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Abstract

We propose an arbitrary Lagrangian-Fulerian Discontinuous Galerkin formulation
for the Vlasov equation to overcome severe time-step restriction imposed by the
CFL condition in the presence of strong magnetic fields. We test the method on
the Vlasov-Poisson problem with constant and space-dependent magnetic fields in
4-D and 6-D simulations. Our results demonstrate that the use of moving meshes
is effective in overcoming the time-step restriction. In the case of space-dependent
magnetic fields, we employ frequent grid reprojection and alternatively propose the
splitting of the magnetic field into constant and space-dependent parts to address
the issue of mesh distortion.
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1 Introduction

Various models exist to describe the behavior of plasma, including the N-body
model, kinetic models, and fluid-like models [22]. Among them, kinetic models
offer an accurate description at a reasonable computational cost. The governing
equation of kinetic models is the Vlasov equation, which statistically describes prob-
ability distribution of charged particles in terms of spatial positions and veloci-
ties.

For the solution of the Vlasov equation, numerical methods can be classified as
Eulerian or Lagrangian methods based on the viewpoints of fixed and moving ob-
servers, respectively. The first class of methods includes finite volume, finite element,
and discontinuous Galerkin (DG) methods. The second class of methods comprises
semi-Lagrangian methods [12]. Among the Eulerian methods, DG methods have
recently gained momentum in the plasma physics community. These methods are
commonly employed for solving hyperbolic partial differential equations that exhibit
directionality in terms of information travel [6, 15]. DG methods are particularly
well-suited for this type of problem as they combine the advantages of both finite
element and finite volume schemes. They offer geometric flexibility, allow for the
convenient construction of higher-order elements, provide high accuracy, and ensure
stability [11]. The use of DG methods for the Vlasov equation can be found, for
example, in [18, 3].

Despite its numerous advantages, DG is an Eulerian method that has a time-step
restriction imposed by the Courant-Friedrichs-Lewy (CFL) condition. This condition
becomes particularly restrictive when strong magnetic fields are present. Therefore,
in this thesis, our aim is to alleviate the CFL condition by incorporating a Lagrangian
treatment for the magnetic term in the DG method for the Vlasov equation. To
achieve this, we propose the use of moving meshes within an arbitrary Lagrangian-
Eulerian (ALE) framework. ALE methods are commonly used in fluid dynamics
for fluid-structure interaction problems [9, 4, 5]. These methods have later been
applied to DG methods as well (e.g., [6]). The use of moving meshes for the Vlasov
equation is also not entirely new and has been explored in the context of semi-
Lagrangian methods [21, 12|. However, to the best of our knowledge, ALE methods
have not been employed in combination with DG methods to alleviate the time-
step restriction for the Vlasov equation with strong magnetic fields. Our results
demonstrate that the use of ALE effectively increases the time-step in 4-D and 6-
D Vlasov-Poisson problems with both constant and space-dependent background
magnetic fields.



The remaining chapters of this thesis are organized as follows. Chapter 2 provides
a fundamental background and introduces the main equations. Chapter 3 develops
discontinuous Galerkin method within the context of ALE for the Vlasov equation.
Chapter 4 presents the experimental evaluation of the concepts for 4-D and 6-D
Vlasov-Poisson simulations and highlights the main limitations.



2 Background

2.1 Motivation

To motivate the rest of the presentation, let us consider a one dimensional linear-
advection partial differential equation (2.1)

Ouf +adpf =0 (2.1)

Here, 0y and 9, represent time and position derivatives, respectively. The quantity
f represents an unknown physical quantity dependent on time and position, and
a is the advection coefficient. When using an explicit time integration scheme to
integrate the semi-discrete equations derived from (2.1), a necessary condition for
the stability of a numerical scheme is to satisfy the so-called Courant-Friedrichs-
Lewy (CFL) condition:

This condition sets a limitation on how far information can travel within a given
time step relative to the discretization length Ax, thereby restricting the maximum
allowable time step At. One approach to increase the time step is to attempt to
reduce the magnitude of the advection coefficient a. Although a is typically deter-
mined by the physics of the problem, it is not constant and can be manipulated by
changing the frame of reference.

As an example, assuming the initial condition f(z,0) = g(z), the analytical solution
to (2.1) is described by a traveling wave g(z — at). If we imagine an observer who
travels with a speed v in the direction of the wave, then in this moving frame of
reference it can be shown that (2.1) changes to 0;f + (a — v)9,f = 0. This simple
example shows how a moving frame of reference can reduce the advection coefficient
and help overcome the time-step restriction.

Our goal is to extend these concepts to the Vlasov equation, where in the pres-
ence of strong external magnetic fields generated by tokamak coils, the advection
coefficient contains the magnetic term v X B which sets severe limitation on the
time-step.
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2.2 Vlasov equation

Here we summarize the main equations for kinetic modeling of plasma. The inter-
ested reader can refer to [22] for further details.

The collisionless Vlasov equation describes the probability density function fs of ion
species s and is given below

9 .
Lot 2 0) 40 Ve folt, 2, v) + L

5 o (E(t,x) +v x B(t,x))-Vyfs(t,z,v) =0 (2.3)

where E and B are so-called self-consistent electric and magnetic fields, respec-
tively, which are generated by the charged ions according to the Maxwell equa-
tions

LB G Bw) = I (1) (2.4
OBg;,a:) + Ve X E(t,z) =0 (2.5)
V, E(tz) = 2L%) (2.6)

€0
Ve B(t,z) =0 (2.7)

where c is the speed of light, g is the vacuum permeability, €y is the vacuum per-
mittivity, J is the current density, and p is the charge density, which are calculated
from the probability density function as follows

J(t,x) = qu/fs(t,x,v)vdv (2.8)
p(t,x) = qu/fs(t,a:,v)dv (2.9)

The object of our study, however, is not the Vlasov-Maxwell system but the Vlasov-
Poisson system which describes distribution of electrons in a neutralizing background.
This system can be obtained from the Vlasov-Maxwell system by neglecting mag-
netic field. It is also customary to set the physical quantities to unity for simplic-

ity:

%f(t, x,v)+ v -Vgf(t,x,v) — E(t,z) - Vyf(t,x,v) =0 (2.10)
— Agd(t,x) = p(t,z) E(t,x) = —Vzo(t,x) (2.11)
ta:—l/ftm'v (2.12)

here, the electric field is calculted from the potential function ¢. It can be read-
ily verified that equations in (2.11) satisfy (2.5-2.6) in the Vlasov-Maxwell sys-
tem.
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However, as noted in the introduction, for our discussion we would consider the
case of a strong external (NB!) magnetic field B(x), which is used for example in
tokamak device for confinement of plasma. Then, the Vlasov-Poisson equation is
given by

0
af(t,az,'v) +v-Vef(t,z,v) — (E(t,x) + v x B(x)) - Vyuf(t,z,v) =0 (2.13)
and the electric field is solved as before using (2.11-2.12).

2.3 Characteristics of Vlasov equation

The following system of ordinary differential equations, with initial conditions X (ty) =
X and V (t9) = Vj, defines characteristics of the Vlasov equation (2.13).

iX
X _y (2.14)
% — _(E(t,X)+V x B(X)) (2.15)

with the solution X (t) = X (¢;t0, Xo, Vo) and V (t) = V (¢;t0, Xo, Vo). Indeed, we
can check that the distribution function f is invariant on the characteristics

d 0 dX (t) avi(t)
SHLXW V) = 5 f + Vel S vy S =
gtf+V~wa—va-(E(t,X)+V><B(X))zO (2.16)

(2.13)

When the external magnetic field is strong, the electric field can be neglected and
the characteristic curves are approximated by:

dX
— =V 2.17
o (2.17)
dv

=V xB(X) (2.18)

2.4 Elements of ALE

In this section we briefly summarize the main equations of arbitrary Lagrangian-
Eulerian method. For further details the reader can consult references [5, 9, 4].

Before proceeding with the description of the arbitrary Lagrangian-Eulerian method
(ALE), it is useful to first understand Lagrangian and Eulerian viewpoints. These
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methods arise from the observation that the choice of independent variables for for-
mulation of Partial Differential Equation (PDEs) is not unique. Through an appro-
priate transformation, one can establish a relationship between the original variables
and new variables, and reformulate the PDE accordingly.

Consider Figure 2.1, where the vector Z = (X, V') € R% ¥4 represents the positions
and velocities of particles at the time t = 0. Here, the capital letters should not be
confused with the characteristic curves defined earlier. We use the capital letters
to denote vectors in the initial configuration Qz C R%%+dv  Similarly, the vector
z = (x,v) € R%+% represents the positions and velocities of particles at the time
t € RT in the current configuration 2, C R%+4 1In the Lagrangian treatment, the
time ¢ and the initial position vector Z are assumed to be independent variables,
while the current position vector z is treated as a dependent variable and is expressed
through a time-dependent transformation ¢, which maps points from the initial
configuration to the current configuration:

@ :Qz X [tostrina| — Q2
(Z,t) — p(Z,t) = =z (2.19)
The transformation is assumed to be sufficiently smooth and to have a well defined

inverse ¢(+,t)~1(2), which maps from the current configuration to the initial con-
figuration.

v(Z,1)
Initial conf. /\Current conf.
Qz Q.
v((,t) ®(¢,1)

Referential conf. €2¢

Figure 2.1: Transformations in arbitrary Lagrangian-Eulerian method.

In the Fulerian viewpoint, the time ¢ and the current position vector z are considered
independent variables. This approach formulates the partial differential equation
using physical coordinates.
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In the arbitrary Lagrangian-Eulerian viewpoint, a third configuration called refer-
ential configuration €2 C R" is introduced. In this frame of reference, the time ¢
and the vector ¢ = (x,v) € R%+% are assumed to be independent variables. Note
that we use Greek letters to denote vectors in this coordinate system. The initial
and current configurations are obtained by transformations ¥ and ®, respectively.
Therefore, the initial and current configurations are 'moving' with respect to the
fixed referential configuration.

¥:Qy X [thtfinal[ — Q¢
(Z,t) —> W(Z,t) = ¢ (2.20)

P : QC X [tﬂatfinal[ — Qz
(C,t) —> B(Cot) = 2 (2.21)

In finite element analysis, numerical approximation of integrals in the weak form is
commonly carried out using isoparametric space. For this purpose, transformation
<i>(£ ,t) is defined as a map from the isoparametric coordinates to the current coor-
dinates. This transformation is defined per each element therefore superscript (e) is
used to denote domain and codomain of an element.

<i> : Qée) X [to, tfinal[ — Qge)
(€7t) — &)(Eat) =z (2'22)

Moreover, assuming that at the time ¢t = 0 the current configuration coincides with
the referential configuration, the transformation <i>(€,t = 0) relates isoparametric
and referential coordinates. Next we describe some of the equations to connect time
derivatives in one configuration to another.

Let g : R%™ x RY — R,(z,t) = g(z,t) and let g* : R" x RT — R,(Z,t) —
g(p(Z,t),t) = g*(Z,t). Then the time derivative of g* is given by

0g"(Z,1) _ dg(=.1) , dg(z,1) 0p(Z.1)

ot ot 0z ot (2.23)

Let ¢g** : R" x RT = R, (¢, t) = g(®(¢,t),t) = ¢**(¢,t). Then the time derivative
of g** is given by

0™ (¢,t) _ 0g(z,1) n 9g(z,t) 0®(¢,1)
ot ot Oz ot

(2.24)

In (2.23) the term % defines the velocity of material particles w in the initial

frame of reference. Similarly, in (2.24) the term % defines the mesh velocity 4

in the referential frame of reference.
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To simplify notation from hereon we denote g = ¢* = ¢** and in time derivatives
indicate fixed coordinates by |. With this notation, equation (2.23-2.24) are simplified

to:
dg Jg
- < . 2.2
ot|, ~ ot z—i—Vzg u (2.25)
dg Jg N
_ g 2.2
5t . ot z—i—V g- (2.26)

It is important to point out that when used with mesh-based methods, ALE can lead
to element distortion for large deformations, causing accuracy and stability issues.
To overcome this issue, mesh reprojection can be used to project deformed grid onto
a new grid.

2.5 hyper.deal library

The present work builds upon the library hyper.deal which is described in [18]. The
library is suitable for advection dominated problems of high-dimensional nature and
in particular has a Discontinuous Galerkin solver for the Vlasov-Poisson system of
equations. It assumes that the computational domain can be constructed as a tensor
product of two lower-dimensional domains €2 := Q, ® €, with the boundary I' :=
Iz ® Q) U (Qy ®Ty). To construct a high-dimensional grid (with dimension up to
6), the library takes tensor product of two lower-dimensional grids (with dimensions
up to 3):

T =TT, (2.27)
Cells C, inner faces Z, and boundary faces B of the grid 7 are defined as
C:=CRCy, LT:=(Z,RC)U((C,RTL,), B:=(B,2Cy)U(C,RB,) (2.28)

Similarly, shape functions are constructed as a tensor product of shape-functions of
the lower-dimensional grids.

The library is matrix-free in a sense that it does not assemble and store stiff-
ness or mass matrices. Instead, it evaluates the effect of the matrices by calcu-
lating matrix-vector products on the fly. This is done to greatly speed up calcu-
lations since storage and transfer of the matrices is an expensive and slow pro-
cess.

2.6 Runge-Kutta method

For integration of semi-dicrete equations in time, explicit Runge-Kutta methods are
used in hyper.deal [18] (more information about Runge-Kutta methods is provided
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for example in |7, section II.1]). The Runge-Kutta method for explicit integration is

as follows:

kl = f (tnyyn)

ko = f (tn + At co, UYn + Ataglkl)

j=i—1

k’z‘:f tn—&—Atci,yn—i—At Z aijkj

Yn+1 = Yn + Atz b ki

where for convinience the coefficients are assembled in the Butcher tableau:

i=1

J=1

0
ca | as1
C3 | az1 as2
C4 | Qg1 g2 G43
C5 | 51 as2  As53 G54
by by b3 by b5

In the traditional scheme, all stages need to be stored to yield the value at the
next step. To reduce memory consumption, the library implements a low-storage
Runge-Kutta variant that reuses information from the previous stages to evaluate
the next stage. Therefore, only the solution vector and two auxiliary vectors are
stored [10]. For the Vlasov-Poisson solver, the library employs a scheme with five
stages and fourth-order accuracy. The Butcher tableau for the low-storage scheme

is as follows:

with the coefficients

(ala az,as, a4) =

0
C2 | a1
c3 | by ao
cy | b1 b2 as
cs | by by b3 ay
by by b3y by bs
6584761158862

4311952581923 12103376702013°

( 970286171893

2251764453980 26877169314380

15575788980749° 34165994151039

)

2 Background
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and

1153189308089 1772645290293 —1672844663538

22510343858157 7 4653164025191° 4480602732383 ’
2114624349019 5198255086312
3568978502595’ 14908931495163)

(b1,b2,b3,b4,b5) = (

We are interested in the stability domain of the low-storage Runge-Kutta variant.
The semi-discrete equations represent a system of differential equations of the type
% = F(t,y), where y is a solution vector and F' is the right hand side function. It
can be shown that for the case of linear system % = Ay, where A is a matrix with
constant coefficients, it is possible to decouple the system and check the stability of

linear ordinary differential equation instead [17]
dy
— =) 2.34
Al (2.34)
where A\ are eigenvalues of the matrix A. The stability domain of Runge-Kutta
method when applied to (2.34) is derived as follows [17]. The Runge-Kutta method
for explicit integration is given by (2.30-2.33), which can be equivalently represented
by
Vi =y, (2.35)
Yo =yn + Atas f (tm }/1)

j=i—1

Yi=yn+ AL Y ayf(tn + Ate;,Y)
j=1
Yn+1 = Yn + Atz bz f(tn + Atci? Y;) (236)
i=1

considering (2.34), we have f(t, + At¢;,Y;) = AY;. Denoting by Y = (Y1, ...,Ys)
and 1= (1,..,1) € N° (2.35) is rewritten as:

Y =1y, + AtAAY (2.37)
hence
Y = (1 - AtAA) 1y, (2.38)

it is customary to denote AtA by z. Substituting (2.38) into (2.36), and denoting
b= (bb ) bs)

Ynt1 = Yn + AtADT (1 — AtAA) 11y, (2.39)

=(142b"(1-24)"11)y, (2.40)

= R(2) yn (2.41)
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for stability, it is required y,+1 — 0 as n — oo which implies |R(z)| < 1. Direct
computation of (2.40) for the two-register scheme of order four with five stages, gives
the following stability function

1 1 1
Rz) =142+ 22+ G 2B+ % 24 + 0.00485436893203883 =° (2.42)

and the stability domain {z € C : |R(z)| < 1} is plotted in Figure 2.2.

3+ »
2L /

"

1k
X -4.79535
Y 0.225765

2 -
X 0.315236
Y -2.84544
3 —

4 I I I I I ]

X -0.266425 X -0.00179089
Y 3.38503 Y 3.32482
—_—

/

z imag part
u o
T

z real part

Figure 2.2: Stability domain of two-register Runge-Kutta scheme of order four with
five stages.



3 Arbitrary Lagrangian-Eulerian
method for Vlasov equation

In this chapter, we apply the arbitrary Lagrangian-Fulerian method to the Vlasov
equation, discretize the equations using Discontinuous Galerkin method, and do
simplifications for the 4D and 6D configurations. Furthermore, we address the issue
of mesh distortion and provide the details of reprojection operation and ALE with
B-splitting approach.

3.1 ALE for Vlasov equation
The Vlasov equation is given by

(1, 0) 40 Va6, 0) L (Bt 2) v x B(t,2)) Vot 2,0) =0 (3.1)

Applying the product rule and denoting V] := (V1, V), equation (3.1) is rewritten
in the conservation form as

0 v
il + Vs ((g (E(,) Lo x Bltzy) H05) =0 (2
i v
Denoting by a = [qs (E(t,z) + v x B(t m))} we get
Jfs
8J; +V.-(afs)=0 (3.3)
z
Substituting fs instead of g in (2.26) and rearranging the terms
Ofs ofs .
= —Vafs-a (3.4)
ot |, ot|,
Substituting (3.4) in (3.3) we get
Ofs N
R A R AN CTARY (35)
¢
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For the second term, from the product rule we have V, fs- 4 = V- (4fs) — fsVz -4
and (3.5) is written as follows

9fs
ot |,

+fsvz'a+VZ'((a_a)fs):O (36)

equation (3.6) is the general form of ALE for the Vlasov equation.

3.2 DG ALE for Vlasov equation

We use Discontinuous Galerkin method (DG) to discretize the governing equa-
tions. Our implementation builds upon implementation in Munch et al. [18].
Therefore we only briefly summarize the main steps of DG for Vlasov equation be-
low.

Let Q¢ = Uf;ll Q(Ce) be a high-dimensional domain with N,; - number of elements.
The domain is constructed as a tensor product of lower-dimensional domains £2¢ =
2, ®€Q, and has a boundary 8¢ := (025 @ Q) J(25 ® ON,,). As before we use
the Greek letters to indicate that the domain belongs to the referential coordinates.
The image of this domain in the current configuration is denoted by €2, and its
boudnary is denoted by 9€2,. We write an approximation to the distribution function
fs as fy, for which the test and trial functions are defined on spaces of discontinuous
Galerkin finite elements. The basis functions are constructed as a tensor product
of one-dimensional shape functions ¢; = [[;<, gbilf , where i stands for the node
number.

Consider the ALE formulation in (3.6). Multiplying by test function, integrating
over the element domain in spatial configuration, and applying integration by parts
to the third term, we obtain

afs "
<¢i7 f) + <¢27 fsvz : u) -
0t ) o o

- (Vz% (a— ﬂ)fs> + <¢i, n” - ((a- ﬁ)fs)*> =0 (3.7)
IS aal

using the map &, equation (3.7) is reformulated in isoparametric space as fol-
lows

Ofs 7 )
(@'7 |J] é); ) + ((251, || fsJ T, V£u> _
Qée) Qée)

- (JTVg% |/ |(a - ﬁ)fs>

+ <¢i,n ((a—a)fs) h> =0 (38)

(e) (e)
Q€ 695



3.3 Application to Vlasov-Poisson 21

where J is Jacobian relating the current and the isoparametric coordinates and |.J|
is its determinant.

Using quadrature rules, the integrals in (3.8) can be approximated as

of of; df;
(d%’aﬂat) = (@Jﬂdbatj) ~ Z¢i,q ¢j,q|Jq|wq87tj (3.9)
o o
M
(@, \J|fT T v£a> R Gigfngdy |t Vet | Tyl w, (3.10)
o ¢
3

—(IﬁV¢muua—mf> N =Y Vedigr Iyt (ag =) fug gl wg (3.11)
q

()
2,

<¢i,n : ((a—ﬂ)f)*> > igng - ((@—a)f); hgwg =
80 q

~

ZmJWmﬁﬂmm@w@Ha—wwq
q

~

—uq)-n;|
2

(fh_,q - flj:q) hq W
(3.12)

the subscript ¢ indicates that the variable is evaluated at a quadrature point &,. The
quadrature weight is denoted by w, and the determinant of Jacobian of an element
face is denoted by hy, and « is the numerical flux parameter [8].

To calculate Jacobians, the transformation & that directly relates the cell in the cur-
rent cofiguration to the unit cell is used in the literature. However this approach re-
quires the prescription of nodal positions. We do not adopt this approach and instead
we employ splitting of Jacobian as is explained in Section 3.3.

3.3 Application to Vlasov-Poisson

The Vlasov-Poisson equation in the conservation form with a strong external mag-
netic field is given by:

v

%f(t,m,v) + V.- [(_E@?w) o x B(w)> f(t,:c,m)} =0 (3.13)

We observe that for very strong external magnetic fields the v x B(x) term is the
greatest and we want to eliminate it from the advection coefficient in (3.13) to make
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the CFL condition less restrictive. We therefore select the mesh velocities @4 =
(g, Uy) as below

Gy = (3.14)
i, = —v X B(x) (3.15)

The mesh velocities are then subtracted from the advection coefficient in the third
and fourth terms of equation (3.7), leaving only the velocity term and the electric
field. We also note that the second term in (3.7) would vanish since V. -4 =
0

=Vz - 0+V,- <§;v X B(m))
S
qs
=V B
. Ve (v x B(z))
q
= = (&;0;(vjBy))
S
= ﬁ(ﬁjk vji Br + €ijxv; Bryi)
Mg <~ ~—
5]'1' :0
qs
= (e B)=0 3.16
. ( €iik k) ( )
=0

In the above, ¢;;; stands for the Levi-Civita symbol, d;; for the Kronecker delta
symbol, 0; for partial derivative with respect to the component ¢, and repeated
indices imply the Einstein summation convention.

To find the Jacobian in (3.8), we use the chain rule and decompose the Jacobian
into the product of two Jacobians: from the current to the referential space J /¢ and
from the referential to the isoparametric space J¢ /.

A

0b

0P
J = &(Cat) o€

(€,0) = J./cJcse (3.17)
and the determinant of the Jacobian is given by the product of determinants:
I =1Lz s¢l| e el (3.18)

We can now move the Jacobian J, /. and its determinant inside the advection coef-
ficient and define a new coeflicient:

b= |JZ/C\J_/1C(a—ﬁ) (3.19)

z
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Introducing these simplifications into the variational form (3.8), we finally get

af -
(% IJz/gllJc/dm) - <V£¢iv J</§|J</ébf)
o

(&)
2,

+<¢Z—, n" - ((a—a)f) h> =0 (3.20)

(e)
895

3.3.1 Jacobian for 6D configuration

To calculate the Jacobian J, ¢, we integrate the mesh velocities in (3.14-3.15) and find
mesh positions as functions of time. The solution is given analytically by counter-
clockwise rotation of velocity vector around the axis of the magnetic field. Assuming
initial conditions v(0) = v and x(0) = x, we can describe this motion by Rodrigues’
rotation formula which rotates an arbitrary vector v in 3D in counter-clockwise
direction (considering right-hand rule) by an angle 6 around the given unit axis
k:

z(t) = x (3.21)
v(t) =vcos(0) + (k x v)sin(f) + k(k - v)(1 — cos()) (3.22)

Substitution of (3.22) into (3.15) with 6 = |B|t verifies that the equation (3.22) is
the solution (see (A.1-A.3)). The Jacobian of transformation from the current to the
reference cell is given by:

Oz ox/0x Ox/ov I o
Jope =57 = = (3.23)
¢ ov/dx Ov/ov M D
here, I is the identity matrix, M = A4+ B+ C and A, B, C are the gradients of the
first, second, and third terms in (3.22) (see (A.4-A.6) for derivations):

A=-rv® (k: : gﬁ) t sin(6) (3.24)
B =— (1/ X gf;) sin(0) + (k x v) ® <k : gi) t cos(0) (3.25)
C = (1—cos())(k - V)g)k; + (1 —cos(0))k ® (1/ . gf;) (3.26)

+ (k- vk <k: : gi) tsin(0)
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in the above g—f( and k are calculated from (see (A.7) for derivation):

ok 1 0B 1 0B
:—k®<k-> 3.27
ox [Blox B o 320

B
k= _— 3.28
Bl (3.28)
In (3.23), D is given by (see (A.8) for derivation)

D(0) = Icos() + (k x I)sin(f) + k @ k(1 — cos(h)) (3.29)

which simplifies to

cos(#)  —kszsin(f) kosin(0)
D(6) = | kssin(0) cos(f)  —kisin(9)| +
—kosin(f) ki sin(6) cos(f)
k3(1 —cos(#))  kika(1 —cos(6)) kiks(1 — cos(f))
+ | kok1(1 —cos(0))  k3(1 —cos(f))  koks(1 — cos(f)) (3.30)
kski(1 —cos(6)) kska(1 —cos(f))  k3(1 — cos(d))

Considering block diagonal structure of (3.23), the inverse of the Jacobian is calcu-
lated as follows:

_ § 0
o = <D(9)M D(9)> (3:31)

and the determinant of the Jacobian is given by (3.32) and is equal to one since
for any given point in x-space, transformation in v-space is determined from (3.22)
which simply describes rotation around fixed axis and preserves volume of differential
volume element.

[Jzpcl = D@O)] =1 (3.32)

Knowing the Jacobian and its inverse, we modify the advection coefficient according
to (3.19). First, subtracting the mesh velocities, the magnetic term is cancelled in
the advection coeflicient

a—a= _E(t,:c)vaB(f”)] -

. XOB(m)} _ {—EE}t, w)] (3.33)

and after multiplication with the Jacobians of the transformation, the modified co-
efficient looks as

b=172/cl (Jep) " (a—@) = [—D(—G)Mv i)D(—e)E(t, m)} (3.34)
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3.3.2 Jacobian for 4D configuration

Consider a space-dependent magnetic field aligned with the z-axis:
B(x) = Bés (3.35)

Let us define rotation matrix

_ |cos(#) —sin(8)
D(0) = [sin(@) cos(0) (3.36)
The solutions to (3.14-3.15) are given analytically:
z(t) = x (3.37)
v(t) = D(O)v 3.38

where 60 = Bt.

The Jacobian of transformation from the current to the referential coordinates is
given by (3.23), with M defined by

ov 0D 0B

The rest is as for the 6D configuration.

3.3.3 Jacobian for configuration with a constant
B-field

For the case of constant B-field, the M matrix in (3.23) is 0, and the Jacobian is
given by

I 0} (3.40)

Joe = [0 D

The modified advection coefficient simplifies to:

o= |_p() 51,0 (341

For the 4D configuration and the 6D configuration with B-field aligned with the
z-axis, the coefficient further simplifies to:

[ vy cos(Bt) — vy sin(Bt)
vy sin(Bt) + v, cos(Bt)
Vs
—E cos(Bt) — Easin(Bt)
E, sin(Bt) — E cos(Bt)
— 5

(3.42)
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3.3.4 Face contributions

The face contributions are calculated according to the third term in (3.20). For this,
one need to know:

1. transformation of a differential area element from the isoparametric to the
spatial coordinates h

2. vector normal to the face n—

These quantities are then contracted with flux vector and integrated over the high-
dimensional surface.

In high dimensions differential forms are used for calculation of surface integrals [1,
Section 1.13|. Skipping mathematical details, we provide procedure for a face i corre-
sponding to §& = 0 or 1 (negative or positive faces, respectively). For demonstration
purposes, we give an explicit example for a negative face £, = 0 in 4-dimensional
space.

Consider the transposed Jacobian of the transformation from isoparametric to spatial
coordinates.

Oz1  Ozp  Oui  Ouy
06 061 061 0&
Ozy  Oxy Ovy  Ouy
06 06  0&%  0&
Ozy  Oxy Ovy  Ouy
063 03 0&  O&3

Ox1  Ozz  Oui  Ouvy

08y 08 0& 0

(3.43)

By crossing the row ¢, in this case i = 4, we obtain the Jacobian reduced to a face
(3.44). The rows of this Jacobian contain vectors tangential to the face 7 in 4D. The
ordering of the vectors determines the orientation of a normal to the face (inwards
or outwards). This is in analogy to the cross-product in 3D; however three vectors
are used instead of two.

Oz Ozp Our  Ouy

061 061 06 06

— 0 o] 0 0
reduced J' = (-1)(-1)* 7' | §& 58 & & (3.44)

Oz Ozy Ouy  Ouy
083 03 0&3 O3

To ensure the normal points outwards, the reduced Jacobian is multiplied by (—1)*"1,
according to the orientation rules for (n—1) differential forms in R™, where the proper

orientation for a missing index 4 is given by:
(1) dEy A o ANdE_y AdEiiq A . N dEy (3.45)

Here, A is a wedge product and follows the rules of Grassmann algebras. For practical
details, the reader is refered to [1]. Furthermore, in (3.44) the reduced Jacobian is
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multiplied by —1 to reverse the sign for the negative face &4 = 0 which we consider
as an example.

By placing coordinate directions at the top row of the reduced Jacobian and taking
its determinant, one calculates n~ h, where recall n~ is the unit outer-normal vector
and h is the ratio of physical differential area element to isoparametric differential
area element.

7 J k. w
Oz1  Ozy  Oui  Ouy
o0& 0& o0& O&
Oz1  Ozz  Oui  Oup
082 06 062 0%
Oz;  Oxy  Oui  Oup
0&  0&  0f3 O3
Therefore, the reduced Jacobian contains information about both the orientation of
the normal vector and also transformation of a differential area element. For an
arbitrary flux vector F', the dot product with the outer-normal is then given by
the determinant of the reduced Jacobian, with the flux vector placed in the first
rOwW:

n~h=(-1)(-1)*"! (3.46)

N F, F3 Fy
Oxy  Ozy  Oup vy
061 0&  0&  0&

I (n_h) = (—1)(—1)4_1 9z1 Ozp vl vy (3.47)
062 0& 05 06

Oz1  Oz1 Oui  Oug
083 03 03 O3
The 6D case is conceptually the same as the 4D case except for greater number of
components in the Jacobian matrix J . The procedure is summarized in Algorithm
1.

Algorithm 1 Flux calculation at faces

1. For each face ¢ with the normal direction &; do

i) Calculate reduced ‘]QT/E by crossing row ¢ of J, cT/g

i1) Compute reduced J' (3.44) as a product of Jacobians:

reduced JT = redu(ljed J CT/E JZT/ ¢

multiply by (—1)*"" and reverse the sign for the negative faces (£ = 0).
i7i) Calculate flux F' - (n™h).
iv) Divide flux F - (n~h) by h¢e. This quantity is computed from reduced JCT/£
and cancels the face Jacobian in the matrix-free algorithm.

3.3.5 Optimization of ALE

We now proceed with the optimization of ALE. The steps (4¢) and (¢¢) in Algorithm
1 have the highest complexities and we try to optimize them. The step (ii) could be
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simplified by the observation that the Jacobian J¢/¢ from the reference cell to the
unit cell is block-diagonal, and the total Jacobian can be calculated using individual
blocks; this approach reduces the number of operations at this step by 3/4. Further-
more, we 1o longer compute reduced Jacobians, but instead directly overwrite the
row corresponding to the face ¢ by the flux vector F'; thereby avoiding unnecessary
copy-paste operations and adjustement of sign according to the rules of differential
forms as this is considered by the swapped rows in the determinant. Moreover, we
use the fact that one of the off-diagonal blocks of Jacobian is always zero to calculate
determinant more efficiently. This significantly reduces the number of computations
in the determinant in 6D. In addition, for the scaling of Jacobian in the step (iv),
the quantity h¢ /e is not calculated but is called from the memory as it is constant
over the simulation.

3.4 Reprojection operation

The major disadvantage of the DG ALE method is that large mesh deformations can
lead to element distortion, reducing accuracy and causing stability issues. Therefore,
in this section, we propose mesh reprojection as a solution to these issues.

Given the distribution function f* at time ¢ ;we compute its projection f on the new
grid using the variational form:

(vn, f) = (vn, [7) (3.48)

which should hold for all test functions vy on the new grid. For discretization, we use
nodal shape functions ¢; on the node ¢ of the new grid. The function f in the discrete
form is written as f;, = Z;\le ¢; f;. Equation (3.48) then reads

i dVfi= [ & frdv (3.49)
¢ 2
Using a quadrature rule, we have for nodes ¢ and j

Z¢i7q ¢j,q Jl] Wyq fj = Z¢i,q f;; Jq Wq (350)
q q

The term on the left-hand side contains the mass matrix, which is block-diagonal
for the DG discretization, since the nodes of neighboring elements are decoupled.
The term on the right is the forcing term, which is also decoupled. Therefore, (3.50)
holds for each cell individually. Denoting the cell mass-matrix by M and the forcing
term by F', the unknown degrees of freedom (f); = f; on each cell are computed as
follows

f=M'F (3.51)
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It is worth noting that calculation of f; is not as straight-forward as it may seem.
This is because f* is discretized on the deformed grid, while the integral in (3.50) is
to be calculated on the new grid. Therefore a transformation is needed to evaluate
f* at the quadrature points of the new grid.

Let the quadrature point with the index ¢ of the new grid have (x,v) coordinates
in the real space. We can find the image of this point in the referential coordinates
by following the characteristics back in time. This operation corresponds to the
inverse transformation ®(-,#)~1(2) from the current to the referential configuration,
cf. Figure 2.1. Considering equations (3.37-3.38), the inverse transformation for the
4D case is given by:

x = z(t) (3.52)
v =D(—0)v(t) (3.53)

and similarly using (3.21-3.22), the inverse transformation for the 6D case is given
by:

X = x(t) (3.54)
v =vcos(—0) + (k x v)sin(—0) + k(k - v)(1 — cos(—0)) (3.55)

with § = |B|(t—to), where t( is the previous reprojection time.

Next we need to find the image of this point in isoparametric space (§y,&,). This
operation corresponds to the transformation ®(-,0)~1(¢) described in (2.22). Ttera-
tive methods can be used for this, for example Newton-Raphson method. Recall that
we only prescribe mesh velocities in v-space, therefore it is necessary to solve only for
the £, components as the §, components do not change.

Once the point (&, &) is known, the value of f* at the quadrature point ¢ of the new
grid can be computed from the transformation ®(&,t) in Figure 2.1.

To speed up calculations, the hyper.deal library uses a sum-factorization approach
for operations which contain tensor-product structures [13, 14]. Assuming the num-
ber of quadrature points and the nodes are the same, it is possible to show that
the operation M ~!F then simplifies to transformation of fq from quadrature points
to nodal points [16, 15, 14]. Below we repeat derivation for the case of projec-
tion.

Let Sy = ¢i(&y) be a matrix with shape functions arranged in rows and quadrature
indices in columns. Then we can write the mass matrix M = STW S, where W, =
|J|qwq is a diagonal matrix containing Jacobian and weight. Similarly, we can write
F = STW f*_ where (f*), = fq-

Hence, M—'F = ST'W18T8TW f* = S§~1f* Here, the matrix S can be
represented as Kronecker product of matrices ScllD whose entries are one-dimensional
shape functions calculated at all quadrature points for the direction d, i.e. S =
SéD ®...@81P. Then according to the rules of Kronecker product |2, Section 2|, the
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inverse is given by §71 = SéD_l ®..Q® SllD_l and sum-factorization can be used to
calculate S~!f* efficiently.

Algorithm 2 Reprojection operation

Given: f*(x,v,t) - solution at time ¢, At, = nAt - reprojection time step, tg -
previous reprojection time
1) if |t — to — At,| < tol do reprojection

a) for each index ¢ = (¢, ¢») on the new mesh calculate distribution function

value f; according to Algorithm 3 and form vector f*

c) calculate f = S~ f*

d) set previous reprojection time ¢o to current time ¢

e) set nodal values to f

Algorithm 3 calculation of f; in sub-step a) of Algorithm 2

Given: solution f*, quadrature index q = (qz, qv)
1) for the quadrature index g on the new mesh, read coordinates (x,v) in real
space
2) apply inverse transformation to find the foot of the characteristic,
i.e. calculate v according to (3.53) or (3.55) for 4D and 6D, respectively
3) if the foot falls outside of the domain of referential mesh, set f; = 0 and return
4) loop over cells in v-space
a) find cell which contains the foot of the characteristic at v, and record its
index ¢,
c) for the cell index ¢, and coordinate v, calculate coordinate &, in
isoparametric space using Newton-Raphson iteration
5) for the quadrature index ¢, read coordinate &, in isoparametric space
6) for the pair of isoparametric coordinates (§;,&,) determine f; by interpolation

3.4.1 Critical reprojection time-step

As the mesh undergoes deformation, a time-step restriction arises because the ele-
ment dimensions reduce along certain directions. To achieve stability under larger
deformations, a smaller time-step is required. This needs fewer reprojections and
enables a greater reprojection time-step. To find a relationship between the repro-
jection time-step and the critical time-step, we consider the CFL condition given
below [15]

_Cr h

At = —+
p*?|lall

(3.56)

here Cr is Courant number, p is the polynomial order of the shape functions, ||al| is
the magnitude of the wave speed, and h is characteristic element, size.
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We do analysis for 4D cofiguration with rectangular grid and B = By sin(z1) sin(z2).
The term in the denominator of (3.56) is estimated using Jacobian of transformation
from the real to the unit cell [16]

lal]

= | oo (3.57)

taking into account equation (3.31)

T als = ‘J{é [—D(—G)M D(—a)} 9 < (3.58)
< hi |-D(—-0)Mv — D(-0)E|__

where h,, is element dimension in the reference v-space. Recall from (3.39)

ov 0D 0B
— el (3.59)
where
0B [ By cos(x1) sin(x2)
ox (Bo sin(x1) cos(XQ)) 00
and
o cos(f)  sin(6)
D(-0) = <— sin(6)) cos(@)) (3.60)

with 6 = B(t — ty). We have

vat By cos(x1) sin(x2) vt By sin(x1) cos(x2) )
—D(—-0)M = . . 3.62
(~0) (—m t By cos(x1) sin(x2) —w1t Bokasin(x1) cos(x2) ( )

substituting (3.62) in (3.58) we get

Tl < 1| |vetBo(cos(x1) sin(xz2)vr + sin(x1) cos(x2)ve)| + [| E||
" 7 hy || = vitBo(cos(x1) sin(x2)v1 + sin(x1) cos(x2)v2)| + || E|l|
- V2llvllllvllt B + || E]] (3.63)

< hy

in the equation above t stands for the time counted from the last reprojection
time. Assuming ||E|| is negligible we can estimate the repojection step as fol-
lows

A~ OT ry
TP VR lvl|AtB

(3.64)
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We can also estimate the time-step assuming reprojection is done every n time
steps:

Cr hy

~ | CT (3.65)
\/101'5 V2[[v||[[v][nBo

equation (3.65) indicates that the maximum time-step Atpax is achieved when re-
projection is done every-time step, i.e. n =1

Cr hy

Atmax = Aty ~ (|22 v
™ "\ P V2l |v] B

(3.66)

Equation (3.64) expresses the critical conditions for the reprojection time-step be-
yond which the solution is considered to be unstable. However, it is important
to note that at the point of instability, the element may already be significantly
distorted, especially when using small time-steps. Consequently, the solution may
already contain substantial errors. Therefore, it would be beneficial to have a metric
that measures the extent of distortion and indicates when to perform reprojection in
advance, in order to avoid accuracy issues.

3.4.2 Distortion metric for high-dimensional
problems

A direct correlation between distortion metrics and errors is not possible due to the
existence of different boundary conditions and solutions [19]. A simple approach
is to quantify distortion using geometric information and then use rules of thumb
for the particular problem and configuration to decide when to perform reprojec-
tion.

Salagame and Belegundu reviewed different distortion metrics [20]. Most of the
metrics were proposed for 2D elements, while only a few were designed for 3D.
Oddy and colleagues proposed a metric based on the Jacobian of transformation
[19]. This metric utilizes J5 invariant of the deviatoric strain. This invariant quanti-
fies shearing and non-isotropic deformations, and it is widely used in solid mechan-
ics. Such a metric is convenient as it can be directly extended to higher dimen-
sions.
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A (3.67)

| J|a
s:%@JF—I) (3.68)
deve = ¢ — étr(e)I (3.69)
Jy = %devs :deve (3.70)

3.4.3 Reprojection and stability

The numerical results in Section 4.3.3 show that the reprojection operation, as de-
scribed in section 3.4, is not stable when performed frequently. One reason could
be the discontinuities in the DG function, which cannot be projected exactly onto
continuous polynomial spaces.

Sukumar and Prévost have shown that the Gauss quadrature-based integration is not
suitable when discontinuities are present in the function [23|. While the use of higher-
order quadrature does reduce the error, the integration is still not exact. Therefore,
partitioning of the elements along the discontinuities and application of quadrature
rules to each partition individually is needed to recover the exact integration [23].
We did not implement this approach; however, we consider the integration errors to
be the major source of instability.

Below, we present some ideas that do not directly address the integration issue but
instead aim to reduce the discontinuities in the solution. This reduction in disconti-
nuities can lead to an improvement in stability. One strategy involves projecting the
function onto continuous finite element spaces. This projection ensures interelement
continuity of the function and helps to reduce integration and projection errors dur-
ing the successive reprojections. To obtain an easily invertible mass-matrix, nodal
collocation integration can be utilized, as suggested in [16]. In this case, the quadra-
ture points coincide with the nodes, and the shape functions in (3.50) evaluate to
either 1 or 0. Using (3.50), we have for each element:

JZ' W; fz = Zf; Jq U)q (371)
q

The diagonal elements of the mass-matrix would then be represented by products of
Jacobians (J;) and weights (w;) at the nodes. If collocation integration is also used for
the forcing term, the Jacobians and weights in the mass-matrix would cancel the Ja-
cobians and weights in the forcing term, and the resultant effect would be the same as
setting nodal values of the solution to the function value.

fi=f; (3.72)
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The operation can be performed elementwise without communication with neighbor-
ing elements.

Similarly, one could project the function onto DG finite element spaces while con-
straining the solution to the function value everywhere on the element boundaries
to minimize interelement jumps. This can be done with the penalty method by intro-
ducing a penalty term to the variational formulation in (3.48).

(5f7 f)Qée) + k(5f7 f - f*)@Qée) = (5f7 f*)Qée) (373)

Here, f is the sought projection, f* is the function to be projected, d f is the variation
of f, and k is the penalty factor. By changing the penalty factor, it is possible to
control the tolerance with which the constraint is satisfied. The greater the penalty
factor, the smaller the jumps between elements.

Using regular finite element discretization at the nodes, the solution is given by:

f=(M+kM) " (F+kF) (3.74)
where
Mij = (qbivd)j)QEE) (3.75)
(My)ij = (6ir 65) oo (3.76)
Fo= (i g (3.77)
(Fb)i = (@1 ") g0 (3.78)

and the mass matrices are evaluated using the collocation setup.

Lastly, Lagrange multipliers can be used to enforce the constraint exactly. Denoting
the Lagrange multiplier function by A and its variation by A, we have §(\(f— f*)) =
ONf — %)+ 0f A. Applying the constraint to element boundaries and inserting it
into the variation form, we have:

(5f7 f)Qée) + (5)‘7 f - f*)agée) + (5f7 )‘)8926) = (5f7 f*)ﬂée) (379)

descritizing the Lagrange multiplier on the boundaries using the same basis as for
the solution, we have

SFTMF+0N"M f+5fTMA=6f"F + X" F), (3.80)

where
(My)ij = (@i 65) g (3.81)
(F); = (85, )0 (3.82)
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where i belongs to the set of the element nodes and j to the set of nodes on the
boundary of the element.

The equations are then solved as below

L\Af{ Agk] [‘ﬂ - [II;A] (3.83)

The disadvantage of the Lagrange multiplier approach is that the assembled mass ma-
trix is not diagonal when the collocation approach is used.

3.4.4 Optimized implementation of the reprojection
operation

To optimize the reprojection operation, we target the search loop in the step 4a
of Algorithm 3. Its performance is critical since it is executed at every quadra-
ture point during reprojection. In the case of structured meshes on rectangular
domains, where all elements are rectangles and of the same size, we store cells in a
specific order in a container and access them using analytical equations. For sim-
plicity, for 2D mesh and square domain, this is done by ordering cells from left to
right and from bottom to top. The cell position in the container is then calculated
from

cell = floor((z — ;) /dz) + floor((y — y1)/dy) Ny (3.84)

where (z,y) is the position of quadrature point, (z;,y;) is the position of the lower left
corner of the domain, and N, number of elements in the x-direction. Similarly, for
3D structured meshes on rectangular domains we have

cell = floor((z — x;)/dx) + floor((y — yi)/dy) Ny + floor((z — 2;)/dz) Ny Ny (3.85)

This algorithm is much cheaper than the loop in the step 4a, as the equations are
simple and access to the container is of O(1) complexity.

Furthermore, we employ this approach for general domains with curved elements
by encompassing the domain within a rectangular grid. This grid is then divided
into subdomains of equal dimensions, each taking the shape of a rectangle (in 2D)
or cuboid (in 3D). The elements of the domain are then sorted based on the sub-
domain they belong to. FElements that are shared by several subdomains are as-
signed to all subdomains to which they belong. The categorization is done only
once at the beginning of simulation in an initialization routine — by creating a
grid of points in each subdomain and then searching for elements which contain
at least one of the points. Figure 3.1 illustrates the approach for a circular domain.

With this approach, when a point needs to be reprojected onto the new grid, we
find analytically the subdomain to which it belongs (in the the same way as the
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Figure 3.1: Illustration of the search algorithm on a circular domain. The numbers
indicate the ordering of subdomains, and the test points are denoted by
dots.

cells are found on rectangular domains using (3.84-3.85)). Once the subdomain is
known, we search the cell only among the cells of the subdomain. If the subdomains
are of the element size, then most of them would contain only a few cells, making
the search efficient. Moreover, we store pointers to cells in a contiguous array and
positions of the first cells of subdomains in an auxiliary array. This approach could
be extended to meshes with local refinements by creating secondary subdomains
within the primary subdomains. However, we have not yet implemented and tested
this case involving local refinements.

3.5 ALE with B-splitting

When the magnetic field in the Vlasov equation depends on spatial coordinates,
ALE introduces additional overhead and requires frequent reprojection which affect
performance of the code. To avoid reprojection and improve performance, here
we explore an alternative approach based on splitting of the magnetic field into a
constant part and a space-dependent part, i.e.

B(x) = B; + By(x) (3.86)

In certain applications, the magnetic field is mostly uniform with only slight vari-
ations accross the domain, and we can assume |By(x)| << |Bj|. With this as-
sumption we apply ALE only to the constant part of the field and keep the space
dependent part in the advection coefficient. Hence, we prescribe the following mesh
velocities:

dx
dt
dv
dt

=0 (3.87)

= —wvx B (3.88)
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The avection coefficient for this case is then given by:

(@a—a)= [—E —v X (%1 + Bo(w))] N [_” 2 Bl]
_ [_E ) vvx Bo(w)] (3.89)

The rest of the derivations are as before; so we only point out to the equations.
The solutions to (3.88) are given by (3.37) for the 4D case and by (3.22) for the 6D
case. The Jacobians are given by (3.40) in 4D and by (3.23) in 6D with M set to
Zero.

We calculate the critical time-step using CFL condition. The magnitude of the
advection coefficient is given by

llal|* = ||v]|> + || E — v x Bol|? (3.90)
<|l]*+ ( |E[?® +[lv x Bol])* = [|v]|]* + ||[v x Bol|*
N——
<<[|Boll?
llal|* = |[v]|]* + ||v|]*|| Bol|? (3.91)

llall ~ [[v][v/1+ [|Bol (3.92)

The critical time-step is then estimated from

Cr h

At ~ —
P |v|\/1+|Bol]?

On comparison with (3.65), we note that the time-step in (3.90) is smaller by factor
of around /|Bp| for By >> 1. This approach is worser, yet it circumvents mesh
distortion and there is no need for reprojection.

(3.93)



4 Numerical Experiments

In this chapter, we test the ideas developed in Chapter 3. We start with the 4D
configuration and run the ALE with a constant B-field in Section 4.1. We continue
with the 4D configuration and test ALE with a space-dependent B-field in Section
4.2. We then apply the reprojection operation to ALE in Section 4.3 and test the
critical reprojection time-step, mesh distortion metric, and study qualitatively the
stability and conservation properties of the reprojection operation, highlighting the
main limitations. In Section 4.4, we apply the ideas to the 6D configuration. Section
4.5 tests the idea of ALE with B-splitting. Section 4.6 conducts a performance study
and draws comparisons between different approaches.

4.1 4D configuration with a constant
B-field

To test the effect of ALE on the time-step, we consider the weak Landau damping
example on a 4-dimensional numerical domain. The domain is constructed as a tensor
product of 2-dimensional square domains in x and v-spaces. The x-domain lies in
the interval [0,47]? and has 42 elements. The v-domain lies in the interval [—6, 6]?
and has 162 elements. Our preliminary runs indicate that this setup provides a good
balance between accuracy and computational cost. Periodic boundary conditions are
applied to all boundaries. We assume the following initial value for the distribution
function fo:

eXp70.5\v\2

fo(z,v) = (1 +0.01cos(0.5 xl))W

(4.1)
For the finite element discretization, we use Lagrange polynomials of degree 3 with
nodes at Gauss-Lobatto points as basis functions. For integration, we employ a
4-point Gauss quadrature rule in each direction.

First, we consider a moderately high magnetic field with B = 0.8; this corresponds
to gyromotion period of T' = 7.85s, which is defined as a period of rotation of
a particle around the magnetic field axis and is calculated as T = %. We set
the time-step to 0.002s,0.01s,0.02s,0.03s and the total duration to 5.0s. To in-
vestigate stability of the ALE simulation, we study the electric energy defined by
|E?/2 =1/2 sz E - E dz. This scalar quantity defines the overall state of the sys-

tem and exhibits high dynamics due to interaction of charged particles in plasma



4.1 4D configuration with a constant B-field 39

with the electric field. Due to its convenience, we use it to compare different config-
urations.

Figure 4.1 shows that for small time-step of 0.002s and 0.01s the simulations with
ALE and without ALE both completed until the end, and the results agree. However,
for time-steps of 0.02s and 0.03s only the case with ALE completed until the end (the
case without ALE exploded at time 0.76s) and our further runs with simulations up
to 10.0s showed no instability. Next, we conduct a simulation with a strong magnetic
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Figure 4.1: Comparison of simulations with and without ALE for moderately strong
and constant magnetic field with B=0.8

field B = 1.6 using the same setup (Figure 4.2). The conclusions drawn from this
simulation are similar to the previous one. In the case with ALE, no instability is
observed for all the considered time-steps, including 0.03s. However, in the case
without ALE, instability arises even with a time-step of 0.01s. To enhance clarity,
only selected information is plotted. Lastly, the simulations were run for very strong
magnetic field B = 8.0, see Figure 4.3. As before, the ALE runs were stable for all
the time-steps. Further runs with simulation duration of 50s and time-step of 0.05s
showed no instability in the case of ALE. We conclude that the use of ALE helps
to overcome the time-step restriction in the Vlasov-Poisson problem with a strong
constant magnetic field.

To quantify the improvement in the time-step, we calculate the ratio of critical
time-steps for simulations with and without ALE using (3.56-3.57) for estimation
of the critical time-step. For the case of ALE the Jacobian is found by splitting
J=J,c Jeje, with J, ¢ as in (3.40) and J¢ /¢ as below:

hy 0 0 0
0 hy, 0 O
0 0 hy, O (42)
0 0 0 hy

here h; and h,, stand for the dimensions of the elements of x- and v-grids, respectively.
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Comparison of simulations with and without ALE for very strong con-

stant magnetic field with B=8.0

Using the equations from the above and the same numerical setup as before but with
B=2.0 as an example, we have for ALE:

lal] -1 vl [IEI _ v2m
~ = = 4:.
o~ (1 al) = e L R (13)
2
_ V2 o0 (4.4)
™
similarly for the configuration without ALE and assuming strong B-field:
lal] -1 1] Jva| |vB| [v2B[| _ wB
~ = = 4.
P 1 ) = max { 51, 22 Sl 2 (15)
6.0 x 2.0
= 22T 160 (4.6)

0.75
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and we get the ratio of the time-steps :x\% =16.0/2.70 = 5.93. Clearly, the stronger

is the magnetic field the higher is the ratio. If the v-mesh is very fine, then the electric
field would determine CFL condition in (4.3). In this case the improvement would

be W5
TET

We can also calculate ||a||/h directly using the magnitude of the wave speed for x-
mesh and v-mesh, respectively. For the simulation with ALE:

la]] o]l 1B _ v2u
o= = 4.
. max I I (4.7)

= @ ~ 2.70 (4.8)

™

similarly, for the simulation without ALE:

||al| |[v][ [[v x Bl V2uB
_ - 4.
. max R T (4.9)
V2 x 6.0 x 2.0
=Yoo T 99, 4.1
0.75 03 (4.10)

hence, the ratio is 8.38.

Numerically the critical time-steps were determined to be 0.0694 and 0.00759 for the
configurations with and without ALE, respectively. For simplicity, we assume that
time-step is stable when simulation is stable for at least 90s. By trial and error, the
time-steps were calculated with the precision of 3 significant digits. The ratio of the
time-steps is 9.14.

4.2 4D configuration with a space dependent
B-field

The numerical experiment we consider in this section has the same setup as the exper-
iment in Section 4.1. We consider magnetic field B(z1,x2) = By sin(z) sin(z2) and
test our implementation for different values of the By coefficient.

First, we consider a magnetic field with a moderately high variation B(z1,z2) =
0.5sin(zy) sin(x2). Figure 4.4 shows the results of both ALE and non-ALE simula-
tions with different time-steps. We observe that the ALE case exhibits instability
for all the time-steps. Additionally, the accuracy of the ALE simulation is lower
compared to the non-ALE case. Reducing the time-step did not improve the accu-
racy, but reducing the element size did. We therefore speculate that the observed
instability and accuracy issues are due to mesh distortion caused by non-uniform
mesh motion in the space-dependent magnetic field.
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Comparison of simulations with and without ALE for the magnetic field
with a moderate variation B(x,z2) = 0.5sin(x;) sin(xs)

The observed instability becomes pronounced and occurs earlier in time when a
magnetic field with stronger variation B(z1,22) = 1.5sin(xz1)sin(zy) is considered
(see Figure 4.5).

1IE11%/2

Figure 4.5:
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—— no ALE, 4t=0.001s
ALE, At=0.0005s
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Comparison of simulations with and without ALE for the magnetic field
with a high variation B(z1,z2) = 1.5sin(x;) sin(x2)

We conclude that in the presence of non-uniform magnetic field, ALE shows insta-
bility for simulations over long durations.

Next, we consider a simulation with strong magnetic field and low variation B(x1,x2) =
1.0+ 0.1sin(z1) sin(z2). From Figure 4.6, for time-steps 0.02s —0.03s the simulation
with ALFE is clearly superior in terms of stability. The element distortion in this case
is less severe and rapid as the space dependent part (=0.1) of the magnetic field is
relatively small compared to the constant part; allowing us to run the simulations
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for much longer than in the previous cases.

Blx)=1.0+ 0.1sin{xy)sin(xz}
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Figure 4.6: Comparison of simulations with and without ALE for a strong magnetic
field with a low variation B(z1,x2) = 1.0 + 0.1sin(z1) sin(z2)

Finally, we consider strong magnetic field with moderate variation B(x1,x2) = 1.0+
0.5sin(z1) sin(xg) (see Figure 4.7). For time-steps 0.02s and 0.03s, the simulation
with ALE shows better stability than the simulation without ALE.
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Figure 4.7: Comparison of simulations with and without ALE for a strong magnetic
field with a moderate variation B(z1,22) = 1.0 + 0.5sin(x1) sin(x2)

4.3 Reprojection operation

We test our implementation of ALE with reprojection on the same numerical setup
as was described in Section 4.1. For the magnetic field we consider strong magnetic
field with low and moderate variations: B(z1,z2) = 1.0 + 0.5sin(z) sin(x2) and
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B(z1,x2) = 1.0 + 0.1sin(x;) sin(z2).

Figure 4.8 shows the results for magnetic field B(z1,x2) = 1.0 4+ 0.5sin(z1 ) sin(z2).
The simulation with ALE and reprojection (at every 0.3s) was stable for time-steps
0.02s and 0.03s and completed until the end unlike the ALE simulations without
reprojection.

Bix) =1.0+ 0.5sin{x1)sinlxz}
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Figure 4.8: Effect of reprojection on the stability of the ALE simulation with the
magnetic field B(xy,z2) = 1.0 4 0.5sin(x; ) sin(z2)

Figure 4.9 shows the results for magnetic field with higher uniformity and lesser
variation B(z1,z2) = 1.0 + 0.1sin(z;)sin(x2). In this case, greater reprojection
step (0.5s) was used and the simulation remains stable for the whole duration.

Bix) =1.0 + 0.1sin{xy)sinlxz)

- | —
- "#‘11-_&‘! | e

-2
£
E0, f — noALE, At=0.01
10-% / no ALE, At =0.02
no ALE, At =0.03
\ — ALE, 4r=1002

10 = ALE, Ar=003
& ALE, At =002, reprojection At =0.55
ALE, &f=0.03, reprojection At=0.55

11E11%2
-
g

0 1 2 3 4 5
time [s]

Figure 4.9: Effect of reprojection on the stability of the ALE simulation with the
magnetic field B(xy,z2) = 1.0 4+ 0.1sin(x; ) sin(z2)

Furthermore, reprojection prevents severe mesh distortion improving accuracy of the
solution (see Figure 4.10).
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Blx)=1.0+ 0.1sin(xq)sinlx3)
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Figure 4.10: Error for simulation with ALE and reprojection for strong magnetic field
and with low variation B(x1,z2) = 1.0 4+ 0.1sin(z1)sin(z2) (reference
simulation is without ALE and time-step 0.01s)

However, we observe that at the points of reprojection there are jumps in the er-
ror. In Section 4.3.3, we study stability of the reprojection operation over greater
durations.

We conclude that the use of ALE together with reprojection helps to overcome time-
step restriction and maintain stability over longer durations in the presence of space
dependent background magnetic field.

4.3.1 Critical reprojection time-step

Here we investigate the extent to which equation (3.64) holds. We conduct simula-
tions with varying magnetic fields, represented as B(x1, z2) = B1+ By sin(z1) sin(z2),
and different time-step values: {0.005, 0.01, 0.02, 0.03, 0.04, 0.05}. The rest of the
setup is the same as in Section 4.3. We record the time when the simulation becomes
unstable and consider it as the critical reprojection time-step Atf,.. The results of 42
runs are plotted in Figure 4.11- 4.12.

We plot the reprojection time-step with respect to the 1/(Byt) factor, which ac-
cording to (3.64) should be proportional to each other. Linear correlation holds for
By values equal to {0.1, 0.5} and B; values equal to 0.0,1.0,5.0, and the points for
these cases are well aligned along a single line. Therefore for this range of values,
the relationship between the critical reprojection time-step and the 1/(Byt) factor
in (3.64) is indeed independent of the magnetic field and the time-step values. How-
ever, deviations from the trend are observed for very small (0.005s) time steps as
well as when By and Bj coefficients become significant, {5.0,25.0} and {2.5} respec-
tively.

We also note that obtaining the point of stability is challenging for very small and
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very large time-steps. In the case of very small time-steps, an instability develops
gradually, and the definition of the critical reprojection time-step becomes vague. On
the other hand, with very large time-steps, the instability develops rapidly after only
a few time-steps, making it difficult to accurately estimate the critical reprojection
time-step. However, these inaccuracies cannot fully explain misalignment of points
for configurations with very strong magnetic fields or very small time-steps from the
general linear trend.
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Figure 4.11: Correlation between the reprojection time-step and the reciprocal of
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4.3.2 Distortion metric for high-dimensional
problems

In this section, we test the applicability of the metric in (3.70) for 4D elements.
To quantify the error of the ALE simulations, we consider the difference in electric
energy norm between ALE and non-ALE runs. For reference, two types of reference
simulations are used: (1) simulations with the same time-step, and (2) simulations
with a much smaller time-step compared to the ALE simulations. The error of
type (1) neglects the contribution of time-step error and shows how much the ALE
simulation differs from the non-ALE simulation when all conditions are the same.
In contrast, the type (2) error includes the contribution of the time-step error. It is
important to note that in both cases, the discretizations in ALE and non-ALE runs
are kept the same.

Our goal is to examine the correlation between the distortion metric and the type (1)
and type (2) errors. To achieve this, we investigate the sensitivity of the error to dif-
ferent magnetic fields, time-steps, and discretizations. The numerical setup remains
the same as in Section 4.2, unless explicitly mentioned otherwise.

First, we vary the magnetic field while keeping the time-step and discretization con-
stant. Figure 4.13 plots the type (1) error with respect to the average distortion on a
log-log scale. We observe that the error grows in tandem with the distortion metric
Jo. Furthermore, there is significant sensitivity with respect to the magnetic field
values.

Error vs J; (reference at At=0.005)
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Figure 4.13: Dependence of type(1l) error on distortion for different values of mag-
netic field

Similarly, Figure 4.14 plots the type (2) error with respect to the average distor-
tion on a log-log scale. The reference simulation was conducted with a time-step
of At = 0.001. The correlation is less pronounced in this case due to the sig-
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nificant time-step error. Therefore from now on, we only consider errors of type

(1).

Error vs J; (reference at At=0.001)
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Figure 4.14: Dependence of type(2) error on distortion for different values of mag-
netic field

Next, we vary the time-step and keep the magnetic-field values and discretizations
constant. The time-step of the reference simulation is varied accordingly. Figure 4.15
shows little sensitivity of the error with respect to time-step.
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Figure 4.15: Dependence of type (1) error on distortion for different time-steps

Next, we change the mesh while keeping the magnetic-field values and time-step
constant. From Figure 4.16, the type (1) error exhibits sensitivity to the mesh size.
The initial distortion also varies, since distortion of the referential mesh is considered
by the metric.
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Figure 4.16: Dependence of type (1) error on distortion for different mesh resolutions

To exclude the distortion of the reference mesh, we consider only the Jacobian from
the real to the referential cell in (3.67) and neglect the Jacobian from the referential
to the unit cell. With this change, Figure 4.17 plots the dependence of error on
Jo. Clearly, the modified approach has lower sensitivity with respect to discretiza-

tion.
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We do the same change for the Figure 4.13 which considers different magnetic fields.
This is replotted in 4.18 with respect to Jy. Here the trend is also more uniform and

linear.
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Figure 4.18: Dependence of type(1l) error on distortion for different values of mag-
netic field

From the results of this section, we conclude that the distortion metric in (3.65) is
correlated to the type (1) error in ALE simulations. However, correlation in general is
problem dependent and preliminary simulation is needed to find distortion treshold.
As a rule of thumb, the values of the order of 0.1 are suggested. The use of Jacobian
of transformation from the real to the reference cell is recommended for the use with
equation (3.67)

4.3.3 Reprojection, stability, and conservation
properties

In this section, we take a closer look at the stability of the reprojection operation. We
are interested in two questions that can have significant implications for the stability
and accuracy of the reprojection. First, whether values of f can be safely zeroed
out for points on the new grid which lie outside of the deformed grid (assuming a
Maxwellian-like distribution for f). And second, whether the reprojection operation
itself is stable and accurate.

For the first question, we consider the setup on the square numerical domain (Section
4.1) and run it without ALE with a constant magnetic field B = 1.0. The only
difference is that we zero out the solution every 0.1s everywhere outside a circle of
radius R, i.e., f = 0 for all |v| > R. Figure 4.19 compares the solution with the
reference solution. Setting f to zero affects the accuracy of the solution but not
the stability for this setup. However, for values of R > 4.0, the solution is accurate
enough, and the results agree with the reference solution.
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Figure 4.19: Effect of zeroing out f values everywhere outside of the circular region
with radious R on the square domain [—6,6]? in v-space

For the second question, we consider numerical domains of different sizes and mesh
resolutions in v-space, and also perform reprojections at different time steps. Figure
4.20 shows instability for all cases, except for the reprojection time step of 7/2, which
corresponds to a quarter rotation of the grid. We note that increasing the grid reso-
lution from 2x4 to 2x6 refinements also improves stability. These conclusions hold for
the mass and kinetic energy, as shown in Figure 4.21-4.22.
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Figure 4.20: Instability of reprojection, electric energy norm
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Figure 4.21: Instability of reprojection, mass
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Figure 4.22: Instability of reprojection, kinetic energy

A possible reason behind instability is that DG discretization provides a discontin-
uous solution on element boundaries. During the reprojection of the rotated grid
onto the new grid, a situation arises where a discontinuity is projected onto the do-
main of an element. Since the solution space within an element domain is a space
of continuous polynomials, the projection of discontinuity inherently introduces er-
TOTS.

This in part explains why for the case of a constant magnetic field (see Figure
4.19) reprojection at the quarter of the rotation is stable, as the discontinuities
are aligned with element boundaries. On the other hand, increasing mesh resolu-

tion helps since the solution exhibits higher continuity, and lesser error is intro-
duced.
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There are two types of errors worth considering: 1) the error due to numerical integra-
tion of discontinuous function using the Gauss quadrature rule, which is significant
as was shown in [23] in the context of extended finite element methods and 2) the
projection error itself. For the projection error, using the energy method in [24] it
was shown that the DG scheme for the one-dimensional linear advection equation
with upwinding flux is stable irrespective of the size of discontinuities in the solution.
It is possible to show that this result also holds for the case of ALE as well since it
is only the advection coefficient which is modified.

Lastly, we check if projection onto continuous finite element basis would allow to
achieve greater stability. As was described in Section 3.4.3, this is not meant to
circumvent the integration error but only an attempt to improve the stability. For
this, we apply the collocation approach for integration as described in Section 3.4.3.
We use the same setup as for the Figure 4.20, and consider two resolutions with
2x4 and 2x6 refinements and do reprojection frequently after every third time-step.
Figure 4.23 shows that projection on continuous finite element basis indeed improves
the stability of the solution. The simulation with resolution 2x4 is stable until around
50s (before it was 5s), exploding after more than 300 reprojections (30 reprojections
before). The simulation with the resolution 2x6 maintains the accuracy and stability
for a bit longer. Nonetheless, in both cases, errors accumulate over time, leading to
a reduction in overall accuracy and instability.

B=1.0
107!

1072 4

1073 4

—— Reference: ALE, At =n/60, 2x4, [-6, 6]
ALE (colloc), At = /60, reprojection (colloc) n/20, 2x4, [-6, 6]
—— ALE (colloc), At = /60, reprojection (colloc) n/20, 2x6, [-6, 6]

0 2‘0 4‘0 6‘0 Sb 100
time [s]

Figure 4.23: Demonstration of stabilization with projection onto continuous finite

element spaces using collocation setup

Finally, we demonstrate the application of the penalty method as suggested in Section
3.4.3 to constrain the solution to the function value everywhere on the boundaries
of elements. For this, we project the discontinuity onto the domain of a 1D element
with quadratic equidistant Lagrange basis functions. With the penalty factor set to
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k=100, we can tie the solution to the function value on the element boundaries (see
Figure 4.24) facilitating continuity of the solution.

0105 T T T T |
k=100
k=0
collocation
discontinuity
0.1 J
[0}
>
g
< 0.095
.
©
c
=
0.09
0085 1 1 1 1 |
0 0.2 0.4 0.6 0.8 1
X-axis

Figure 4.24: 1D example of constraining discontinuities on the boundary using
penalty method

4.4 6D configuration with a space-dependent
B-field

We test the ideas and implementation on the weak Landau damping. The setup is
similar to the 4-D configuration discussed in Section 4.1: We choose x in [—6, 6]
and v in [0, 47]3, mesh resolution of 43x16% and periodic boundary conditions. For
the initial conditions we set fy according to (4.1).

We consider time-steps of {0.01,0.03,0.06} for simulations without ALE and 0.06s
for the simulation with ALE. Reprojection operation is performed every 0.6s. Figure
4.25 compares the results for the first 5s. For the time-step At = 0.06, the ALE
simulation is clearly stable. This is however not the case for the non-ALE simulation.
The accuracy of the ALE simulation with respect to non-ALE simulation conducted
at At = 0.01s is plotted in Figure 4.26. We observe jumps in the error after repro-
jection, due to the reasons explained in Section 4.3.3.
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Figure 4.25: Comparison of ALE-reprojection approach with the reference simulation
for 6D configuration
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Figure 4.26: Error in ALE-reprojection simulation for 6D configuration (reference
simulation at time-step 0.01)

4.5 ALE with B-splitting

First, we test the idea of B-spitting on the 4D setup described in Section 4.1. Figure
4.27 compares simulations without ALE, and with ALE and B-splitting. As before,
electric energy is plotted on the y-axis and the time on the x-axis. The simulation
with B-splitting is stable for the time-step of At = 0.07 and becomes unstable at the
time-step of At = 0.08 (not plotted).
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Figure 4.27: Comparison of ALE with B-splitting with the referene simulation with-

out ALE for a 4D configuration

Next, we test the B-splitting approach on the 6D set up as described in Section 4.4.
Figure 4.28 shows that the conclusions are similar to 4D case: the B-splitting ap-
proach allows for larger time-step compared to the reference simulation without ALE.
However, the accuracy is inferior compared to ALE with reprojection.

B=1.0+0.1sin{x)sin(xz)
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lEIR/2
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Mo ALE, At=0.03
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ALE with B-splitting 30, At =006

10°7 ; : ; ;
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Figure 4.28: Comparison of ALE with B-splitting with the referene simulation with-
out ALE for a 6D configuration
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4.6 Performance comparison

We have seen in the previous chapters that ALE simulations are superior in terms
of the time-step compared to simulations without ALE. However, the computational
overhead of ALE should not be great so that larger time-step actually lead to shorter
simulation duration in practice. Therefore, in this section we compare timings for
simulations with and without ALE. It is important to note that the results of this
section were obtained before stability issues were identified in the reprojection op-
eration. Therefore, the results reflect the performance of the unstable reprojection
operation described in Section 3.4.

4.6.1 Optimized implementation of the reprojection
operation

We first consider optimization of the reprojection operation. We run the ALE set
up as described in Section 4.1 with time step of A¢ = 0.01 and reprojection step
0.1 for total duration of 0.5 and using 4 processors. Figure 4.29 plots the ratio
of the minimum reprojection time to the remaining simulation time for different

mesh resolutions on one of the processors. Clearly, the reprojection operation domi-
nates the computational time and its share increases rapidly with mesh refinement.

300
250
200
150
100

50

reprojection/(total-reprojection) %

0
16x256 16x1024 16x4096

Mesh resolution

Figure 4.29: Ratio of the reprojection time to the remaining simulation time

Time profiling of reprojection operation shows that the majority of the time is spend
in the step 4a of Algorithm 3, which searches for the foot of characteristic over
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the elements of the v-mesh. As described in Section 3.4.4, this loop is replaced
by an equation (3.84) and a container. Considering this change, Figure 4.30 plots
the time of reprojection with and without optimization. Significant time saving are
achieved especially for higher mesh resolutions (note the logarithmic scale on the
y-axis).

Reprojection time vs mesh resolution

10000
1000
? ' .
A 100 m— Reprojection opt
£ —— Reprojection no opt
E

) /
1
16x256 16x1024 16x4096

Mesh resolution

Figure 4.30: Reprojectin time with and without optimization versus mesh resolution

The break down of reprojection time for Algorithm 3 after optimization is summa-
rized in Table 4.1. Most of the time is spend on reading DOFs values to perform
interpolation of function to quadrature points (step 6), search and Newton-Raphson
iterations (step4), and the interpolation operation itself. As a remark, the total time
was calculated after deactivating timers in individual substeps to exlcude the time
of entering and exiting the substep timer. The break down of the cost of Algo-
rithm 2 (except for calculatin of f;) was found to be far less and includes copying
of the solution vector (1.05s) and application of the inverse of mass matrix with
sum-factorization approach (0.02s).

Operation Time [sec|
Reading DOFs values for interpolation (part of step 6) 4.02
Search for foot (step 4) 4.00
Interpolate (part of step 6) 0.21
Other <0.10
Total 8.31

Table 4.1: Cost break down of Algorithm 3

We apply the same improvements to the 6D case. The time-step, reprojection time-
step, and total duration remain unchanged. Figure 4.31 shows the relationship be-
tween the reprojection time and mesh-resolution and compares it with the total time
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(for which ALE was optimized as in Section 4.6.2). While the cost of the reprojec-
tion operation increases with the mesh-resolution, its ratio to the total time remains
constant at around 6.5%.

Reprojection 3D
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Figure 4.31: Reprojectin time with optimization versus mesh resolution

4.6.2 Optimized implementation of the ALE

We implement the changes described in Section 3.3.5 and run simulations for duration
of 0.2s with the time-step of 0.01s and without reprojection, using 4D configuration
as in Section 4.6. Figure 4.32 compares the optimized and unoptimized ALE simu-
lations with the reference simulation without ALE conducted at the same time-step.

For this particular set-up ALE is around 3.44 times more expensive therefore the
time-step of the ALE simulation shall be at least 3.44 times larger to reduce the
overall duration of the simulation (assuming zero overhead of reprojection operation).
Our tests also show that for a single v-face flux calculation is twice as costly as flux
calculation on x-face.

We apply the same changes to the 6D case. The time-step, reprojection time-step,
and total durations are 0.01, 0.1, 0.5 respectively. Figure 4.33 compares ALE without
optimization (blue), ALE with optimization (red), ALE with optimization and re-
projection overhead (green), simulation without ALE. Optimization of ALE reduced
the total duration by a factor of two.

Furthermore, we see that the reprojection overhead is relatively marginal. The ratio
of the run-time of the ALE with optimization and reprojection to the reference
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Figure 4.32: ALE time versus mesh resolution for 4D case

simulation without ALE is around 4.3 for coarse mesh and 3.9 for finer meshes.
Therefore, the time-step of ALE simulation with space-dependent mesh motion shall
be around 4 times greater to compensate for its own overhead and reduce the total
simulation duration in practice.
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4.2
10000 a1
= ALE no opt
= 4 = ALE opt
8, 1000 = ALE opt and rprj
E 3.9 No ALE
= = Ratio of (ALE opt and
100 3.8 rprj) to (No ALE)
3.7
10 3.6
64x64 64x512 64x4096

mesh resolution

Figure 4.33: ALE time versus mesh resolution for 6D case
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4.6.3 Timing

In this section, we compare the timings of ALE with reprojection, ALE with B-
splitting, and reference simulation without ALE. We select a grid resolution of
42x162, magnetic field B(z1,72) = 1.0 + 0.1 sin(x1) sin(zz), a total duration of 50s,
and use 4 processors. The critical time-steps were found by trial and error. Table
4.2 summarizes the results of the simulation. The shortest time was obtained for
ALE with B-splitting, followed by ALE with reprojection. Ideally, it is desired that
increasing time-step by certain factor would reduce the duration by the same factor.
Therefore, time-step and duration factors are also listed for comparison. We can
define efficiency as the ratio of the duration factor to the time-step factor to quantify
how effective the method is at reducing the total duration with respect to an increase
in the time-step. For the case of ALE with reprojection the efficiency is 31.8% while
for the case of ALE with B-splitting 78.8%.

Case At | At | t[sec] | At/Atno ALE | tNo aLE/T | 1 [%)]
without ALE 0.013 - 563.98 1.0 1.0 100
ALE 0.06 0.3 | 383.29 4.62 1.47 31.8

ALE B-splitting | 0.06 - 154.94 4.62 3.64 78.8

Table 4.2: Comparison of timings with and without ALE for 4D case



5 Conclusions

In this thesis, we proposed an arbitrary Lagrangian-Eulerian Discontinuous Galerkin
formulation for the Vlasov equation to alleviate time-step restrictions in the pres-
ence of strong external magnetic fields. We demonstrated how the use of moving
meshes eliminates the magnetic field from the advection coefficient and increases the
time-step. The approach was tested for the Vlasov-Poisson system with constant
and space-dependent magnetic fields on 4-D and 6-D simulations. The following
conclusions were reached:

e The approach is effective for constant magnetic fields or for treating the con-
stant part of the magnetic field. The time-step was increased by a factor
proportional to the strength of the magnetic field.

e The approach works for space-dependent magnetic fields, however accuracy
and stability issues arise due to mesh distortion.

e Grid reprojection eliminates mesh distortion and stability issues associated
with it. Nevertheless, implementing Lo projection for Discontinuous Galerkin
finite element spaces introduces an error into the solution due to inexact numer-
ical integration, rendering the solution unstable with multiple reprojections.

e The distortion metric proposed by Oddy et al. [19] can be used in high-
dimensions as a criterion for reprojection.

Additional effort is required to devise a robust reprojection method for discontinu-
ous Galerkin finite elements. This involves partitioning elements along discontinu-
ities and applying quadrature integration to each partition. The proposed methods
could be extended to time-dependent magnetic fields and the Vlasov-Maxwell sys-
tem.
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To check that the (3.22) satisfies (3.15), we decompose velocity vector into parallel
and perpendicular components with respect to the magnetic field axis.

v=vcos(f) + k x vsin(f) + k(k - v)(1 — cos(h))
=wvcos(0) +k x (vL +v))sin(f) + v (1 — cos(0))
= vy cos(f) + k x vy sin(0) +y (A1)

Taking time derivative and recalling that § = |B|t we have for the left-hand side of
(3.15)

v .00 06
5 = VL sm(@)a +kxv, COS(G)E
= —v sin(6)|B| + k x v, cos(6)|B| (A.2)

for the right-hand side, we note that kx (kxv ) = —v, and kxv =0

—v X B =—(vycos(f) +k xvysin(d) +v)) x k | B
= [k x v cos(f) + k x (k x v)sin(0)]|B]|
= —v, sin(0)|B| + k x v, cos(6)|B]| (A.3)

The derivations in(A.4-A.6) refer to equations (3.24-3.26), while (A.7-A.8) to (3.27)
and (3.30). The derivations are mostly self-explanatory. We only note that the coor-
dinate unit vectors are denoted by e;, dyadic vector products by ®, summations are
denoted by repeated indices according to Einstein convention. €;;, stands for Levi-
Civita permutation symbol and d;; for Kronecker delta symbol.

d(vcos(f))  O(v;cos(h))

Ox x; e ®e;
J(cos()) . J|B]|
=y——""e;®e; = —v;sin(f te, Qe;
. By, 0B
= —y;sin(lf)———te; ®e;

- e (k . g’z) sin(6) (A4)
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B.1 ALE code snippets

The full program can be found at https://github.com/kkormann /hyperdealpriv on
the branch tileuzhan master commit "f695d60dd6a6a672e40bcc90a82c928e2eda8lab™.

Below, we provide an example of a function for calculation of the modified advection
coefficient (3.34) (only for v-components) for 6D configuration.

inline DEAL_II_ALWAYS_INLINE //
dealii::Tensor<l, dim_v, VectorizedArrayType>
evaluate_v(unsigned int /*q*/,
unsigned int q_x,
unsigned int q_v) const override
{
Assert(index_x != dealii::numbers::invalid_unsigned_int,
dealii::StandardExceptions: :ExcMessage(
"The function reinit has not been called!"));
Assert(face_type == TensorID::SpaceType::XV,
dealii::StandardExceptions: :ExcMessage("No cell given!"));
AssertIndexRange(q_x, dealii::Utilities::pow(n_points, dim_x));

//Get Electric field
dealii::Tensor<l, dim_v, VectorizedArrayType> negE =
negative_electric_field.get_value_cell(index_x, q_X);

//Get coordinates
dealii::Tensor<l, dim_x, VectorizedArrayType> nu =
bcast (evaluator_v.quadrature_point(q_v), this->lane_v);

dealii::Tensor<l, dim_x, VectorizedArrayType> chi =
evaluator_x.quadrature_point(q_x);

//Calculate B-field
auto B = this->magnetic_field.get_value(chi);

//Calculate gradient of B field
auto Bx = this->magnetic_field.get_gradient(chi);
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//Calculate k
VectorizedArrayType normB = B.norm();
//TOD0 assert B field is non-zero
dealii::Temnsor<1l, dim_x, VectorizedArrayType> k;
k = B/normB;

//Calculate k dot Bx since it is frequently in the code
dealii::Tensor<l, dim_x, VectorizedArrayType> kBx;
kBx = dealii:: contract<0,0>(k,Bx);

//Calculate kx (gradient of k)
dealii::Tensor<2, dim_x, VectorizedArrayType> kx;
kx = (1.0/normB)*(Bx - dealii::outer_product(k,kBx));

//Calculate v
VectorizedArrayType cosb = std::cos(normB*this->time);
VectorizedArrayType sinb = std::sin(normB*this->time);
dealii::Tensor<l, dim_x, VectorizedArrayType> v;
v = nuxcosb +
dealii::cross_product_3d(k, nu)*sinb +
k*(dealii:: contract<0,0>(k,nu))*(-cosb+1.0);

//Calculate A
dealii::Tensor<2, dim_x, VectorizedArrayType> A;
A = -dealii::outer_product(nu, kBx)*this->time*sinb;

//Calculate nu cross kx
dealii::Tensor<2, dim_x, VectorizedArrayType> nukx;
dealii::Tensor<l, dim_x, VectorizedArrayType> temp;
dealii::Temnsor<1l, dim_x, VectorizedArrayType> res;

for(unsigned int col=0; col<dim_x; ++col)
{

for(unsigned int row=0; row<dim_x; ++row)
temp [row] = kx[row] [col];

res = dealii::cross_product_3d(nu, temp);

for(unsigned int row=0; row<dim_x; ++row)
nukx [row] [col] = res[row];
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//Calculate B_
dealii::Tensor<2, dim_x, VectorizedArrayType> B_;
B_ = -nukx*sinb +
dealii::outer_product(dealii::cross_product_3d(k, nu)
, kBx)*this->time*cosb;

//Calculate C

dealii::Tensor<2, dim_x, VectorizedArrayType> C;

C = (-cosb+1.0)*(dealii:: contract<0,0>(k,nu))*kx +
(-cosb+1.0)*dealii::outer_product(k,dealii:: contract<0,0>(nu,kx)) +
dealii::contract<0,0>(k,nu)*dealii: :outer_product(k,kBx)*this->time*sinb;

//Calculate M
dealii::Tensor<2, dim_x, VectorizedArrayType> M;
M=A+B_+ C;

//Calculate inverse of N
VectorizedArrayType negsinb = -sinb;
dealii::Tensor<2, dim_x, VectorizedArrayType> invN;
invN[0] [0] = cosb + k[0]*k[0]*(-cosb+1.0);
invN[1]1[1] = cosb + k[1]*k[1]*(-cosb+1.0);
invN[2] [2] = cosb + k[2]*k[2]*(-cosb+1.0);

invN[0] [1] = -k[2]#*negsinb + k[0]*k[1]*(-cosb+1.0);
invN[0][2] = k[1]*negsinb + k[0]*k[2]*(-cosb+1.0);
invN[1] [2] = -k[0]#*negsinb + k[1]*k[2]*(-cosb+1.0);

invN[1] [0] = k[2]*negsinb + k[0]*k[1]*(-cosb+1.0);
invN[2][0] = -k[1]l*negsinb + k[0]*k[2]*(-cosb+1.0);
invN[2] [1] = k[O]*negsinb + k[1]*k[2]*(-cosb+1.0);

//Calculate b_v
dealii::Tensor<1l, dim_x, VectorizedArrayType> b_v;
b_v = (-dealii::contract<1,0>(dealii::contract<1,0>(invN,M),v)
+ dealii::contract<1,0>(invN,negE));

return b_v;

Below is an example of a function for calculation of fluxes, see section 3.3.4, on
v-faces of 6D configuration.
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inline DEAL_II_ALWAYS_INLINE //

VectorizedArrayType

evaluate_face_v_mod (unsigned int /*qg*/,
unsigned int q_x,
unsigned int q_v) const

Assert(index_x != dealii::numbers::invalid_unsigned_int,
dealii::StandardExceptions: :ExcMessage(
"The function reinit has not been called!"));
Assert(face_type == TensorlID::SpaceType::V,
dealii::StandardExceptions: :ExcMessage("No v-face given!"));
AssertIndexRange(q_x, dealii::Utilities::pow(n_points, dim_x));

//Get coordinates

dealii::Tensor<l, dim_x, VectorizedArrayType> nu =
bcast(evaluator_face_v.quadrature_point(q_v), this->lane_v);

dealii::Tensor<l, dim_x, VectorizedArrayType> chi =
evaluator_x.quadrature_point (q_x);

//Calculate B-field
auto B = this->magnetic_field.get_value(chi);

//Calculate gradient of B field
auto Bx = this->magnetic_field.get_gradient(chi);

//Calculate k
VectorizedArrayType normB = B.norm();
//TOD0 assert B field is non-zero
dealii::Temnsor<1l, dim_x, VectorizedArrayType> k;
k = B/normB;

//Calculate k dot Bx since it is frequently in the code
dealii::Tensor<l, dim_x, VectorizedArrayType> kBx;
kBx = dealii:: contract<0,0>(k,Bx);

//Calculate kx (gradient of k)
dealii::Tensor<2, dim_x, VectorizedArrayType> kx;
kx = (1.0/normB)*(Bx - dealii::outer_product(k,kBx));

//Calculate v
VectorizedArrayType cosb = std::cos(normB*this->time);
VectorizedArrayType sinb = std::sin(normB*this->time);
dealii::Tensor<1l, dim_x, VectorizedArrayType> v;
v = nukxcosb +
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dealii::cross_product_3d(k, nu)*sinb +
kx(dealii:: contract<0,0>(k,nu))*(-cosb+1.0);

//Calculate A
dealii::Tensor<2, dim_x, VectorizedArrayType> 4;
A = -dealii::outer_product(nu, kBx)*this->time*sinb;

//Calculate nu cross kx
dealii::Tensor<2, dim_x, VectorizedArrayType> nukx;
dealii::Tensor<l, dim_x, VectorizedArrayType> temp;
dealii::Tensor<l, dim_x, VectorizedArrayType> res;

for(unsigned int col=0; col<dim_x; ++col)
{
for(unsigned int row=0; row<dim_x; ++row)
temp [row] = kx[row] [col];

res = dealii::cross_product_3d(nu, temp);

for(unsigned int row=0; row<dim_x; ++row)
nukx [row] [col] = res([row];

//Calculate B_
dealii::Tensor<2, dim_x, VectorizedArrayType> B_;
B_ = -nukx*sinb +
dealii::outer_product(dealii::cross_product_3d(k, nu)
, kBx)*this->time*cosb;

//Calculate C
dealii::Tensor<2, dim_x, VectorizedArrayType> C;
C = (-cosb+1.0)*(dealii:: contract<0,0>(k,nu))*kx +
(-cosb+1.0)*dealii::outer_product(k,dealii:: contract<0,0>(nu,kx)) +
dealii::contract<0,0>(k,nu)*dealii: :outer_product (k,kBx)*this->time*sinb;

//Calculate M
dealii::Tensor<2, dim_x, VectorizedArrayType> M;
M=A+B_+ C;

//Calculate N
dealii::Tensor<2, dim_x, VectorizedArrayType> N;

N[0][0] = cosb + k[0]*k[0]*(-cosb+1.0);
N[1]1[1] = cosb + k[1]*k[1]*(-cosb+1.0);
N[2][2] = cosb + k[2]*k[2]*(-cosb+1.0);
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N[O][1] = -k[2]*sinb + k[0]*k[1]*(-cosb+1.0);
N[0][2] = k[1]*sinb + k[0]*k[2]*(-cosb+1.0);
N[1]1[2] = -k[0]*sinb + k[1]*k[2]*(-cosb+1.0);

N[1]1[0] = k[2]*sinb + k[0]*k[1]*(-cosb+1.0);
N[2][0] = -k[1]*sinb + k[0]*k[2]*(-cosb+1.0);
N[2][1] = k[0]*sinb + k[1]*k[2]*(-cosb+1.0);

//Calculate low dimensional Jacobians
dealii::Temnsor<2, dim_x, VectorizedArrayType> Jct;
dealii::Tensor<2, dim_v, VectorizedArrayType> Jnt;
Jct = evaluator_x.inverse_jacobian(q_x);

Jct = dealii::invert<VectorizedArrayType>(Jct);

Jnt = bcast(evaluator_face_v.inverse_jacobian(q_v), this->lane_v);

//change the columns of the Jacobian as per the convention in deal ii
dealii::Tensor<2, dim_x, VectorizedArrayType> tempJnt = Jnt;
unsigned int table[3][3] = {{2, 0, 1}, {1, 2, 0}, {0, 1, 2}};
for (unsigned int d = 0; d < dim_x; ++d)
for (unsigned int e = 0; e < dim_x; ++e)
{
int ee = table[this->face_v / 2][e];
Jnt[d] [e] = tempJnt[d] [ee];
}

Jnt = dealii::invert<VectorizedArrayType>(Jnt);

//calculate J
dealii::Tensor<2, 2*dim_x, VectorizedArrayType> J;
for(int i=0; i<dim_x; ++i)
for(int j=0; j<dim_x; ++j)
{
JIi1[3] = Jetl[il1[j];
for(int k=0; k<dim_x; ++k)
{
JLi][j+dim_x] += Jct[i] [k1*M[j] [k];
J[i+dim_x] [j+dim_x] += Jnt[i] [k]*N[j] [k];
t
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//Calculate components of the flux vector
dealii::Tensor<l, dim_v, VectorizedArrayType> field =
negative_electric_field.get_value_cell(index_x, q_x);

//Determine face number

unsigned int face = this->face_v+2*dim_x;
unsigned int face_whole = face/2;
unsigned int face_part = face%2;

//calculate flux (with optimization)
VectorizedArrayType flux;
if (face_whole==3)

{

flux = ... see hyper.deal
i

else if(face_whole==4)

{

flux = ... see hyper.deal
i

else if(face_whole==b)

{

flux = ... see hyper.deal

b

/*//calculate flux (without optimization)

//Put flux vector to the row corresponding to face number (face_whole)
J[face_whole] [0] = v[0];
Jlface_whole] [1] = v[1];
Jlface_whole][2] = v[2];

Jlface_whole] [3] = field[O];
J(face_whole] [4] = field[1];
Jlface_whole] [6] = field[2];

VectorizedArrayType flux = dealii::determinant(J);
*/

//Adjust the sign of the flux

flux = flux*std::pow(-1,face+l);

//Scale the flux by the Jacobians in submit value
flux = flux/(evaluator_x.JxW(q_x) *

bcast (evaluator_face_v.JxW(q_v), this->lane_v));

//multiply by weights
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flux = flux#this->quad_x.weight(q_x)*this->quad_face_v.weight(q_v);
return flux;

3

B.2 Reprojection code snippets

The function below implements Algorithm 2 for 6D configuration.

void
local_apply(
const MatrixFree<dim_x, dim_v, Number, VectorizedArrayType> &data,

VectorType & dst,

const VectorType & src,

const ID cell)
{

(void)data;

auto &phi = xthis->phi_cell;

auto &phi_inv = *this->phi_cell_inv;
//stores function values at the quadrature points of a new mesh
VNumber *data_ptr = phi.get_data_ptr();

phi.reinit(cell);
this->reinit_phi_x_and_v(cell);

//scratch array for internal use inside calculate_fq
dealii::AlignedVector<VNumber> scratch_data_array;
scratch_data_array.resize_fast(dealii::Utilities::pow(n_points, dim));
VNumber *nodal_values = scratch_data_array.begin();

//£ill data_ptr with function values at the quadrature points of the new mesh
for (auto qv = Ou, q = Ou;
gv < dealii::Utilities::pow<unsigned int>(n_points, dim_v); ++qv)
for (auto gx = Ou;
gx < dealii::Utilities::pow<unsigned int>(n_points, dim_x); ++gx, ++q)
{
VNumber f_value=0.0;
calculate_fq(f_value, nodal_values, src, gqx, qv, q);
data_ptrlq]l = f_value;
}
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const dealii::internal::EvaluatorTensorProduct
<tensorproduct,dim, degree + 1,n_points,VNumber>

eval_inv(dealii::AlignedVector<VNumber>(),
dealii::AlignedVector<VNumber>(),
data.get_matrix_free_x()
.get_shape_info()
.datal0]
.inverse_shape_values_eo);

//apply inverse mass matrix
if (do_collocation == false)
{
if(degree + 1 == n_points)
{
if (dim >= 4) eval_inv.template
if (dim >= 3) eval_inv.template
if (dim >= 2) eval_inv.template
if (dim >= 1) eval_inv.template
}
else
{

hessians<3, false, false>(data_ptr, data_ptr);
hessians<2, false, false>(data_ptr, data_ptr);
hessians<1l, false, false>(data_ptr, data_ptr);
hessians<0Q, false, false>(data_ptr, data_ptr);

dealii::internal::FEEvaluationImplBasisChange<tensorproduct,
dealii::internal::EvaluatorQuantity::hessian,

dim,

degree + 1,
n_points,
VNumber,
VNumber>::

do_backward(l, data.get_matrix_free_x().get_shape_info()
.data.front () .inverse_shape_values_eo,

false,

data_ptr,

data_ptr);

phi.set_dof_values(dst);

by

The function below implements Algorithm 3 for 6D configuration with and without
optimization for search function
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void
calculate_fq(VNumber &f_value,
VNumber * nodal_values,
const VectorType & src,
const unsigned int ox,
const unsigned int qv,
const unsigned int q)
{
//get position of the quadrature point on the new mesh
dealii::Tensor<l, dim_v, VectorizedArrayType> coord_v =
bcast (this->phi_ptr_v->quadrature_point(qv), this->lane_v);
dealii::Tensor<l, dim_x, VectorizedArrayType> coord_x =
this->phi_ptr_x->quadrature_point(gx);

//Calculate B-field
dealii::Tensor<l, dim_x, VectorizedArrayType> B
= this->magnetic_field->get_value(coord_x);

//Calculate norm of B field
VectorizedArrayType normB = B.norm();
//Calculate k

dealii::Temnsor<1l, dim_x, VectorizedArrayType> k;

k = B/normB;
//calculate components of the inverse of rotation matrix
VectorizedArrayType cosb = std::cos(-normB*(this->time-this->rprj_time));
VectorizedArrayType sinb = std::sin(-normB#*(this->time-this->rprj_time));

//find velocity coordinates on referential mesh by following
//motion back in time until the last reprojection time.
//Note that coord_nu is vectorized and is different on
//different lanes of x
dealii::Tensor<l, dim_v, VectorizedArrayType> coord_nu;
coord_nu = coord_v*cosb +

dealii::cross_product_3d(k, coord_v)#*sinb +

k*(dealii:: contract<0,0>(k,coord_v))*(-cosb+1.0);
auto &dof_handler_v = data.get_matrix_free_v().get_dof_handler();
auto &matrix_free_v = data.get_matrix_free_v();

//define xi_nu and xi_chi which are

dealii::Point<dim_v, VNumber> xi_nu;

dealii::Point<dim_x, VNumber> xi_chi;

int characteristic_foot_cells[VectorizedArrayTypeX::size()];
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//For every cell in a batch of nu-cells (lane_x is misnomer)
if (this->rprj_type=="hyperrectangle")
{
for(unsigned int lane_x=0; lane_x<VectorizedArrayTypeX::size(); ++lane_x)
{
//check if coordinate nu corresponding to lane_x is in domain or not
if (! (coord_nu[0] [1ane_x]>=x2 || coord_nul[0] [lane_x]<=x1 ||
coord_nu[1] [lane_x]>=y2 || coord_nu[1] [lane_x]<=y1 ||
coord_nu[2] [lane_x]>=z2 || coord_nu[2] [lane_x]<=z1))

coord_nu[0] [lane_x]-this->x1;

double yc = coord_nu[1] [lane_x]-this->y1;

double zc coord_nu[2] [lane_x]-this->z1;

int cell_num = floor(xc/dx)
+floor (yc/dy)*n_cells_x+floor(zc/dz)*n_cells_x*n_cells_y;

auto &cell = this->cell_container[cell_num];

{
//record matrix free v index correponding
//to the foot of characteristic in nu space
characteristic_foot_cells[lane_x]
= matrix_free_v.get_matrix_free_cell_index(cell);
dealii::Point<dim_v, Number> coord_nu_lane_x;
coord_nu_lane_x[0] = coord_nul[0] [lane_x];
coord_nu_lane_x[1] = coord_nu[1][lane_x];
coord_nu_lane_x[2] = coord_nul[2] [lane_x];
const static dealii::MappingQ<dim_v, dim_v> transformation(degree);
dealii::Point<dim_v, Number> xi_nu_lane_x;

double xc

xi_nu_lane_x =
transformation.transform_real_to_unit_cell(cell,coord_nu_lane_x);

xi_nu[0] [1ane_x] xi_nu_lane_x[0];

xi_nul[1] [1lane_x] xi_nu_lane_x[1];

xi_nu[2] [1lane_x] xi_nu_lane_x[2];

by

}

else

{
//set some dummy variables
//not important at the end we overwrite these lanes with 0.0
//see the loop at the very end
characteristic_foot_cells[lane_x] = -1;

xi_nu[0] [lane_x] = 0.5;
xi_nul[1] [lane_x] = 0.5;
xi_nul[2] [lane_x] = 0.5;
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} //lane_x closed
}
else if(rprj_type == "general_slow")
{
//For every cell in a batch of nu-cells (lane_x is misnomer)
for(unsigned int lane_x=0; lane_x<VectorizedArrayTypeX::size(); ++lane_x)
{
//for every lane_x loop over cells in v-space and calculate xi_nu
//T0OD0 assert that there is no MPI parallelization on v-mesh
for(auto cell = dof_handler_v.begin_active();
cell!'=dof_handler_v.end(); ++cell)
{
dealii::Point<dim_v, Number> coord_nu_lane_x;
coord_nu_lane_x[0] = coord_nul[0] [lane_x];
coord_nu_lane_x[1] = coord_null] [lane_x];
coord_nu_lane_x[2] = coord_nul[2][lane_x];
const static dealii::MappingQ<dim_v, dim_v> transformation(degree);
dealii::Point<dim_v, Number> xi_nu_lane_x;

//check if transformation is valid or not
try
{
xi_nu_lane_x = transformation.
transform_real_to_unit_cell(cell,coord_nu_lane_x);
t
//check if transformation succeded or not
catch (std::exception & e)
{
//transformation failed and loop reached the end"
if (cell==last_cell)

{
characteristic_foot_cells[lane_x] = -1;
xi_nu[0] [lane_x] = 0.5;
xi_nul[1] [lane_x] = 0.5;
xi_nul[2] [lane_x] = 0.5;
break; //not necessary though
}
continue;

//check if the point lies inside or outside of the unit cell
if (dealii::GeometryInfo<dim_v>::is_inside_unit_cell(xi_nu_lane_x))
{

//record matrix free v index correponding
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//to the foot of characteristic in nu space
characteristic_foot_cells[lane_x]
= matrix_free_v.get_matrix_free_cell_index(cell);
xi_nu[0] [lane_x] = xi_nu_lane_x[0];
xi_nul1] [lane_x]
xi_nu[2] [lane_x]
break;

+

else

{

xi_nu_lane_x[1];
xi_nu_lane_x[2];

//if the transformation is out of the cell
//and the loop reached the end
if(cell==last_cell)

{
characteristic_foot_cells[lane_x] = -1;
xi_nu[0] [lane_x] = 0.5;
xi_nul[1][lane_x] = 0.5;
xi_nul[2] [lane_x] = 0.5;
b
continue;
}
}
}
} //case slow
else if(rprj_type == "general_fast")
{
for(unsigned int lane_x=0; lane_x<VectorizedArrayTypeX::size(); ++lane_x)
{

dealii::Point<dim_v, Number> coord_nu_lane_x;
coord_nu_lane_x[0] = coord_nul[0] [lane_x];
coord_nu_lane_x[1] coord_nu[1] [lane_x];
coord_nu_lane_x[2] coord_nu[2] [lane_x];

// find subdomain corresponding to the point
floor((coord_nu_lane_x[0]-x1)/dx);
floor((coord_nu_lane_x[1]-y1)/dy);
int z_num = floor((coord_nu_lane_x[2]-z1)/dz);
int d_num = x_numt+y_num*n_cells_x+z_num*n_cells_x*n_cells_y;
auto & subdomain = subdomains[d_num] ;

//check if the subdomain is empty or not

if (subdomain.empty())

{

int x_num

int y_num

characteristic_foot_cells[lane_x] = -1;
xi_nul[0] [1ane_x] = 0.
= 0.

5;
xi_nul[1] [1lane_x] 5;
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xi_nul[2] [lane_x] = 0.5;

continue; //perform search for other lanes
}
else

{
// loop over cells of the subdomain to find the cell

for(int i = cell_container_pointer[d_num];
i<cell_container_pointer[d_num+1]; ++i)
{
auto &cell = cell_container[i];
//try transformation
dealii::Point<dim_v, Number> xi_nu_lane_x;
const static dealii::MappingQ<dim_v, dim_v> transformation(degree);

try
{
xi_nu_lane_x = transformation.
transform_real_to_unit_cell(cell,coord_nu_lane_x);
s
catch (std::exception & e)
{
if (i==cell_container_pointer[d_num+1]-1)
{
characteristic_foot_cells[lane_x] = -1;
xi_nu[0] [lane_x] = 0.5;
xi_nul[1] [lane_x] = 0.5;
xi_nul[2] [lane_x] = 0.5;
b
continue;
}
if (dealii::GeometryInfo<dim_v>::is_inside_unit_cell(xi_nu_lane_x))
{
//record matrix free v index correponding to
//the foot of characteristic in nu space
characteristic_foot_cells[lane_x]
= matrix_free_v.get_matrix_free_cell_index(cell);
xi_nu[0] [lane_x] = xi_nu_lane_x[0];
xi_nul[1][lane_x] = xi_nu_lane_x[1];
xi_nul[2] [lane_x] = xi_nu_lane_x[2];
break;
}
else
{

if(i==cell_container_pointer[d_num+1]-1)
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characteristic_foot
xi_nul0] [1ane_x]
xi_nul1] [lane_x]
xi_nul2] [1ane_x]

by

continue;

b

} //subdomain loop
} //subdomain empty condition

} //lane loop
} //general fast

//calculate xi_chi
auto quad = this->data.get_matrix_free_x().get_quadrature();
xi_chi = quad.point(gx);
//store 1d shape

//e.g.
//e.g.
//e.g.
//e.g.
//e.g.
//e.g.
dealii:
dealii:
dealii:
dealii:
dealii:
dealii:

sl
s2
s3
s4

stores
stores
stores
stores
sb stores
s6 stores
:Tensor<1,
:Tensor<1,
:Tensor<1,
:Tensor<1,
:Tensor<1,
:Tensor<1,

functions
all shape
all shape
all shape
all shape
all shape
all shape
degree+l,
degree+li,
degree+l,
degree+li,
degree+l,
degree+l,

O O O
o o1 >

cells[lane_x]

“e

“e

-1;

at given point xi_nu or xi_chi

functions
functions
functions
functions
functions
functions
VNumber>
VNumber>
VNumber>
VNumber>
VNumber>
VNumber>

in
in
in
in
in

for(unsigned int i=0; i<degree+l; ++i)

{
s1[i]
s2[i]
s3[i]
s4[i]
s5[i]
s6[i]

+

e

N e
O O O O O O

“e

//calculate support points in 1D
const static dealii::QGaussLobatto<1> support_points(degree+l);
dealii::Tensor<l, degree+l, VNumber> p;
for (unsigned int i=0; i<degree+l; ++i)

{

direction
direction
direction
direction
direction
direction

1
2
3
3
3
3

evaluated
evaluated
evaluated
evaluated
evaluated
evaluated

at
at
at
at
at
at

79

xi_chi[0]
xi_chi[1]
xi_chi[2]
xi_nul0]
xi_nul1]
xi_nul2]
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if (degree<=2)

{
plil = i*(1.0/degree);
+
else
{
pli]l = support_points.point (i) [0];
}

+
//£ill s1, s2, s3, s4 ...
for(unsigned int i=0; i<degree+l; ++i)
for(unsigned int j=0; j<degree+l; ++j)
{
if (il=j)
{
//TOD0 creating a matrix
//and storing outside of the loop could be faster
VNumber denom = 1.0/(p[jl-p[il);
s1[i)=s1[i]*(p[j]-xi_chi[0])*denom;
s2[i]l=s2[i]l*(p[jl-xi_chi[1])*denom;
s3[i)=s3[i]*(p[j]-xi_chi[2])*denom;
s4[i]=s4[i]*(p[j]-xi_nu[0])*denom;
s5[1]1=s5[i]*(p[j]-xi_nu[1])*denom;
86 [i]=s6[i]*(p[j]-xi_nul[2])*denom;

}
VNumber *nodal_values_lane_x = this->phi_cell_inv->get_data_ptr();
const unsigned int n_cell_batches_x =
data.get_matrix_free_x().n_cell_batches();
for(unsigned int lane_x=0; lane_x<VectorizedArrayTypeX::size(); ++lane_x)
{
//if we are within the domain
if (characteristic_foot_cells[lane_x]!=-1)
{
//get matrix free cell id of a cell in nu-batch
ID cell(this->index_x,
characteristic_foot_cells[lane_x],
n_cell_batches_x*characteristic_foot_cells[lane_x]
+this->index_x);
this->phi_cell_inv->reinit(cell);
this->phi_cell_inv->read_dof_values(src);

//£ill nodal values
for(unsigned int g=0; qg<std::pow(degree+l, dim); ++q)
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nodal_values[q] [lane_x] = nodal_values_lane_x[q][lane_x];

//interpolate f to the quadrature point
f_value = 0.0;
for(unsigned int i6=0; i6<degree+1; ++if6)
for(unsigned int i5=0; ib<degree+l; ++ib)
for(unsigned int i4=0; i4<degreet+l; ++i4)
for(unsigned int i3=0; i3<degree+l; ++i3)
for(unsigned int i2=0; i2<degree+l; ++i2)
for(unsigned int i1=0; il<degree+l; ++il)
{
unsigned int k = std::pow((degree+1),0)*il
std: :pow((degree+l),1)*i2
std: :pow((degree+1),2)*i3
std: :pow((degree+l),3)*i4d
std: :pow((degree+1) ,4)*ib
+ std::pow((degree+l),5)*i6;
f_value = f_value
+ s1[i1]*s2[12]*s3[1i3] *s4[1i4]*s5[i5]*s6[16]*nodal_values[k];

+ + + +

+
//check that nu is within the computational domain boundaries
//return 0.0 otherwise due to the assumption of Maxwellian distribution
for (unsigned int lane_x=0; lane_x<VectorizedArrayTypeX::size(); ++lane_x)

{
if (characteristic_foot_cells[lane_x]==-1)
{
f_value[lane_x] = 0.0;
}
else
{>
}

The function below demonstrates initialization routine for reprojection operation.

void
reinit(std::shared_ptr<VelocityField>
velocity_field,
std::shared_ptr<hyperdeal: :vp::Bfield<dim_x,
degree,
n_points,
Number,
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VectorizedArrayTypeX>>
magnetic_field)

//TOD0 add PARAMETER for reprojection step
this->velocity_field = velocity_field;
this->magnetic_field = magnetic_field;
phi_cell.reset(new FEEvaluation
<dim_x, dim_v, degree, n_points, Number, VNumber>(data, O, 0, 0, 0));
phi_cell_inv.reset(new FEEvaluationInverse
<dim_x, dim_v, degree, n_points, Number, VNumber>(data, O, 0, O, 0));
phi_ptr_x = std::make_shared<
dealii::FEEvaluation<dim_x, degree, n_points, 1, Number,
VectorizedArrayTypeX>>
(data.get_matrix_free_x(), 0, 0);
phi_ptr_v = std::make_shared
<dealii::FEEvaluation<dim_v, degree, n_points, 1, Number,
VectorizedArrayTypeV>>
(data.get_matrix_free_v(), 0, 0);

if (rprj_type=="hyperrectangle")

{
this->dx = (x2-x1)/double(n_cells_x);
this->dy = (y2-y1)/double(n_cells_y);
this->dz = (z2-z1)/double(n_cells_z);
auto &dof_handler_v = data.get_matrix_free_v().get_dof_handler();
int number_of_cells =
dof__handler_v.get_triangulation().n_global_active_cells();
this->cell_container.resize(number_of_cells);
for (const auto &cell : dof_handler_v.active_cell_iterators())
{
double xc = cell->center() [0]-this->x1;
double yc = cell->center()[1]-this->y1;
double zc = cell->center()[2]-this->z1;
int cell_num = floor(xc/dx)+floor(yc/dy)*n_cells_x
+floor(zc/dz)*n_cells_x*n_cells_y;
this->cell_container[cell_num] = cell;
s
b
else if(rprj_type=="general_slow")
{

auto &dof_handler_v = data.get_matrix_free_v().get_dof_handler();
for (const auto &cell : dof_handler_v.active_cell_iterators())
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this->last_cell = cell;

+

else if(rprj_type=="general_fast")

{
dx = (x2-x1)/double(n_cells_x);
dy = (y2-yl1)/double(n_cells_y);
dz = (z2-z1)/double(n_cells_z);

//find the last cell in the dof_handler
auto &dof_handler_v = data.get_matrix_free_v().get_dof_handler();

//initialize subdomains
int n_subdomains = n_cells_x*n_cells_y*n_cells_z;
this->cell_container_pointer.resize(n_subdomains+1);

unsigned int n_test_points =
n_test_points_x*n_test_points_y*n_test_points_z;
this->test_points.resize(n_test_points);

//we initialize points with respect to the left most corner of the subdomain
//left most corner is where (x,y,z) are the least among all corners
for(int i=0; i<test_points.size(); ++i)

{
int zi = i/(n_test_points_x*n_test_points_y);
int yi = (i%(n_test_points_x*n_test_points_y))/n_test_points_x;
int xi = (i%(n_test_points_x*n_test_points_y))%n_test_points_x;
test_points[i] (0) = xi*dx/(n_test_points_x-1.);
test_points[i] (1) = yi*dy/(n_test_points_y-1.);
test_points[i] (2) = zi*dz/(n_test_points_z-1.);

+

//loop over subdomains and find cells belonging to it
for(int d=0; d<subdomains.size(); ++d)
{
// set cell pointer for the given container
if (d==0)
cell_container_pointer[d]

0;

cell_container_pointer[d+1] = cell_container_pointer[d];

//calculate left most corner of the subdomain
dealii::Point<dim_v> dc;
int zd = d/(n_cells_x*n_cells_y);
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int yd
int xd

(d%(n_cells_x*n_cells_y))/n_cells_x;
(d%(n_cells_x#*n_cells_y))%n_cells_x;

//(x1,y1,2z1) is the left most corner of the whole cartesian domain

dc(0) = xd*xdx+x1;
dc(1) = yd*xdy+yil;
dc(2) = zd*xdz+z1;

//loop over cells
for (const auto &cell : dof_handler_v.active_cell_iterators())
{
bool cell_belongs_to_subdomain = false;
//loop over points and test if the point belongs to the cell or not
for(int p=0; p<test_points.size(); ++p)
{
//calculate the coordinates of the point
dealii::Point<dim_v> coord_point;
coord_point = test_points[p] + dc;

//if the point belongs to the cell: assign the cell to the subdomain

dealii::Point<dim_v> unit_coord_point;
const static dealii::MappingQ<dim_v, dim_v> transformation(degree);
try
{
unit_coord_point =
transformation.transform_real_to_unit_cell(cell,coord_point);
+
catch (std::exception & e)
{
continue;

}

if (dealii::GeometryInfo<dim_v>::
is_inside_unit_cell(unit_coord_point))
{
cell_belongs_to_subdomain = true;

¥

else

{

continue;

} // points loop



if(cell_belongs_to_subdomain)

{

cell_container.push_back(cell);

cell_container_pointer[d+1] = cell_container_pointer[d+1]+1;

by

} // cell loop
} // subdomains loop
by
}
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