifications (that is their finite-volume
measures in dependence on boundary conditions), which is a very strong form
of singularity. This was shown in particular for the example of the joint measures
of the random-field Ising model in the phase transition region on the lattice Z?
in [33], building on [14].

For more studies of Gibbsian properties of transformed measures in proba-
bility and statistical physics under deterministic projection maps see [9,23,29,
45,48]. For related studies of Gibbs-non Gibbs transitions which are caused by
stochastic dynamics, see [8,15,27,30,32,47,50].

Let us come back to our Bernoulli lattice thinning process which we con-
sider in the present paper. While the application of the thinning map T, as
it projects to isolates, does not change the Bernoulli measure very much for
small p, it changes the measure drastically for large p. So one might conjecture
that in particular the latter region is causing problems for a quasilocal Gibbsian
description.
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As main result of the analysis of our paper we are however able to show that
this is not the case, and in both regimes we have the regularity results of The-
orem 2.1 below, but for different reasons and with different proofs. Our proofs
proceed via showing absence of phase transitions and regularity of the relevant
internal systems (also known as first-layer measures under constraint), see the
definition (3.2). For this we employ the suitably adopted mathematical-physics
methods to prove uniqueness of infinite-volume measures which are Dobrushin
uniqueness criteria [20], disagreement percolation arguments [7], and cluster ex-
pansions [19]. Tt turns out that there are some obstacles we need to overcome
on the way to make this work, e.g., will it be necessary to go from a single-site
description to a domino representation of the conditional first-layer measures,
see Section 5.1. We also provide a quantitative analysis and comparison of their
effectiveness, in terms of numerical values for the regimes they can treat, see
Section 4.1.

Finally, let us note that our thinning map 7', which is the projection to iso-
lates, is accompanied by a natural companion map, namely the projection to
non-isolates T, see Section 2. Observe that the joint information of the images
of both maps provides a natural decomposition of the underlying i.i.d. Bernoulli
field. Since the latter Bernoulli field is trivially Gibbs as it even has no interac-
tion, this suggests as a first naive conjecture, that quasilocality of the projection
map to isolates implies quasilocality of the projection map to non-isolates, too.
We warn the reader that such a conclusion would be far too naive. On the
contrary, our investigations in [28] show that, indeed Gibbsianness of the pro-
jection to non-isolates fails for sufficiently large p. We highlight our findings in
the following Table 1.

Table 1: Bernoulli p-projections: decomposition into isolates and non-isolates

first-layer Gibbs property
image constraint | range of image
measure model of p measure Reference
Ty non-isolation | small Gibbsianness Thm. 2.1
supported on model on large Gibbsianness Thm. 2.1
isolated sites unfixed mid Gibbs? Sec. 4.2
region
T 1 isolation small Gibbsianness [28, Thm. 2.2
supported on model on large | non-Gibbsianness | [28, Thm. 2.1]
non-isolated unfixed mid | sharp transition?
sites region
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The present paper is organized as follows. We present the setting and main
results in Section 2. In Section 3 we present the strategy of the proofs. In
Section 4 we elaborate on alternative strategies for parts of the proofs and
evaluate their potential benefits for certain bounds in the parameter space.
Here we also include a discussion on the intermediate regime that is not covered
by our main results. Finally, in Section 5 we present the proofs.

2. Setting and main results

We consider the configuration space Q2 = {0, 1}Zd equipped with the product
topology and the associated Borel sigma-algebra F for d > 1. By pp,: F —
[0,1] we denote the Bernoulli i.i.d. product probability measure with density
parameter p € [0,1], i.e., pp(w; = 1) = p = 1 — pp(w; = 0) independently
for each i € Z?. The event that w; = 1 is called occupation at i € Z%, the
complementary event is called vacancy at i € Z¢. We define the isolation event
at site i € Z< by

Ii i ={weQ:w;=1and w; =0 for all j ~ i},

where ~ denotes the usual neighborhood relation on Z<.
We further consider the associated deterministic thinning transformation
T:Q — Q given by

(T(w)); :==w, :=1{w e L;}, iez’.

In words, the transformation 7" removes all particles from the lattice, which
have at least one neighboring particle. Note that T is also a projection map
since T'= T o T. We further note that the complementary thinning 7*(w) :=
(1{w ¢ I;});eza, which is also a projection, is considered in [28]. Now, any
w € 2 can be uniquely reconstructed from its joint images under the two maps
as (H{w € I;})icze, (M{w & I;})icza). Next, let € := T(2) C Q denote the
space of particle configurations that obey the isolation constraint, and denote
the image measure of p, under T by

,u;) =T, :,uponl.

Note that the mapping T defines a deterministic renormalization transformation
in the sense of [48], since it is local and maps translation-invariant measures onto
translation-invariant measures.

In this manuscript, we give answers to the question if the measure u; is a
Gibbs measure in the sense of existence of a quasilocal specification 7" for u,.
Recall that a specification v = (ya)paezae is a consistent and proper family of
probability kernels, i.e., for all A C A € Z%, wy € 2y := {0,1}* and & € Q,
we have that [, ya(d0|@)ya(wa|@) = ya(walw), and for all wye € Qpe we
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have ya (wpe|@) = 1{wpe = @pe} where Wpe denotes the restriction of @ to the
volume A°. A specification is called quasilocal, if for all volumes A € Z? and
local configurations wp € Q4, the mapping w +— v (wa|w) is continuous with
respect to the product topology on Q. We say that ~ is a specification for some
random field p on €, if u satisfies the DLR equations, i.e., for all A € Z¢ and
wa € Qp, we have that [, u(d@)ya(wa|@) = p(wa). Here is our main result.

Theorem 2.1 (Gibbsianness for small and large p). For all d > 1, there
exist 0 < p; < pa <1 such that y;, is a Gibbs measure for p € [0,1]\ [p1, p2]-

The proofs for the different regimes require very different methods. We treat
the small-p case via cluster expansion and do not aim for explicit bounds on p;.
The cluster-expansion ansatz would also work for the large-p case, however, this
case, after some reformulations, can be treated via the less technical Dobrushin-
uniqueness criterion. Using this, in particular, we can provide the following
explicit lower bound on ps.

Proposition 2.2. Theorem 2.1 holds for py < pd(d), where

pa(d) = sup{p € (0,1): 2(d — 1)(d — 2)(1 — p*) + 4(d — 1)p(1 — p)

P d—1)(1—p) <1}

4o P
1—p(1—-p)

In the following section we give an overview of the strategies for the proofs.
Note that, before we present the proofs in Section 5, we present some further
results on the intermediate regime for p and the optimality of the bound pd(d)
in Section 4.

3. Strategy of proof

The proofs depend on a two-layer approach. The second-layer model is given
by M;, the thinned Bernoulli model with the hardcore constraint banning non-
isolated sites as described above. Note that under the transformation 7', an
occupied site in the thinned model determines its own value (occupied) and the
values of all neighboring sites (unoccupied) of possible preimage configurations
on the Bernoulli i.i.d. field. Meanwhile, an unoccupied site after the thinning
grants freedom in the choice of preimages in its neighborhood, as long as all
occupied sites have at least one occupied neighbor. Given a thinned configura-
tion, this observation allows to examine the i.i.d. field only on the unfixed part of
the lattice, where it is equipped with a hardcore non-isolation constraint. This
is what we denote the first-layer constraint model. The main theorem, Theo-
rem 2.1, is then proved in two steps. First, we construct regular versions of
the conditional probabilities which are well-defined due to Gibbs-uniqueness in
the first-layer constraint model. Here, the uniqueness can be guaranteed using
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Dobrushin-uniqueness bounds, disagreement-percolation thresholds and cluster-
expansion techniques. Using this, it remains a small step to prove quasilocality
of the constructed specification.

3.1. Transformations into first-layer constraint models

For any set of sites A C Z? we denote by A¢ := Z%\ A its complement and by
O_A = {x € A: there exists y € A® with y ~ x} its inner boundary. Moreover,
we denote by A° := A\ O_A the interior and by A := ((A°)°)¢ the extension
of A. Finally, 9; A := A\ A denotes the outer boundary and OA := d_A U I, A
denotes the thick boundary of A.

For any finite volume A € Z¢, we wish to construct a candidate for the
regular conditional probability v} (w)|w).) as a pointwise limit as A 1 Z? of
the conditional probabilities of the transformed local configuration w) given
the event of some transformed annulus w'y, , and some legitimate exterior non-
transformed configuration wa: beyond the annulus. Legitimacy here means
that whwae € T~} (w’). Here and in the sequel we will often make identifica-
tions of the form w = wpawpe. Then, we define for A C A and such boundary
configurations,

Y wn Hp(Wa)I{TA(wawae) = wat
RV Mp(wA\Ao)]l{TA\A(wA\AowAC) = w/A\A}

7L7A(W5\|W/A\A) = >

o @1 ) T @ aoware) = @ JPI4) 00n)

B 2 waine Hp(@avao ) I{Taa (Waaowae) = wi 4}

(3.1)

where p,(wp) = [T;cp ¥ (1 —p)' =" is the Bernoulli measure in the volume A,
we wrote T (w) instead of (T'(w))a, and

Flwil(wan) ==Y pip(wre) I{Ta(wrowan) = wi}

wpo

is a local function. Let us recall the following general result about the specifi-
cation property, whose proof is based on martingale-convergence arguments.

Lemma 3.1 ([28, Lemma 3.3]). Assume that, given A € Z¢ and ' € ', we
have that the limit o' (w} |w).) = limayza ¥, A (Wi |wa\ o) exists and is indepen-
dent of w € T~'(w'). Then, ' is a specification for p,.

Hence, we need to guarantee the existence of a limiting object v (w} |wh.)
that is independent of the external boundary condition w. For this, our strategy
is to invoke Gibbs-uniqueness criteria. In order to do this, first note that we
can uniquely identify w’ with the subset of its occupied sites in Z?. With a slide
abuse of notation, we can then see that the extension @’ := w’ of W’ is a fized
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region for the first-layer constraint model as defined below, in the sense that,
under the transformation, there is no choice for the Bernoulli field in how to
realize w'.

In view of this, we consider a general choice S C Z? for the unfized region
(the complement of @) and introduce the following specification associated to
the first-layer constraint model on {0,1}%,

tp(wans)l{wanswaeng is T-feasible on AN S}
Y oans Hp(@ans) I{@answaens is T-feasible on AN S}

A c z4. (3.2)

YA (walwae) =

Here, a configuration w € (2 is called T-feasible on a set A NS if all occupied
sites of w in AN S have at least one occupied neighbor, which may lie in AN S.
In particular, with this definition,

Uoa@hlwiana) =218 Flopllwar), A€z,
where we used that in the fixed area we see cancellations. Then, we have the
following propositions that we prove in Section 5.

Proposition 3.2 (Low-density Gibbsianness). There exist 0 < p; < 1 such
that for all 0 < p < p; and w' € Q' the limit limayza fyg“’) (Flw)]lwae) =:
7 (wh|whe) exists independently of w € T~ (w'). Moreover, v is a quasilocal
specification for ju,.

The proof of Proposition 3.2 is based on cluster-expansion techniques as the
specification kernel of the first-layer constraint model fails to satisfy Dobrushin’s
condition of weak dependence, due to the non-isolation constraint, and will be
presented in Section 5.1.

Proposition 3.3 (High-density Gibbsianness). There exist 0 < py < 1
such that for all p, < p <1 and w' € ' the limit lima4za fy(A‘D )4<F[UJ;\]|WAC> =
v (wh|whe) exists independently of w € T~!(w’). Moreover, 4/ is a quasilocal
specification for ju,.

The proof of Proposition 3.3 is based on Dobrushin-uniqueness techniques
and will be presented in Section 5.2. Before we exhibit the proofs, in the fol-
lowing Section 4, we present some supplementary results.

4. Alternative bounds and intermediate regimes

In this section we present further results on the bounds for ps as well as on
the behavior of the system for intermediate values of p.
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Figure 1: Comparison of d — pd(d) (green) and d +— pP(d) (red).

4.1. Disagreement-percolation bounds

The lower bound pd(d) of Proposition 2.2 for the high-density Gibbsian
regime, is a consequence of the Dobrushin-uniquness criterion for the first-layer
constraint model (3.2). It guarantees unique existence of the infinite-volume
Gibbs measure for (3.2), uniformly over the unfixed area S. However, there
are alternative approaches in order to establish the unique existence of this
infinite-volume first-layer constraint model, e.g., disagreement-percolation cri-
teria. Let us next present a corresponding bound and discuss the relation to
the Dobrushin-uniqueness bound.

Proposition 4.1. Let d > 2, then, for p > pP(d), with

2d? +2d — 4
P(]) —
@)=\ i3
the first-layer constraint model v°, as defined in (3.2), admits a unique infinite-
volume Gibbs measure, for all unfixed areas S.

Let us note that pP(2) = v/8/3 ~ 0.9428 and pP(3) = v/20/v/21 ~ 0.9759.
On the other hand, pd(2) ~ 0.9155 and pd(3) ~ 0.9663 and this trend, that the
Dobrushin criterion provides better bounds with a decreasing difference, as the
dimension grows, can also be observed by further simulations, see Figure 1.
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However, let us note that the bound used to derive p?, is also certainly not
optimal since it is based on a general criterion (5.22) for percolation via maximal
graph degrees, see Section 5.3 for details. Indeed, incorporating Monte—Carlo
simulation results from [36, Table 1] for critical values for percolation in the in-
teraction graph of the dimer representation of our model, lead for example to the
smaller value pP(2) = v/8/3 ~ 0.8438. We present the proof of Proposition 4.1
in Section 5.3.

4.2. Some computations for the intermediate regime

An open question is whether Gibbsianness holds in the intermediate regime,
that is, e.g., for p &~ 1/2. The standard way of proving non-Gibbsianness is
to determine points of essential discontinuity, i.e., certain configurations w’,
such that alterations of spins arbitrarily far away from A change the value of
Vi (W) |whe) by an amount greater than some fixed ¢ > 0. We are hence looking
for thinned configurations, such that the Bernoulli i.i.d. measure with non-
isolation constraint on the unfixed part (&')¢ is most likely to exhibit a phase
transition. One special candidate is given by the checkerboard (or alternating)
configuration w,,, where each site (w.;); is occupied if and only if Zz=1 iy 1s
odd. Note that we have w.), € €. However, since (@;,)° = ), there cannot be
transport of information through the annulus A\ A in this case since there are
no internal spins allowing for a phase transition to occur. We note that such
transport of information gets more likely, the larger the unfixed area becomes.
Hence, it seems reasonable to study the completely unoccupied configuration

Wh oo € ' with (@,,)¢ = Z? as a potential point of essential discontinuity.

Figure 2: Computation of the conditional probability in (3.1) for d = 2 with
A = {0}, A = B3, By, Bs (cubes around the origin with sidelength i = 3,4,5),
occupied origin, and unoccupied surrounding on A\ A. The red lines correspond
to the unoccupied boundary condition w on A€, the blue lines to the occupied
boundary, while the green lines represent the difference of the two. It can be
observed that the difference of the conditional probabilities of different boundary
conditions appears to decrease uniformly in p with increasing A.
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For this purpose, we have written a script in order to compute the exact
values of the conditional probabilities in (3.1) in dimension d = 2 for A = {0}
(origin), A = By, k = 3,4,5 (cubes around the origin of side length k), a fully
unoccupied annulus w’A\ A = (Wero)aa and either a fully occupied, or fully
unoccupied boundary condition off the annulus. We present the resulting exact
calculations in Figure 2 and note that they seem to suggest that, at least in
two dimensions, there is no phase transition even in the intermediate density
regime. The code for the computations can be found at [17]. Let us finally note
that, in order to prove or disprove that the Gibbs property persists for all p,

different methods have to be developed and more research is necessary.

5. Proofs

We will often suppress the dependence on p in the remainder of the paper,
whenever there is no risk for ambiguity.

5.1. Proof of Proposition 3.2

Let S € Z¢ be an unfixed area that will be fixed for the most part of
the section. We consider subsets A C A € S. In order to ease notation in
the remainder of this section, any operation such as A°, or 0_A should be
understood with respect to S. For example A° = {z € S:x ¢ A} or O_A =
{z € A: there exists y € A° with y ~ z}.

5.1.1. Cluster expansion

The proof proceeds via cluster expansion on the annulus A\ A. Assuming A
to be sufficiently large, we can split the outer boundary of A\ A into an inner
and an outer part, i.e., for any w € €, Wa, (A\A) = Wa, AWa, A. We like to stress
that boundary sites are never in Z¢ \ S. The idea is to derive an expansion for
the partition function

Za\a(worwa, a) == Z pwaya) H{warwa\awa, a is T-feasible on A\ A},
WA\A
(5.1)
where we want to highlight the fact that the inner and the outer part of the
boundary are treated differently. The reason for this is that the quantities in
(3.1) and (3.2), whose limit we would like to investigate, require feasibility only
on A. By taking advantage of cancellations, we then show that for any two

WoA, WoA
Z i (waaw
lim ZAVA(WoAws, a) (5.2)
APZ2 ZA\]\(WaALUaJrA)

exists and is independent of wy, A.
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Setting up the cluster expansion: To start, we define the set J;(warwa, A)
of configurations in A\ A, such that the site i € A\ A has an isolated occupied
neighbor in A\ A, i.e.,
Ji(warwa, a) = {wa\a: there exists j ~ 4,5 € A\ A,
such that w; =1 and wy, = 0 for all k£ ~ j}.

In particular, wa\x € Ji(waawa, o) implies w; = 0. The partition function (5.1)
now becomes

> nlwas) J] (0 Hwayz € Jilworwa, a)}),

WA\A i€A\A

where the product replaces the constraint that each site is not allowed to have
an isolated neighbor. Then, we can rewrite

[T O—1{was € Tiwonwa, a)) = Y [ (—Hwara € Ji(worwa, a)}).

i€A\A WCA\A €W

Let us define a notion of distance on S. We define dg(4, j) to be the length of the
shortest path in S, which starts in i and ends in j. We then denote by B2 (i) the
associated ball of radius n centered at ¢ € S. Using this, we can decompose each
subset W into its maximally connected components Wy, ..., W, with respect
to the graph on A\ A in which 4,7 € W are connected if and only if i € Bf(j).
For this, we define the dependence set of W; to be W; U]GW B3 (). We call
Wi, W; compatible if and only if wW;:n W = (). The sets Wy,...,W,, play the
role of polymers with a hardcore interaction given by compatibility.

Due to the construction, the random variables [[;cyy, (=1, (W6AW6+A))’ k=
1,...,n are independent with respect to u, and hence

Zp\a(worwa, a) = Z H > wwas) ] (—MHwars € Ji(worwa, a)})

W,L k=1 wA\A leWk
pw Comp
= > H 2y, (Wanwa, A),
e Wi k=1
pw comp.

where the first sum runs over all possible families of pairwise-compatible subsets

of A\ A.
Next, we define the set of polymers by
T a\a(woawa, a) == {Wi C A\ A: there exists W C A\ A and w3
such that W} is a maximallyconnected component of

W and H ]I{U.)A\f\ € Ji(WOAwE)JrA)} =1},
iew



196 N. Engler, B. Jahnel and C. Kiilske

where the connectedness is in the above sense. We need to treat polymers whose
dependence sets intersect OA separately and thus define

QA\A(WQAW3+A) = {Q S FA\/’\(WQALUa+A): aﬂ oA 75 @},

the set of such intersecting polymers. The reason for doing this is that these
polymers are not exponentially suppressed in their full volume, which is why
their corresponding cluster expansion does not necessarily converge, see the es-
timates around the display (5.9) below. Now, in order to maintain compatibility
of all polymers, we define for a given collection of pairwise-compatible polymers
Q1,...,Qn € QA\[\((.U@AOJ3+A) the set

Wor...anaviWa,a) i={W € Was(wa,a): WNQ; =0 foralli=1,...,n},
of polymers compatible with that collection, where

Wai(wa,a) = Taya(worwa, a) \ Qaa(woawa, a).-

Then, we can write

n
Za\i(worwa, a) = > 1 25, (woswa, a)
Q1,--,Qn€Qn\A(worwa, a) k=1
pw. comp.

m
p
x Z H w; (wa+A)
W17--<7Wm€WQ1 ,,,,, Qn,A\A(W6+A)j:1
pw. comp.

and derive a convergent cluster representation for the polymersin Wy, o, a\i
(wa, a) for sufficiently small p.

Convergence of the cluster expansion: Let us suppress the dependence on
Q1,-..,Q, for notational convenience in this part. In order to derive the cluster
representation, let us define for any cluster C = {W1,..., W, }™, i.e., a multi-
set of pairwise-compatible polymers in Wx\x(wa, a), and boundary condition
wa, A, the cluster potential

PRI G | )nc(lw),)( > T )

WEWA\& (wo a GCG, {i,j}eG
connected

X (i{l z{jvk (w3+A)>, (5.3)

where, nc: I' = Ny denotes a map that assigns to each polymer the number of
occurrences in the cluster C. The function ¢(W;, W;) equals 0 if W; and W; are
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ANA

Figure 3: Given thinned configurations w/, w’A\ A and unthinned outer boundary
configuration wae, the fixed area Q’A\ A is given by the crosses hatched in blue.
There are three polymers (green). W3 at the top is due to isolations on the set

9, A.

compatible and —1 otherwise, while the sum is over all connected subgraphs of
the complete graph G,, = (V,, E,) on n vertices. Here, the notion subgraph
refers to a graph G = (V, &), for which V =V, and £ C E,,.

We want to employ the criterion [19, Theorem 5.4] in order to establish con-
vergence of the cluster potentials. For this, the main ingredient is the following
estimate for the polymer weights W; € Wa\x(wa, a),

|2hy, (o, a)| < plEwel < plWal/d)

where
Lw, = {j € Wy forall i ~ j either i € Wy or i € (A\ A)° with w; = 0}

denotes the set of sites completely surrounded by W; or by zeros on the bound-
ary. As an example, consider the four sites enclosed by the polymer Wi in
Figure 3. We verify the condition of [19, Theorem 5.4.] for the volume function
a(W) = |[W|. Indeed, for any polymer W* € Wx\;(wa, a), we find that

Z Za/(w&rA)elWI
WEWA\A(wa+A):
WNW ™ #£0
< Y pwieagw
WEWA\a (wo, a):
WAW ™ #£0
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<7D s BO W 0 € W, (W = k)|
k>1

< ((2d)° + )W ek (1+1o8(p)/2)) (gd) (k+1)9
E>1

= ((2d)% + 1) (9D [W*| 3 (el H1oe®)/2d(9d)9" )k < py¥| (5.4)
k>1

for all p < ¢1, with 0 < ¢; chosen sufficiently small. In the third inequality,
we have bounded the number of polymers W of size k that contain o in its
dependence set by the number of connected graphs H = (W U{0},L) on k+1
nodes, where {i,j} € L if and only if j € B4(i), where B, = B,ZLd like above.
We note that the possible number of incident edges for each node is bounded
by |B4(0)| < 99. Since each edge is shared by two nodes, we can bound the
number of edges |L| by (k + 1)9?/2. Moreover, since for each connected graph
and each starting node, there exists a path visiting each edge exactly twice, we
can bound the number of graphs by (99)2/%!.

At this point we also see that there is monotonicity in the sense that when
removing sites from the grid, i.e., if we consider a subset S c S, the number of
polymers of a given size that are also incompatible with W* decreases, which is
why convergence is ensured for p < ¢; uniformly in S.

Finally, an application of [19, Theorem 5.4.] ensures that the representation

n
Za\a(worwa, a) = > I 25, (worwa, )
Q1,--,Qn€Q(wonwa a) k=1
pw. comp. (55)

X exp ( Z @Z\57WO+A (C))

CePWq, ,....qn.a\a(wo  a))

is well defined, where P(W) denotes the set of all clusters in W.

Suppression of large clusters: We now work towards our goal (5.2), the
convergence of the fraction of partition functions for different interior boundary
conditions. For this purpose, we wish to bound the contribution of large clusters
in the expansion (5.5). Let C = (J;_, W; denote the support of the cluster C' =
{Wh,...,W,}™, fix x € A\ A and write ¢(C) for the first two combinatorial
factors in (5.3). We then get

[T/ (4d)
> 12250, 2 (Ol
CEP(WA\A(“’6+A)): zeC

n

= > (O] T ™o/ @ T p "l
C i=1

CeP(Wa\x(wo, a)): z€C i=1
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- 3 () [ p = P
=1

CGP(WA\A(u}a+A)): zeC

Wil
= > () T] v
CeP(Wani(wa, a)): z€C i=1
_ &VP
- > @, 0l (5.6)
CEP(WA\]\ (wa+A)) xeC
where &7 (C) denotes the potential of a cluster with weights given by

A\A,wa | A

~ Wi d
5P (wo, a) = /2D,

The first inequality in (5.6) is due to

C] <> (Wil.
=1

Moreover, assuming that \/p < qi, the convergence criterion [19, Theorem
5.4.] is satisfied for these adjusted weights (compare the argument in (5.4)).
As a consequence, by [19, Statement (5.29)], the contribution of all clusters
containing a fixed site can be bounded by one, which gives the last inequality
in (5.6). This gives that for any R > 0 and p < ¢?,

—R/(4d
> AT (o] i
CeP(War(wa,a)):
2€C,|C|>R
—|C|/(4d
< 3 [P, o (O™ VD < 1
CGP(WA\A(W3+A)):
z€C,|C|>R
or equivalently
> [P0\, 2 (O)] < P/, (5.7)

CGP(WA\A(WQ+A)): 166, |6‘ZR

In words, we have achieved exponential suppression of the cluster potentials for
large clusters that do not interact with the inner boundary.

Convergence of the fraction of partition functions: After having bounded
the contribution of large clusters, we need to bound the non-suppressed poly-
mers’ weights in (5.5). For this, note that for Qj € QA\;\(waAwaJrAL we do
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not necessarily have |ng(w6Aw6+A)| < pl@rl/(2d) like for the W, since the oc-
cupied sites leading to isolations may lie on 04 A, i.e., are part of the boundary
condition. However, we have

|26, (worwa, a)| = Z f(wayi) H T{wa\a € Ji(warwa, a)}
WA\A 1€QK (5.8)
< pEanBAl ¢ plLo, |- 1oAnLa, |

and since the Qy, are pairwise disjoint and |J;_, (0+ANLg,) C d4A and |Lg, | >
|Qrl/(2d), we get

1 128, (wonwa, a)| < pi=i 1@/ G710 AL (5.9)
k=1

Next, let us denote by
Cq :={C e PWaxlwa,a)): Cn | Qp # 0}

k=1

the set of clusters interacting with the (non-suppressed) polymers @ = {Q1, .. .,
Qn}. Then,

P(WA\[\(WBJrA)) \CQ = P(WQl

and we can now exploit cancellations by writing the fraction (5.2) as

..... Qn,A\/_\(WBJrA))a

L5, eoneo, )00 > @)
Q1,--,QnEQA\A(worwo a) k=1 CEPWG, . an.a\A (@0, A))
I ZQ,C(WBAW8+A)9XP( > <I>P(C))
Q1,--,Qn€Qa\A(Porwa  a) k=1 CEPWG, .. Qn.a\A (o, A))
n
I1 25, (wanwo, a)exp ( > er(0)- ¥ @7(0))
Lyeees Qn k=1 ceP(WA\A(w5+A)) Cecq
_ €Qa\a(waawa, a)
- n
> H ng(iiaAwa+A)CXp( > or(C)— @p(c))
..... Qn =1 CEP(Wa\F(wa, A)) CcéEcq
GQA\A(‘UOAW6+A)

H 28 (wonwa, A)exp Z P (C)
Q1. )Q7LEQA\A(UJ6AOJ8+A) k=1 Qi + ( c&q )
- . (5.10)
H 24, (@orwo, a)exp (7 > q;p(c))
Q1, ’Q"GQA\A(waAw3+A)k 1 cé&éq

For the sake of readability, we have omitted the indices of the cluster poten-
tials. The next step is to verify convergence of the numerator and denominator
respectively. For this, we can bound,

D 1P h, 2 (O] < (U Qi < (207 +1z|@k|— 2)? + m, (5.11)

CeCo k=1
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where the absolute contribution of all clusters containing a fixed site can be
bounded by one (cf. the argument in (5.6)), and hence, the absolute contribution
of clusters in Cg can be bounded by ||J;_, @], which is the first inequality
in (5.11). Plugging in (5.9) and (5.11), we can bound the numerator of the last
line in (5.10) by

i 2
p~10+A Z Z p/ (2d)gm((2d)7+1) (5.12)
m=0Q1,....QnE€QA\A(@oawo, a): |UQk|=m

Given m € Ny, we need to count the number of sets of polymers {Q1,...,Qn}
with Y, |Qr| = m and such that for each k, Q, N 04 A # (). There are

(m+ (104A| — 1)

m ) < (m+ (|]OLA] — 1))(\3+A|—1)

ways to distribute polymers of different sizes to disjoint starting nodes on
04+ A such that the total size is given by m. For each such distribution with
ni,-..,na, | € No, }iﬁAl n; = m, there are at most (99)™ different polymers
(compare the argument following (5.4)). Therefore, we can bound (5.12) from

above by

LN Z (m+ (|0, A| - 1))(|6+A\—1) (p1/(2d)e((2d)2+1)9d) 7 (5.13)

m=0

which is finite for sufficiently small p < ¢} independently of A and S.

Independence of boundary condition ws, A as A 7Z%:  We now analyze
the fraction in (5.10) with respect to dependence on the outer boundary ws, A.
For this, we further distinguish,

Cono,n ={C €Cq: CNOLA # 0},

the subset of Cg of polymers that also intersect the outer boundary and accord-
ingly let
CQva&rA = {C S CQI 006+A = (Z)}

denote the clusters that do not reach the outer boundary. With this notation,
we have

CQ703+A U CQ,M8+A = CQ, (5.14)
and, by the cluster decomposition (5.14), the numerator in the last line of (5.10)
takes the form

> Il wowos)en(~ 3 ok, ()

Q1,...,Qn k=1 CeCq,no,a



202 N. Engler, B. Jahnel and C. Kiilske

X exp ( - Z @Z\A(C)). (5.15)

CGCqua_*_A

Now, since clusters C' € Cg na, o must suffice
IC| > dist(Uak, 8+A) /4,
k

the argument of the first exponential in (5.15) can be bounded from above by

S W, ) < g G
CeCq.no, a

(5.16)

where we also used (5.7). This in particular implies that the first exponential
term in (5.15) converges to one as A 1 Z2. Moreover, using (5.9), also the con-
tribution of szl zgk(wa,\waJrA) tends to zero, whenever it depends on wa, A.
Hence, the function

HA,UJ3+A(Q17 . 7Qn)

= 1{Q1,....Qu C AN A} [] 28, (worwo, a)

k=1
X exp ( — Z @Z\A’waJrA(C))
CECQ,ma_*_A
X exp ( — Z (I’Z\]\(OD’
CECQYmaJrA

defined for any pairwise compatible set {Q1, ..., Q,} in S, converges, as A 1 Z<,
to a function

H(Q1, ..., Q) i= Hzgk(waA)eXp(— 3 qﬂiC(o)),
k=1 CeCq

independent of ws, A. But, since the bounds derived in (5.13) are uniform in A,
we can employ the dominated-convergence theorem to conclude that

Z HAvwaJrA(Ql?"')Qn)_) Z H(Q1,...,Qn) as A 122

The same arguments also hold for the denominator in the last line of (5.10), so
we have finally arrived at our goal, the existence of the limit (5.2) independent
of the outer boundary condition.
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5.1.2. Existence of second-layer conditional expectations

Finally, we wish to show that the limit as A 1 Z¢ of 43 (F[w}]|wa, a) exists
and is independent of the boundary condition wg, A. For this, first note that,
since the function Flw)](w) = Flw)](waa) is local,

YA(Flw)llwa, a) =Y Flw)](woa) VR (wonrlwa, o),

WaA

and it suffices to consider v3 (wan|wa . A). But then, by the definition, we have

Za\x(woawa, A)
D oon M@on)Za\x (Wonwo, a)’

VR (worlwa, a) =

which does not depend on wp, A as A 7%, by the previous step for p < p; :=
¢ A q}. This yields the result.

In particular, by the above, for all sufficiently small p, all A € Z¢ and ',
/ / /c — 1. ((D/)c F / .
Y (walwie) A s (Flwpllwae)
exists independently of w € T~ 1(w’).

5.1.3. Quasilocality of the specification
For this, note that

sup [y (Wh|wie) =7 (wilnie)l
wn s WA=,
<2 sup Y (whlwhe) = Vo a (Wi wana)l

W/, weT~1(w’)
+ sup W (Flh)lwo. a) =1 (Flwh] e, a)l,
w' N e wh=nk
weT™H(w'),neT ™ (1)

where the first term on the right-hand side tends to zero as A tends to Z?
for sufficiently small p, by the cluster expansion arguments as presented above,
which also gives the uniformity associated to w’. For the second term on the
right-hand side, it suffices to consider

| (‘D')C( | NG

YA WHA W8+A) YA (w6A|778+A)|7
which also becomes uniformly small in the boundary condition and the second-
layer configurations, as A 1 Z? using the cluster-expansion arguments. This
finishes the proof of Proposition 3.2.
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5.2. Proof of Propositions 3.3 and 2.2

The distribution of a single site i € Z? depends only on finitely many spins,
namely on all sites in the [;-ball of ¢ of radius 2 which we call the dependence
set of site i. This dependence set being finite, we are dealing with a Markov
field and we may apply Dobrushin-uniqueness techniques. However, as we see
in the following example, the first-layer constraint model as formulated above
does not directly permit applications of Dobrushin uniqueness or disagreement-
percolation arguments. Indeed, writing 7n***° for the configuration without oc-
cupied sites, we have

Y0 (0]n*°) =1 and Yo(1[n**?) = 0,

where we put g := 'y?g} for the single-site specification kernel of the first-layer

constraint model. On the other hand, denoting by n* the configuration that is
fully empty except for a single occupied neighbor at ey, the unit vector in the
direction k € {1,...,d}, we have
Y0(0[7*) =0 and Yo(1n*) = 1.

In particular,

p = sup max ||v;(:[n) =% (1) rv

iezd MmNEL
= % 1ax (170 (0[7) = 0(017)] + [70(1|n) — 7)) =1,
n,7€Q

independently of p, and hence the Dobrushin-uniqueness criterion or disagree-
ment-percolation bounds cannot be satisfied.

However, we can rewrite in terms of a modified model, where this problem
does not occur. Here, the idea is to form 2-by-1 pairs of sites that we think of
as horizontal dominos, whose states we encode in terms of pair-spin variables
&; with possible values 00,01,10,11. We use the shorter single-digit notation
for these pairs of symbols as 0,1, 2,3 in the sequel, simply reading them as two
digits in a binary expansion. The new index set for the dominos is Z4~! x 27,
which is isomorphic to Z?. Let the axis alongside the dominos be denoted the
domino axis. The first-layer constraint model is then equivalently described as
a model on {0, 1,2, 3}Zd in terms of a translation-invariant single-site hardcore
finite-range specification kernel ;(&;|¢;c), where we suppress the dependence on
the unfixed area.

We first examine the dependence set V(d) of ¢p, which now has a different
form than in the introductory example. Vj(d) contains the 2d adjacent dominos
in its radius-1 [1-boundary. Moreover, for each such domino, it contains the
2(d—1) adjacent dominos in all directions but the domino axis minus the center
domino. Seeing the domino axis as the z-axis, we have a left and a right part
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Figure 4: The dependence sets V;(2) (plus the center domino) and V4(3) of the
domino at the origin.

which are symmetric and each contain 2(d — 1) + 1 dominos and a middle part
containing 4(d — 1) + 2(d — 1)(d — 2) dominos, see Figure 4. Altogether, we get

Vo(d)] =2(2(d — 1) +1) +4(d — 1) +2(d — 1)(d — 2) = 2d* + 2d — 2,

i.e., V5(2) contains 10 sites of dominos and V;(3) contains 22 sites.

An important observation is that the single-site kernels @;(:|¢) are completely
specified by asking which values from {0,1, 2,3} are assigned to non-zero prob-
abilities. For the equivalence class of boundary conditions, for which the values
0 and 3 are allowed, while 1 and 2 are forbidden as they describe isolated par-
ticles, we write +, —, —, +. For example, the all-zero boundary condition £7°7°
belongs to the class +, —, —, +, since

¢0(1|£Zero) — ¢0(2|§Zero) — O
as isolated occupied sites are forbidden, while

(1-p)° P
0 zZero — and 3 zZero —

900( ‘g ) p2 ¥+ (1 _p)Q 900( ‘g ) p2 ¥ (1 _p)2

are determined as the Bernoulli measure conditioned on the allowed values 0
and 3. The corresponding probability vector for the values 0,1, 2,3 takes the
form

po(JEM0) = (1 - p)%,0,0,p%).

- PP+ (1—p)?

To compare, for the fully occupied boundary £°"¢, all pairs inside are allowed,
which is why it belongs to the class 4, +, 4+, +, and we have

@o(-1€7™) = ((1 = p)*,p(1 — p),p(1 — p). p°).
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We note that the value 3 is allowed for all possible boundary conditions, as it
prevents isolations both in the center and on the boundary. This implies that
for all possible boundary conditions &, we have that

500(|£) — (070707 1)a

as p T 1. This means that single-domino conditional measures become concen-
trated and the system enters a strong-field regime. Indeed, this feature also
makes the essential quantities (5.17) and (5.19) in the Dobrushin approach and
the percolation framework decrease for large values of p. Note further that
the last observation means that all probability vectors must be in classes of
the form -,-,-,+. However, there is no boundary condition belonging to the
string —, 4+, +, +, independent of the dimension d. Indeed, if domino value 0
leads to an isolation on the boundary, this isolation will have to occur either for
domino values 1 or 2 contradicting the fact that both of them yield a non-zero
probability for the string —, 4+, 4+, +. The remaining 7 strings can all occur.

Thinking of the lattice as a dependence graph G = (Z¢, Eqep), where each i
is connected to all j € V;(d), we are dealing with a Markov field and would like
to apply uniqueness criteria.

5.2.1. Uniqueness via the Dobrushin-uniqueness criterion

Let us reintroduce the unfixed area S C Z%. We determine the Dobrushin
matrix

Cipd) = max _ [lof(16) — @] C19)llTv (5.17)
£,6€{0,1}5: je=Eje

for the domino specification in order to compute the Dobrushin constant

(p,d):=sup Y C2i(p,d). (5.18)
zESjGVi(d)

Then, we are interested in the lowest threshold pd(d), such that c(p,d) :=
supgcza ¢ (p,d) < 1 for p > pd(d). Note that this then corresponds to a uniform
bound in S. A simple but non-optimal bound is given by c(p, d) < |Vo(d)|p(p),
where
7.4 VANEPS
p(p) = gnéaéll% (16) =i C1O)llrv =

s

max > | (alg), —¢% (al)],

1
2 ¢éen a=0,1,2,3
(5.19)

which is independent of i € Z¢ due to translation invariance of the kernels. By
the above, we may determine p(p) by computing the total variational distances
of at most (;) = 21 pairs of probability vectors. A straightforward computation
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I Q

00 02 04 06
P

Figure 5: All possible total variational distances. The (;) = 21 possible pairs of
strings yield 8 distinct curves. The 4 top ones in the high-density regime (i.e.,
for p > 0.6479) are given by rational functions p > ¢ > u > v (red, grey, green,
purple) in (5.21). The code for this computation can be found in [18].

shows that for all p € [0, 1], the maximum is attained by the probability vectors
corresponding to the strings —, —, —, + and +, +, +, +, see Figure 5, and thus

p(p) = (1 = p)*,p(1 = p),p(1 — p),p*) — (0,0,0,1)|py =1 —p*.  (5.20)

In particular, for p > p.(d), with

2% + 2d — 2
peld) =1\ 5oy 3

we are in the Dobrushin-uniqueness regime, see [20, Theorem 8.7 and Equa-

tion 8.25], and thus, the unique existence of the lima4za cp(Aw,)c(F[wj\HwAc) is
guaranteed independently of w’ and wae.

5.2.2. Quasilocality of the specification

What remains to be done in order to finish the proof of Proposition 3.3 is
to establish quasilocality for the specification /. For this, we let s denote the
l metric on Z¢ and define s(A,A) = inf{s(i,j): i € A,j € A}. Then we
have the following result, which is equivalent to the corresponding result in the
companion paper [28, Lemma 3.5].

Lemma 5.1. For p > p.(d) there exist constants C,c > 0 such that for all
A C A € Z% and all configurations w’ and 7' with w'\ = n/y we have that

VA (Whlwhe) = Ya(@hlnhe)| < ClAJe (A9,
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In particular, the specification ' is quasilocal.
We briefly sketch the proof here for completeness.

Proof. Note that in the regime p > p.(d), we can represent 7 (w}|wy.) via
the unique infinite-volume Gibbs measure ;(®)°(F[w}]). Now, using the crite-
rion [20, Remark 8.26] applied to [20, Theorem 8.20], we have that

@ (Flwy]) — ™ (Flw)])] < D(A, A),

where D(A, A) =370 n jene (Xnz0C™), ; with C" the n-th power of the Do-
brushin matrix C' = (C;;(p,d)); jeze as defined in (5.17). Now choose ¢ > 0
sufficiently small such that p > e“p.(d), then, by [20, Remark 8.26],

D(A,A) < C|AJe™c4AAD

for some finite C' > 0 and the proof is finished. m]

5.2.3. Proof of Proposition 2.2

Recall the definition of the Dobrushin constant ¢(p, d) from (5.18). Then, the
statement of Proposition 2.2 follows directly from the statement of the following
lemma.

Lemma 5.2. We have that

c(p,d) = (1 —p*)(2(d — 1)(d — 2)) + 4(d — 1)p(1 — p)
1-p
+ 2m + (1 —p)(6(d—1)).

Proof. Without loss of generality, let the domino axis point along the first unit
vector e;. Due to symmetries, for many dominos j € Vy(d), the contributions
Co,;(p) are the same. Therefore, we divide Vp(d) into the 5 disjoint classes, see
Figure 4,

Vi(d) = {£e;: i = 2,...,d}, |Vi(d)| = 2(d — 1), the direct neighbors of
the center in the non-domino directions,

Va(d) := {£e1}, |Va(d)| = 2, the direct neighbors of the center in the
domino directions,

Va(d) :={£e1 £e;: i =2,...,d}, |[Va(d)| = 4(d — 1), the direct neighbors
in the non-domino directions of sites in Va2(d),

Va(d) == {£2¢;: 7 = 2,...,d}, |Va(d)| = 2(d — 1), the distance-2 sites of
the center in the non-domino directions, and
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Vs(d) == {te; £ ej: 4,5 =2,...,d} \ Va, |V5(d)| = 2(d — 1)(d — 2), the
direct neighbors in the non-domino directions of V; inside the [*°-ball of
radius 2.

Next, we define the rational functions

p(p) =1 =p* =TV((=, =, —+), (+,+,+,+)),

q(p) :==2p(1 —p) = TV((+,—, — +), (+,+, +, 1)),

) = T = TV(— = 4. (=1 4)
=TV({(—+,—,+),(+,—,+,+)) =TV((—,—,—,+), (+,— +,+))
= TV((*a BER) Jr)’ (Jra +, -, Jr))v

v(p) =1-p=TV((—, —, —+), (= =+, +)=TV((—, — — +), (= +,— +))
=TV((— —+ +), (= +,—+) =TV((—, —+,+), (+. =, = +))
=TV({(—,—,+,4),(+,+,+,+)) =TV((—,+,—,+), (+,—, —,+))
=TV((—,+,—,+),(++,++)), (5.21)

where TV(a,b) = >,_;  4|ai —b;|/2 denotes the total-variational distance of
the probability vectors a,b belonging to the classes defined by the strings. For
example, we have that

T™V((—, — —+), (+,+,+,+))
= TV((O>0707 1)7 ((1 7p)23p(1 - p)ap(l - p)apz))

= % (L=p)?+2p1—p)+1—-p°) =1-p°.
Note that, for p > 0.6479, we have p(p) > ¢q(p) > u(p) > v(p), see Figure 5. In
the following, speaking of sites refers to indices of the original lattice, i.e., we say
each domino has a left and a right site. Speaking of dominos refers to indices in
the domino lattice. Imagine the hyperplane in the original lattice orthogonal to
the domino axis and separating the center domino’s two sites. The left halfspace
or side denotes sites on the left side of this hyperplane (towards the negative
domino axis) while the right halfspace (side) refers to sites on the right side of
this hyperplane.

The strategy is to go through the polynomials (5.21) in decreasing order and
to try to construct boundary conditions such that, if subjected to a domino flip
in some V;,i =1,...,5, the total-variational distance of that flip is given by the
polynomial.

We start by p and check if there is a boundary condition £ of class —, —, —, +,
such that a single domino flip yields class +, +,+, +. Class —, —, —, + implies
that in each halfspace there is an isolation on the boundary, while the isolations
of course occur on different dominos in Vi (d)UVa(d). For +, +, +, + there cannot
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be isolations on the boundary. A domino whose flipping transforms —, —, —, +
into 4,4+, +, + needs to be adjacent to both dominos creating the isolations.
This excludes dominos from Vi (d), Va(d), V3(d) and Vy(d). However, by flipping
the boundary £ consisting only of zeros, except for values 1 and 2 at dominos es
and ez at domino es +e3 € V5(d), from 0 to 3 leads to a change from —, —, —, +
to +, 4+, +, +. Of course, by the symmetry of V5(d), one can construct analogous
boundaries for flips at all other dominos of Vz(d).

Checking for ¢, we find that a boundary from +, —, —, + means that there
are no isolations on the boundary, but center domino values 1 and 2 create
isolations on the domino, meaning that there are only unoccupied sites around
each of the center domino sites. Transformation to +,+, 4+, + thus requires a
domino from Vi(d) to be flipped from 0 to 3 and flips on Va(d), V3(d), Vi(d)
and V5(d) cannot lead to this transformation. Note that for d = 2, V5(d) = 0.

Checking for u yields the most technical case. We start by flipping —, —, +, +
to +,+,—,+. —, —, 4+, + means that there is at least one isolation on the left-
side boundary and no isolation on the right side boundary. +,+, —, + implies
that there is no isolation on the boundary, at least one non-isolated site on
the right boundary and only unoccupied sites around the left domino site. A
change from one to the other requires the domino with the isolated site on the
left boundary to be flipped. This excludes dominos from V3(d), Vi(d), V5(d),
but flips in V;(d) and V5(d) are possible. An example boundary is given by &
in — —, 4,4+ with value zero everywhere except for a value 1 at position —e;
and a value 3 at position ey, flipped at —e; € V3(d) from value 1 to value 0.
The transformation —,+, —, + to +, —, 4+, + is symmetric with respect to the
hyperplane orthogonal to e; and thus only yields domino flips at V;(d) or Va(d),
too.

We continue with class —, —, —, + which demands that there is at least one
isolation on the boundary on each side. For +, —, 4, 4, there cannot be isolation
on the boundary, the right domino site is surrounded by unoccupied sites, while
on the left side, there is at least one pair of neighboring occupied sites on the
boundary. To transform, two things need to happen: First, the isolation on
the left side needs to get another occupied neighbor, which demands a domino
flip in V5(d) U V4(d) U V5(d). Second, the domino containing the isolation on
the right side which is thus of value 1 or 2 and belongs to Vi(d) U Va(d) needs
to be flipped to 0. It is impossible for both to happen with a single domino
flip. Due to symmetry, the same holds for the the transformation —, —, —, + to
+,+,—,+.

Finally, checking for v yields that we do not need to go through all possible
transformations. It is enough to show that there exist boundary conditions such
that a domino flip in V3(d) and V4(d) respectively yields a variational distance
of weight v. For a flip at e; + ¢; € V5(d), i = 2,...,d, consider the change
—,—,—,+ to —,—,+, + by the boundary w with zeros except for value 1 at —e,
value 2 at e;. Flipping at e; + e; from 0 to 2 yields the desired transformation.
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The same construction can be done on the left side applying the transformation
—,—,—,+ to —,+, —, + to reach of the remaining dominos in V3(d).

Consider again the change —, —, —, + to —, —, +, +, this time for the bound-
ary & consisting of zeros except for value 1 at e; and value 2 at —e; for some
i € 2,...,d. Flipping the domino at 2e; € V4(d) from value 0 to value 1 serves
the purpose. Again, the left side dominos of V4(d) can be reached by applying
the same construction in the symmetric case —, —, —, + to —, —, +, +.

Altogether, we get

c(p, d) = p(p)|Vs(d)| + q(p)V1(d)| + u(p)[Va(d)| + v(p)([V3(d)| + [Va(d)|)
= (1-p°)(2(d ~ 1)(d —2)) +4(d — )p(1 — p)
1—p
+ QW + (1 —p)(6(d—1))

and this finishes the proof. m|

5.3. Proof of Proposition 4.1
The proof is based on disagreement-percolation bounds for general graphs.

Proof. By the main result of [7] and the site-percolation bound

1

_ 5.22
sup; [N;| — 1’ ( )

De =
where N; := 0;{i} denotes the set of neighbors of i, applied to the locally
finite dependence graph induced by the domino model, we have uniqueness
once p(p) < W < pe, where p(p) is defined in (5.19). Then, plugging in
p(p) =1 —p? and |Vy(d)| = 2d? + 2d — 2 yields the unique existence of infinite-
volume Gibbs measure for the domino model. By the equivalence between the
domino model and the first-layer constraint model, absence of a phase transition
also leads to convergence of vx (F[w)]lwa, a) as A 1 Z%, independent of the
boundary condition w and the unfixed area S. a
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