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ABSTRACT. In this article we prove orthogonality relations for deep level
Deligne-Lusztig varieties of Coxeter type, attached to a reductive group
over a local non-archimedean field, which splits over an unramified ex-
tension. This extends results of [DI24], where the quasi-split case was
handled. This allows to construct new irreducible representations of
parahoric subgroups of p-adic groups.

1. INTRODUCTION

Let k be a non-Archimedean local field with residue characteristic p > 0,
integers O, uniformizer @ and residue field IF,. Let k£ be the completion of
the maximal unramified extension of k, let O; denote the integers of k. Let

F denote the Frobenius automorphism of k over k.

Let G be a reductive group over k, which splits over k. Let T C B
be a maximal torus and a Borel subgroup of G, such that T splits and B
becomes rational over k. Denote by U the unipotent radical of B and assume
that (T,U) is a Coxeter pair (see §2.1). In particular, T is elliptic and the
apartment of 7' in the reduced Bruhat—Tits building of G consists of one
point. Bruhat-Tits theory attaches to this point a (connected) parahoric
Op-model G of G. For any r < oo we can regard G(Oy/w") = G,(F,) as the
geometric points of a perfect Fq—scheme G,. This is done via the (truncated,
if r < o0) positive loop functor, see e.g. [Zhul7, §1.1] (or [DI24, §2]) for
details.

We fix now some r < oo and write G = G,.. If G is defined over Oy, then G
is defined over Fg; in this case we also denote by F' the geometric Frobenius
of G, so that GI" = G(F,). Moreover, if H C G is a subscheme, then we
denote by H its closure in G and by H C G the corresponding subscheme of
G. Consider the closed subscheme

(1.1) X=X{,, ={zeG:a'F(z) € FU}

of G. The group G¥ x T acts on it by (g,t): x +— gxt. Let £ # p be a prime.
For any smooth character x: TF — @KX we have the virtual G*-module

H (X)W =Y (-1 H' (X7, Q)N
1€EZ
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where for any TF-module M, M][x] denotes the y-isotypic subspace. The
following is our main result.

Theorem 1.1. Suppose that q satisfies condition (2.1) (this is always true
when q > 5). Then there exists a Coxeter pair (T,U) such that

dimg, Homgr (Hx (X)[x], Hy (X)[X]) = £ {w € W;w(x) = X}

for any two smooth characters x,x' of T¥, where W, denotes the Weyl group
of the special fiber of T in the reductive quotient of the special fiber of G.

Remark 1.2. Recently, under a mild condition on p, Chan [Cha24] shows
that the inner product formula in Theorem 1.1 holds if (7, ) is split-generic,
using a different approach.

In particular, if {w € W': w(x) = x} = {1}, then H}(X)[x] is up to sign
an irreducible G¥-representation. Note that Theorem 1.1 generalizes [DI24,
Theorem 3.2.3] and [CI23, Theorem 4.1].

Now we comment on Theorem 1.1. First, we explain why “it suffices” to
establish the theorem for a single Coxeter pair (7,U). Ultimately, we are
interested in smooth representations of the p-adic group G(k). One has the
p-adic Deligne-Lusztig space Xrpy = X:(b) from [Iva23a, §7.2 and §11.2]
equipped with an action of G(k) x T'(k). By [Nie24, Iva23b], one has

XTuU = H ,}/X%,U,OO'
V€G(k)/9(Ok)

Thus for any smooth character 0: T'(k) — @Z , the f-isotypic part of the
cohomology of X7 equals

G(k *
Ryp(0) = c-Indg ) 0 HE(X) [0l 70,),

where Z C G is the center and H;(X)[f]7(o,)] is extended to a represen-
tation of G(Of)Z(k) in the unique way such that its central character is
0lz(r)- Now, the point is that by [Iva23a, Corollary 7.25, Lemma 11.3],
X7y are all mutually G(k) x T'(k)-equivariantly isomorphic, when (T, U)
varies through all Coxeter pairs (T,U) with a fixed 7. Thus, the G(k)-
representation Ry () is independent of the choice of U, as long as (T',U)
remains Coxeter. So, it suffices to know the statement of the theorem for

at least one Coxeter pair. In fact, our proof shows that for many groups G
Theorem 1.1 holds for all pairs (7, U), see Remark 2.4.

Next, we explain why the condition on ¢ in the theorem is very mild, so
that Theorem 1.1 even allows to construct new irreducible representations.
Recall that by the work of Yu and Kaletha [Yu01, Kall9], one can attach
a supercuspidal irreducible G(k)-representation 7(g ) to any regular elliptic
pair (S, 0) consisting of a maximal elliptic torus S C G and a sufficiently

nice smooth character 6: S(k) — Q, . A crucial point for this to work is the
existence of a Howe factorization of 6, cf. [Kall9, §3.6]. However, not all
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characters admit a Howe factorization, when the residue characteristic p is
small and G is not an inner form of GL,,.

For instance, if p € {2, 3,5}, there exist many examples of pairs (7, §) with
T unramified Coxeter (hence covered by our main result when ¢ satisfied con-
dition (2.1) — in particular, whenever g > 5) such that Staby,r(6) = {1}, but
6 does not admit a Howe factorization. For examples of (T, #) not admitting
a Howe factorization we refer to the forthcoming work of Fintzen—Schwein
[F'S], where an algebraic approach to the extension of Yu’s construction is
pursued. As Staby,r () = {1}, one should expect an irreducible super-
cuspidal G(k)-representation attached to (T,0), but Yu’s construction does
not apply as there is no Howe factorization. The point is now that our
cohomological construction does not require any condition on p, but only
a mild one on ¢. In particular, there are many examples of k, G, T, 0 such
that +H;(X)[0]7o,)] is an irreducible G(Oy)-representation, which does
not appear in Yu’s construction.

However, let us also note that our method is not yet complete, in the
sense that it does not prove that the resulting G (k)-representation Ry 7 (6) is
irreducible supercuspidal. So far there is no purely Deligne-Lusztig theoretic
proof of this fact; the closest purely Deligne-Lusztig theoretic result states
(in the case of inner forms of GL,) that Ry (#) is admissible and hence
a direct sum of finitely many irreducible supercuspidal representations, see
[CI23, Theorem 6.1].

Acknowledgements. The first author is grateful to Jessica Fintzen and
David Schwein for explaining their results on characters without Howe de-
composition. The first author gratefully acknowledges the support of the
German Research Foundation (DFG) via the Heisenberg program (grant nr.
462505253).

2. PREPARATIONS

2.1. More notation. We use the notation from the introduction. More-
over, we denote by Z the center of G, Ng(T') the normalizer of T} in Gy,
by W = Ng(T')/T the Weyl group of T', by X*(T) (resp. X.(T")) the group
of characters (resp. cocharacters) of T} and by (-,-): X*(T) x X«(T) — Z
the natural pairing. We write ® for the root system of T} in Gy, & for
the subset of positive roots determined by B, and A C & for the subset of
positive simple roots. We write S C W for the corresponding set of simple
reflections.

Let ¢ € W be the unique element such that FF'B = “B. Then for any lift
¢ of ¢, Ad(¢)"t o F : G(k) — G(k) fixes the pinning (T, B), hence defines
automorphisms, denoted by o, of the based root system A C & and of
the Coxeter system (W,S). Note that o does not depend on the choice
of the lift ¢. We call (T, B) (or (T,U)) a Cozxeter pair if ¢ is a o-Coxeter
element in the Coxeter triple (W, S, o), that is, if a(ny) reduced expression
of ¢ contains precisely one element from each o-orbit on S. Moreover, we
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assume throughout the article that ¢ is o-Coxeter, and hence (T,U) is a
Cozeter pair.

Except for G, G and their subgroups (which are defined over k:,l:: resp.
Ok, Oy), all schemes appearing below are perfect schemes perfectly of finite
presentation and perfectly smooth over ﬁq. For a review of perfect geome-
try we refer to [Zhul7, Appendix A]. We freely make use of the 6-functor
formalism of étale cohomology for such schemes with Q,-coefficients. More-
over, for a perfect Fy-scheme we denote by H.(Y) = H}(Y,Qy) its f-adic
étale cohomology with compact support.

2.2. Pinning. We may express the action of the Frobenius F' on X, (T)q as
F = pco: x+— p+ co(x) for some p € X, (T). There is a unique point e €
Q@Y such that F(e) € e+ X.(Z)q, or equivalently, p1+co(e) —e € X.(Z)g.
Let

O, ={a € P;(a,e) € Z}.

We denote by A, the set of simple roots of &7 = &, Nd+. Let W, C W be
the Weyl group of ®.. Note that G from the introduction is the parahoric
model attached to the image of e in the reduced building of G, and that &,
(resp. We) is the root system (resp. Weyl group) of the reductive quotient
of the special fiber of G.

Also, note that the action of F' on W agrees with Ad(c) o o; we denote
it by ' = co: W — W. This action stabilizes W, C W. Finally, for an
element w € W, we denote by w € G(F,) an arbitrary (fixed) lift of w.

2.3. A condition on ¢q. Let w, denotes the fundamental coweight of & € A.
For a o-orbit O C A of simple roots, we set w), = Y, cowWa, Where w
denotes the fundamental coweight of & € A. We prove our main result

under the following condition on g:
(2.1) g > M = max{(y,w);7 € B*,0 € A/(0)}.

Note that M only depends on the (relative) Dynkin diagram A of the quasi-
split inner form of G over k. If A is connected then M takes the following
values: M = 1 for type A,; M = 2 for types By, Cy, Dy,?Ap,%2Dy; M = 3
for types Ga, Eg,3Dy; M = 4 for types Fy, E7,2Eq; M = 6 for type Eg. If
the quasi-split inner form of G is split, then M is the same as in [D124, §2.7],
and it differs otherwise. Just as in [DI124, §2.7], for arbitrary G the constant
M equals the maximum of the values of M over all connected components
of the Dynkin diagram of G}, (equipped with the smallest power of o fixing
the connected component). In particular, (2.1) holds whenever g > 5.

2.4. A Coxeter element in W,. It turns out that ¢ determines a (twisted)
Coxeter element of W,. Write ¢ = sS4, - - Sa,., where {a1,...,a,} C Ais a
set of representatives of o-orbits of A.

Let I = (i1 <i2 < --- < iy) be a subsequence of [r] ;= (1 <2< --- <),
and let I’ = (j; < jr < -+ < jr—m) be the complement sequence of I in [r].
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We define

Olc = Sa;, Say, """ Sy, 0
CI = S/lesBjQ . .SﬁjT_m;
AI,CZ{/le;lglgT_m}

where (), = Sa,, Sa, =" * Sas, (a,) with 1 <t < m—1such that i; < j; <dp4q.
By definition, co = croy .

Theorem 2.1. Let ¢, u and e = e, be as in §2.2. Then there exist a
sequence I =1, . of 1 <2 < --- <r such that

(1) UI,c(Ae) =A;

(2) Ar. C Ac is a representative set of o c-orbits of Ae;

(3) U?C =1 if and only if U?C fizes each root of Ae.

In particular, cr is a o1 .-Cozeter element of We.

This theorem is proven in §4.

2.5. Support. For a € ® we denote by supp(a) C A the minimal subset
whose linear span contains «. For a subset C' C & we set supp(C) =
Uaec supp(«). For w € W we denote by supp(w) the set of simple reflections
which appear in some/any reduced expression of w.

Lemma 2.2. Let C C ® be a co-orbit. Then supp(C) is o-stable.

Proof. Let ¢ = sq, - - Sq, be as in §2.4. Let a € supp(vy) for some v € C. It
suffices to show that the o-orbit O of « is contained in supp(C). Set § = {O.
Let 1 < j < r be the unique integer such that a;j € O. Let 0 <ig <6 —1
such that

01,0'_1(04)’ oo ’O.I—io(a) 7’5 o7 and O'_io(og) = aj.

Then one checks that (co) ™% = o¢~%w for some w € W such that supp(w) €
S — {sa}. Hence a € supp(w(y)) and a; = o~ %(a) € supp(o~w(y)) =
supp((co)~®(7)). So we can assume that o = ;. Let 0 < i < 6 — 1. Note
that (co)! = u;o" for some u; € W with supp(u;) € S — {o%(a;)}. It follows
that () € supp((co)’(7)). So the statement follows. O

Proposition 2.3. Let C be a co-orbit of ®. Then supp(C) = Usezo'(H),
where H is a connected component of A.

Proof. Without loss of generality we may assume that A = U;czo’(H). We
argue by induction on fA. Assume the statement is false. Let ¢ = s, - - Sq,.
be as in §2.4. By Lemma 2.2 there exists 1 < j < r such that C' C Py,
where K = A —O and O is the o-orbit of a;. By replacing ¢ with its Wi-o-
conjugate Sa; 50,0 (Sa; *** Sa;_y ), We can assume that j = 1 and a1 € O.
Let ¢ = s, ¢, which is a o-Coxeter element of Wx. As C C ®, C is also
a c'o-orbit of ®. By induction hypothesis we have supp(C) = U;ezo’ (D),
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where D is a connected component of H — {a1}. As H is connected, there
exists v € C and 8 € supp(y) such that

0> <O‘17Bv> = <a1a7\/>'

Then we have 0! (ay) € supp((co)~'(7)), contradicting that C C ®g. The
proof is finished. O

2.6. A condition on the c-Coxeter element. Letc, p,e=¢,., I = 1,,
cr, or = ore and Ay = Ay, € A, be as in Theorem 2.1. Denote by
0: W — Z>o (resp. L. : We — Zxo) the length function associated to the
set A (resp. A.) of simple roots. Let wy and w, be the longest elements
of W and W, respectively. We consider the following condition on ¢, or,

equivalently, on the pair (7, U):
(*)  There exists N € Zs; such that (co)™ = woo, Nl(c) = l(wp).

Remark 2.4. If A is connected, then there always exists a o-Coxeter ele-
ment ¢ € W satisfying (), see [Bou68, Chap. V, Prop. 6.2]. Moreover, if
the Coxeter number of G is even, then any c satisfies this condition.

Lemma 2.5. Suppose c satisfies condition (). Then (ciop)™ = weoX and

Nile(cr) = Le(we).

Proof. By Theorem 2.1, cior = co and o7(A.) = Ae. As (crop)N = wool,

it follows that (cyo7)™ sends ®F to —®7, that is, (cyor)V = weal.

It remains to show 4. ((c;or)) = Le((cror)?) +Le(cror) for 1 <i < N—1.
Indeed, this is equivalent to that for any a € ®F with (c;o7) () < 0 we
have (cjo7)'(a) > 0. This statement follows from that c;jo; = co and
((co) ) = £((co)’) + £(co) for 1 <i < N — 1. O

For w € W we denote by supp(w) the set of simple reflections in A that
appears in some/any reduced expression of w. For u € W, we can define
suppa, (u) € A, in a similar way.

Corollary 2.6. Suppose c satisfies condition (x). Let K C A, be a proper
or-stable subset. Then there exists a proper o-stable subset J C A such that
or € Wjyo and w.Wg C wogWj.

Proof. Let notation be as in §2.4. As Ay = {f;;5 € I'} with I' = [r] — T
is a representative set of A., there exists ¢ € I’ such that 8; ¢ K. Let
J = A — O;, where O; is the o-orbit of ;. By construction, supp(s) C J
for s € K and supp(cro~') C J. By Lemma 2.5 we have

N N _—N

we = (croy) UI_N = (co)Vo; " = ’U)()UNO'I_N C woWj.

Thus w.Wg C woW; as desired. O

Lemma 2.7. Let K1, Ky C A, be two or-stable subsets. Let ¢y and co be
two or-Coxeter elements of Wi, and Wy, respectively. Let w € W, such
that cior(w) = wey. Then there exists x € K1W 52 such that *Ky = K,
and w € Wk, .
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Proof. By symmetry we may assume $K; < #K,. Let x € K1W, such
that w € Wi, x. Then there exists ¢, < ¢y such that zco € Wk, zc, and
xchy € K1W,. Hence we have oj(z) = xch. Note that ¢, is a partial o-
Coxeter element, which is of minimal length (in the sense of /) in its or-
conjugacy class. Thus ¢, = 1, = o7(x) and z(suppn,(c2)) € K1, which
implies that z(K3) C K;. Hence z(K3) = K since §K; < $K,. Thus
x € KiW K2 as desired. O

3. CoHOMOLOGY OF X
Recall the scheme X from (1.1) equipped with G x TF-action.

3.1. The schemes %', Let i € Z. We define
¥ = {(z,2',y) € Ux F''U x G;zF(y) = ya'}.
Let pry : ¥ — G be the natural projection. There is a locally closed
decomposition
SERTY

weWe
where ¥, = pry ' (UwTG! F'U).
The group T x TF acts on ¥¥ and on each of the pieces X%, by
() : (z,2,y) — (Lot 2yt ™).

Asin [DL76, p.137] there is a T x T*-equivariant isomorphism X x X/G* &
Y0, and for characters x,x’ of T¥ we have

dimg, Homgr (H.(X)[X'], He(X)[x]) = dim Hy (%) \ 1,

where H,(X%),/ , is the corresponding isotropic subspace of H}(XY).

Let Z C G denote the centre of G and consider the embedding z —
(2,27Y): Z — T x T. Then the above T x TF-action on ¥¢ factors through
an action of the quotient TF xZ" TF This latter action extends to the action
of TF xZ" TF C (T xZ T)F on &' (and i, for w € W,) given by the same
formula. By the discussion in [DI24, §4.2] which applies in our more general
setting, Theorem 1.1 follows from the next result.

Theorem 3.1. Suppose that q satisfies condition (2.1). Then there exists a
Cozxeter pair (T,U) such that

Ho((wT)*) if we W,

0 otherwise.

dimg, H. () = {

as virtual (T xZ T)¥ -modules.

As a first step towards the proof of Theorem 3.1 we observe that the whole
discussion of [DI24, §4.3] applies mutatis mutandis in our setting. Thus it
suffices to prove Theorem 3.1 in the case that A is connected. In particular,
there exists some c¢ satisfying condition (%), cf. Remark 2.4. Now Theorem
3.1 follows from Corollary 3.7 and Proposition 3.12 below.
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3.2. An extension of action. Let w € W.. We set K, ; = v SO FU .
Define

S={(&, &y, 7, 2,y2) € F[UXFiHIUx[UXwTXK%U’Z-xF"U;:EF(Tz) = y172y2' }.
We define an action of T x T on I, by

~ ~ ~— ~1,0—1 _ -1
(t, 1) (&, &, y1, 7, 2,2) — (L2t 0F Y byt et

—1

-1
Aoty ).

Then there is an T x TF-equivariant affine space bundle
oS S (37 oy, T 2 ) — (EF ) "L E F (), yimay).
Let x € X.(T') which centralizes K, ;. Define
Hyy = {(t,t') € Tp x Tpsw 4 F()w =t F(') € Im(x)}.
Then H, , acts on f]ﬁv by
(t,t) (2,2, 91,7, 2, y2) —> (F(t)i,F(tl)i”,F(t)yl,tTt’_l,tlz,F(t/)yg).

Lemma 3.2. Let w € W, \ WS such that i, # (Z)'. Then there exists a
proper subset K = o;(K) C A, such that w(C[O'[)iU;Z € wWk.

Proof. Let w; = w(c;aj)ial_i € W,. By assumption we have
coBw(co)'BG (co) L NBw(co)' BGleoB(co) ™"t # 0.
As cjor = co, this implies that
croBiw(cror) By NBrw(cror) ' Bicror # 0,

that is, ‘

c;BlaI(wi)Bl N BlwiBl(U[)z(C[) 75 0.
In particular there are o;-Coxeter elements v' <. ¢; and v <. (o7)%(cs) of
some o-stable subsets K’ and K of A, respectively (one of which is a proper

subset of A, since w € W, \ W£?) such that v'or(w;) = w;v and

(a) Blwiﬁl(UI)i(CI) N Biw;vB; # .

Applying Lemma 2.7, there exist z = o(z) € K'w,K such that K’ = *K
and w; € zWg. Moreover, it follows from (a) that for any simple reflection
s € suppp, (o7(cr)) \ K we have xs € Wiz or s <. x. The former is
impossible since s ¢ Wi = aWxrx~!. So we have zs <. xz. Moreover, as
xsx ! ¢ Wi we have wgrrs <. wgrx = rwg, where wg and wgs are the
maximal elements of Wy and wg- respectively. As xwg is or-stable, we have
Twis <. xwg for all s € A, that is, rwg = w.. Hence w; € w.Wg. [l

Let Ny € Z>¢ be the order of co € W x (o). Define
NE™ T — Ty, t— tF(t) - FN1(2).

Lemma 3.3. Let x € X,(T) and let C be a co-orbit of . Assume x is non-

central on C and |{x, B)| < q for p € C. Then ZZJ-\QD_I q {7, (co)¥(x)) # 0 for
v € C. In particular, the action of Gy, on Uy for v € C, via the morphism

N, . .o
Nf; %o, is nontrivial.



INNER PRODUCTS OF DEEP LEVEL DELIGNE-LUSZTIG REPRESENTATIONS 9

Proof. By assumption, |(y, (co)'(x))| = [{(co)™'(7),x)| < ¢ for 0 < i <
Ny — 1, and there exists 0 < ig < Np — 1 such that ((co)™"(y),x) # 0.
Hence the statement follows. O

Let Gn C OF be the Teichmiiller lift of the quotient map O — F, .
Assume that r € Z>1.

Lemma 3.4. Consider the homomorphism
fux :Gm — Tx T, @ (NF (“x(@)), NE " (x(@))).
Then Im(fuw,y) C Hy, , -
Proof. By definition. FNo(\(z)) = )\(quO) for 2 € k. Hence
Nr(x(@) ' F(Np(x(@))) = x(2) " FY(x(2) = x(z~ o™ (2)).
So the statement follows. ]

3.3. Handling X for w € W, \ W. Let i € Z. Following [DI24, §5] we
define an isomorphism of varieties

o B — X (22 y) — (z, F(2), y2!).

For w,u € W, we define

Yiu = T N (00) 71 ()

Zot = 0i(Ty) NE = ai(Yy,).
Let Y, = (mi,) "' (Vi) and Vi, = (niH) "N (Zih).
Lemma 3.5. Let w,u € We. Let x,pu € X.(T') which centralizes K, ; and
Ku,i+1 respectively. Then Hy, \ and H, , preserve ?U’)u and Z}j& respectively.
Proof. This is proved in [DI24, §5]. O

Proposition 3.6. Suppose that condition (%) holds and that q satisfies con-
dition (2.1). Let i € Z. Then

H.(Y,,) = H(Y,,) = H(Z})) = H(Zf) = 0
if w or u belongs to We \ WE°.

Proof. Without loss of generality we can assume that w € W, \ W< and
Y} . # 0. In particular, 3!, # . By Lemma 3.2 and Corollary 2.6, there
are subsets K = o7(K) € A, and J = o(J) € A such that

w(ca)i S weWK(O'])i - weWJO'i = UJOWJO'i.
Thus ) v .

Ky V7 (U™ nve) gy c v lwopy,,

where M is the Levi subgroup generated by 1" and U, for v € ®;. Let
O € A\J be a g-orbit. Then W fixes wy), and K, C w™lwo V7 s centralized
by

x = w twg(wh) = wlw(co) o w) = (co) (wh).
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Moreover, w(y) = wool (wh) = (co)™ (wy).

Let fuw,y : Gy — Hy,, be the as in Lemma 3.4. In view of Lemma 3.5,
via fy the action of H, , on Yuﬁu induces an action of G, on Yzf,u, which
commutes with action of T x TF. Hence

* * (V1 * ([t Gm
Hc (Ywuu) = Hc (Yul),u) = Hc((YuZ),u> )7
it suffices to show (fﬁf},u)Gm = (. To this end, we can assume that A =

Usezo' (H) for some / any connected component H of A. Then by Proposition
2.3, x,w(x) € {(co)"(wy);i € Z} are non-central on each co-orbit of ®. As
q > M, it follows from Lemma 3.3 that

(S) %™ S {1} x {1} x {1} x T x {1} x {1}.
As w e W, \ WE?, we deduce that (Yj]?u)Gm = () as desired. O

Corollary 3.7. Leti € Z and w € We. If w € W, \ W< then H, (X)) = 0.
Otherwise,

H(S,) = Y H(Yy.) = Y HdZ,,)= Y HY.))

ueWge ueWge ueWwge
Proof. Note that %! = I_IUGWEYJW = UueWEZfL,w and thw = Ylf;ul. Then
the statement follows from Proposition 3.6. U

3.4. Handling Y0 for w € W.

Lemma 3.8. Suppose that Condition (x) holds. Leti € Z and w,u € WS
such that Y, ,, # 0. Then w = w if either o7 # 1 or o7 = 1 and wc} # we.

Proof. By assumption, we have
Byw(cror) BrerorBi(cron) ™~ N Bru(eron)™ ' Bu(ero) ™! # 0,

that is, IB%lw(CIU])ilBlcjallBlﬂIB%lu(CIUI)i+1B1 # (). Thus there exists v <, ¢y
such that w(cyor)iver = u(cror)™*. Note that w,u € W C (cror). We

have
Vo[ = (C[U[)ii’wfl’u,(c‘r()'])i+1 = wilu(C[O'[) € <C[O'[>.

In particular, it follows from Lemma 2.5 that £.(v) is divided by £c(cy).

Assume that either o7 # 1 or o7 = 1 and wc} # we. If v # 1, then
le(v) = Le(cr) since 1 # v < ¢7. Hence we have v = ¢; and w = u as desired.
Suppose v = 1. Then ¢; = v tw € W, which means that o;(c;) = c;.
Hence o7 = 1 by Theorem 2.1 (3). By assumption we have oy = 1 and
wo'ly # we. As v =1, we have wcis < we} for all s € suppa, (cr) = A, that

is, wc} = we, a contradiction. O

Theorem 3.9 ([IN24], Theorem 3.1). The map (u1,u2) — uj ‘ugF(u;)
gives an isomorphism

¢: (FUNU) x (FUNU™) = FU.
In particular, ¢ restricts to an isomorphism

(FU'NU) x (FUNU™) 2 UYFUNTU").
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For i € Z and w € W, we define
Y= {(x,2',y) € (FUNUT) x F(FUNUT) x G;zF(y) = ya'}.

Lemma 3.10. The map (v,2',y) = (w2, 2h, x1yFi(z}) ™1, 21,2)) gives an
TF x TF -equivariant isomorphism

2% % (FUNU) x (FUNTU),
where (z1,12) = ¢~ H(z) and (2}, 25) = ¢~(2'). In particular, H (X)) =
H;(°%i).
Proof. 1t follows by definition and Theorem 3.9. (]

Lemma 3.11. Suppose that ¢ satisfies condition (). Let w = (co)™ € W
for some m € Z. Then we have Ho(XN~") = H,(wTF) = H,"¥2N-") =
H, (X2N-m),

Proof. The first statement is proved in [DI24]. We show the second one. Let
(z,2',y) € °S™. By definition,
y € G'Bu(co)* N "B (co) T = UTU L.

So we may write y = y17ysw uniquely with y; € U, 7 € T and y € UL,
Then the equality xF(y) = yz’ is equivalent to

Ty F (g F(1) = yowd' v F(yy ') = yoa " Fyy ),

where 2" = 2’ € FUN U™ since w = (co)™.
By Theorem 3.9, the map (g1, 92) — g; LgoF(g1) gives isomorphisms

U x (FUNU") = U(FU N U);
U™l x (FUNUT) = (FUNU")FU—L
So we can make changes of variables (x, 2", y1,y2) — (21, 22, 23, 24), where
(21,22,23,24) €EUx FUNU™ x UDY{(FUNU™) x FU™INU

L = 2324. Then we have

such that y; '2F(y1) = 2122 and yox"" F(y2)~
T_lzleF(T) = T_lzlL(T)F(T)_lzg = 2324,
where L(7) = 771F (7). As 24 € U! we can have
P 2927t = hyhoh_ € UTU™,
where hy € UL, hg € T and h— € (FUNU™)U—! = F(UU—Y)NU~. Hence
T_lzlL(T)h_,_L(T)hgh_ = 23.
It follows that 21 = "(Dhy, L(7) = hy' and z3 = h_. Therefor,
St = {(1,29,24) €T x (FUNU") x (FU™ N U); L(7) = pro(F ™ 2024)},

where pry : U'TU~ — T is the natural projection.
Note that (¢,t') € TE xTF acts on bEﬁu‘by (7, 29, 24) — (trw(t') ™1, Lz, W) 2y).
Now we define and action of s € T on "X by (7, 22, 24) ~ (7,22, %21). Then
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the actions of T and T x T commutes with each other. Thus, by Lemma
3.10 we have
(SN = HLCSAN ) 2 HL(5,)7) = H(6T")
as desired. O

Proposition 3.12. Suppose that Condition (x) holds and that A is con-
nected. Then H*(X0) = H(wTF) for w € We.

Proof. Let w € WE. As A is connected, we may write w = (co)™ for some
m € Z. By Corollary 3.7 we have

(a) H.(S,) = > HY,,), H.ZH= Y HAY],)
uewsge ueWge
First we assume o7 # 1. By Lemma 3.8 for any w',u’ € W7 we have
Yy o # 0 if and only if w' = u'. It follows by (a) that
H, (%) = Hi(Yy,,) = Hd(Z5).

By Lemma 3.11 we have H,(X0) = H. (SN "™) = H,(wTF) as desired.

Now we assume o7 = 1. Let notation be as in Lemma 2.5. We can assume
that w = ¢J* with 0 < m < 2N —1. If 0 < m < N, it follows from (a),
Lemma 3.8 and Lemma 3.11 that

HL(30) = Ho(SL) = - = H(SY™™) = H.(uT").
IfN+1<m<2N — 1, similarly we have

H,(30) = Ho(SL) = - = H(S2V"") = H,(uT").
So the statement follows. O

4. PROOF OF THEOREM 2.1

In this section, we fill in the proof for Theorem 2.1. First we show that
it suffices to consider one particular Coxeter element.

Lemma 4.1. Let a € {a1,0 (o)} such that ¢ = saco(sq). Suppose
Theorem 2.1 holds for (u,c). Then it also holds for (sq(p),c’).

Proof. Let ji,e,I be as in Theorem 2.1. Let ¢’ = e, (4.« = Sale) and
O = 54(Pc). Assume that I = (i3 < -+ < ip,). Without loss of generality
we can assume o« = o '(q,) and ¢ = SalSal ***Sar, With o = a, and
af =a_q for 2<i<r.

First we assume that » € I. Then r = i,, and o7 .(a) < 0, which means
that o ¢ A, = o7(A¢). Thus @, = 5,(®]) since a € A is a simple root.
In particular, Ay = s4(Ae). We take

I/:(1<’i1+1<i2+1<---<im_1+1).

Then o o = 5007 ¢Sa, c’l, = 8,C1Sq and the statement follows.
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Now we assume that r ¢ I. Then o7 .(a) € A1 € Ae = 07,(A¢). Thus
a€ A, and Ay = A,.. We take

I'=s((1+1<ig+1<- <ip+1).

Then oy ¢ = 01, ¢ = SaC107 () and the statement also follows. O

To finish the proof, we will take a particular o-Coxeter element ¢ such that
and verify the statement directly. Moreover, we can assume A is connected.

Let P be the coweight be the coweight lattice of ®. If p =0 € P/(1 —
co)P, then A, = A and the statement is trivial. So we may assume that
X.(T)/(1 — ¢)X«(T) # {0}, which excludes the types 2A,,_1 (n even), 3Dy,
Eg, 2Eg, Fy, G5. Then we will take a case-by-case analysis for the remaining
types.

We adopt the labeling of Dynkin diagrams by positive integers as in
[Hum72]. For i € Zz;. let s; and w; denote the corresponding simple
reflection and fundamental coweight, respectively.

Case (1): A is of type A,_1. Take ¢ = s189---s,—1. Then we have
P/(1 = co)P = {0,w),wy,...wy_1}. Assume p = w) with k € Z. Let
m = ged(k,n) € Z=1. Then we take I to be the complement of the sequence
I¢ = (n/m,2n/m,--- ,(m — 1)n/m).

Case (2): A is of type 2A,,_1 with n > 4 even. Take ¢ = 5152~ " Sp)2-
Then P/(1 — co)P = {0,wy}. Assume p = w). Then we take I = (n/2).

Case (3): A is of type B, with n > 2. Take ¢ = s152---$,. Then
P/(1 —co)P ={0,w)}. Assume pu = wy. Then we take I = (n).

Case (4): A'is of type C), with n > 3. Take ¢ = s1s2- - s,. Then P/(1 —
co)P = {0,w,/}. Assume pu = w,/. Then we take I = (1,3,...,n — (_1)#)

Case (5): A is of type D,, with n > 4. Take ¢ = s1s9---s,. Then
P/(1 —co)P = {0,w),w,)_j,wy}t. If p = wy, take I = (n — 1,n). It
remains to handle the case 4 = w)_; by symmetry. If n is even, take
I=(1,3,....n—3,4)if4|nand I = (1,3,...,n—3,n—1)if44n. Iif nis
odd, take I = (1,3,...,n—3,n—4,...,n—2,n).

Case (6): A is of type Fg. Take ¢ = s153845258586. Then P/(1 —co)P =
{0,wy,wy }. By symmetry we can assume p = wy. Then take I = (1,3,5,6).

Case (7): A is of type Eg. Take ¢ = s7865554525351. Then P/(1—co)P =
{0,wy}. If p = wy, take I = (7,5,2).
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