ON A DECOMPOSITION OF p-ADIC COXETER ORBITS

ALEXANDER B. IVANOV

ABSTRACT. We analyze the geometry of some p-adic Deligne-Lusztig spaces X, (b) introduced
in [ ] attached to an unramified reductive group G over a non-archimedean local field. We
prove that when G is classical, b basic and w Coxeter, X, (b) decomposes as a disjoint union
of translates of a certain integral p-adic Deligne-Lusztig space. Along the way we extend some
observations of DeBacker and Reeder on rational conjugacy classes of unramified tori to the
case of extended pure inner forms, and prove a loop version of Frobenius-twisted Steinberg’s
cross section.
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1. INTRODUCTION

Let G be an unramified reductive group over a non-archimedean local field k. In | ]
p-adic Deligne-Lusztig spaces X, (b) attached to G were constructed. This allows to apply
the rich variety of methods from Deligne-Lusztig theory | ] to the study of representations
of the p-adic group G(k). Indeed, many results in this direction were obtained recently, cf.
[ , , , ] and references therein.

The classical Deligne-Lusztig varieties are smooth schemes of finite type over a finite field.
In contrast, X,,(b) are sheaves for the arc-topology [ ] on perfect algebras over the residue
field of k. Concerning their representability the situation is slightly delicate: In many cases it
is known that X,,(b) are ind-representable [ , Thm. C]. Also, there are examples, where
Xw(b) is known to be an ind-scheme, which is not a scheme | , Cor. 10.2]. On the other
hand, for G = GL,,, ¢ Coxeter and b basic, X.(b) are schemes | , Prop. 2.6]. Moreover, the
proof of this last fact has lead to a quite explicit description of (a cover of) X (b) in this case,
eventually allowing to compute large parts of its cohomology and relate it to the local Langlands
correspondences, which was the main task of | , ].

Motivated by the last sentence, we analyze here the geometry of the spaces X.(b) and their
1
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natural covers Xz(b) when G is a classical group!, ¢ is a (twisted) Coxeter element and b is
basic. Under these assumptions our main result, Theorem 1.1, shows that X.(b), Xz(b) admit
natural decompositions as disjoint unions of translates of certain integral level Deligne—Lusztig
spaces of Coxeter type. Those integral level spaces are easier to handle. In particular, they are
affine schemes, and it follows that X,(b), Xz(b) are schemes, proving [ , Conj. 1.1] in this
case. Our decomposition result, along with the Mackey-type formula shown in | | (as well as
techniques from [ , ]), can be applied —similarly as in | |- to study the cohomology
of X.(b), Xg(b) and smooth G (k)-representations therein. Beside our main result, we prove some
related results on rational conjugacy classes of tori and a version of Steinberg’s cross section, see
§1.4 below for a summary. Now, we introduce the relevant notation and state our main result,

Theorem 1.1.

1.1. Setup. Let k denote the completion of a maximal unramified extension of k and let Oy, Oy
be the integers of k, k. Let o be the Frobenius of l::/k: Let T C B C G be a quasi-split k-rational
maximal torus and a k-rational Borel subgroup of the unramified group G. Let U resp. U~
be the unipotent radical of B resp. the opposite Borel subgroup. Let W be the Weyl group of
T, and S C W the set of simple reflections determined by B. Denote by BG,E the Bruhat—Tits

building of the adjoint group G4 of G over l::, and by A ;. the apartment of T therein. Denote
by o the action induced by Frobenius on W, S, B, ;, Ay ;. and G(lvc) (as well as its subgroups).

9]

An element b € G(k) is called basic, if its Newton point 14 factors through the center of G,
cf. | |. Twisting o by Ad(b) one gets an inner k-form Gy of G, see §2.1.3. Similarly, for
w € W, twisting the Frobenius on T(k) by Ad(w) one gets an (outer) k-form T, of T.

The space X, (b), introduced in | ], is the intersection of LO(w) C L(G/B)? with the
graph of bo: L(G/B) — L(G/B), where L denotes the loop functor (see §2.1.1). Similarly,
we have its coverings X(b), where @ lies in F,,/ ker Ry, a certain discrete quotient of the set
Fu(k) C G(k) of all lifts of w, cf. §3.4, §4. For more details on X, (b), Xy(b), see §2.2 and
Definition 4.1. The group Gy(k) acts on X,,(b) and Gy(k) x Ty (k) acts on Xy (b). The natural
map Xg(b) = X (b) is Gy(k)-equivariant.

An element ¢ € W is called twisted Cozxeter, or simply Coxeter, if any of its reduced expressions
contains precisely one element from each o-orbit on S | , §7]. Usually, we denote by w an

arbitrary element of W, whereas the letter c is reserved for Coxeter elements.

We refer to §2 for more notation and setup.

1.2. Main result. Let ¢ € W be Coxeter, & € F./ ker k. a lift of ¢ and b € G(k) basic. We prove
a decomposition result for X.(b) and X4(b). The space X, (b) is always non-empty, and —after an
equivariant isomorphism— one can assume that c is a special Coxeter element (see Definition 5.2)
and b is a lift of ¢. Moreover, in Proposition 6.1, we will see that either Xg(b) = O, or —after
an equivariant isomorphism— we may even assume that b lies over ¢. In the rest of §1.2 we work
under these simplifying assumptions (which do not result in any loss of generality).

As b lies over ¢, the affine transformation bo of Ar ; has precisely one fixed point x. Let

Gx be the corresponding parahoric O;-model of G. It descends to an Oj-model Gy, of Gy. In

particular, the Frobenius oy def Ad(b) o o of LG fixes the subgroup LTGy. Here L, Lt denote

lWe call an unramified k-group classical if each connected component of its Dynkin diagram is of type
An—1,Bm,Cm, Dm, 2A,_1 or 2Dm; see Definition 5.1 for more details.
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the functors of (positive) loops, see §2.1.1. We also have the corresponding parahoric model G4
of G*d. Consider the scheme Xg;)‘ defined by the cartesian diagram

XJx —— LT ((UNU )y (1.1)

| |

LtGy ———— LGy

where the lower map is g — g~ 1o(g), and where (“U N U™ )y is the closure of “‘UN U~ in Gx.
We also consider the quotient for the pro-étale (equivalently, arc-) topology,

g;d . gid
X = X5 /T2 k), (1.2)

. cad ad
where Xég % is (1.1) applied to the parahoric model g;td of the adjoint group G2, Then Xcg’b‘
and Xégg are affine schemes, cf. Proposition 2.2.

Theorem 1.1. Let G be an unramified group of classical type. Let c,¢ and b be as above. Then
there is a Gy(k)-equivariant isomorphism

ad
xw= I x5 (1.3)
YEG} (k) /G2, (Oy)

and a Gy(k) x T.(k)-equivariant isomorphism

Xa(b) = 11 VX5 (1.4)
YEGy(K)/Gx,b(Ok)

After necessary preparations, Theorem 1.1 will be proven in §6 and §7. Let us outline the
proof. Using a v-descent argument, (1.3) follows from a particular case of (1.4) for absolutely
almost simple adjoint groups. Showing (1.4) in this case presents the main technical difficulty,
which is solved in §7 by using a special property of the Newton polygons of isocrystals and ana-
lyzing each irreducible Dynkin type separately (here the assumption that ¢ is Coxeter becomes
crucial). Finally, (1.4) can be deduced in general from (1.3).

Let us also note that Theorem 1.1 implies [ , Conj. 1.1] in the following cases.

Corollary 1.2. If G is an unramified group of classical type, c € W Cozeter, ¢ € F./ker k.
arbitrary and b basic, then X.(b), Xz(b) are disjoint unions of affine schemes.

1.3. Quasi-split case. If b is o-conjugate to 1, Theorem 1.1 admits a clearer reformulation.
Let ¢ € W be Coxeter and ¢ € F./ker.. If Xs(1) # @, then a (any) lift ¢ € G(k) of ¢ is
o-conjugate to 1 (by Corollary 4.6). Moreover, choosing ¢ appropriately we may additionally
assume that the (unique and automatically hyperspecial) fixed point x = x. of ¢o on AT’ i lies in

At = A;‘f% (cf. §6.4). In this situation we have the integral level analoga X (1) and Xc-g"(l)

of X.(1), Xz(1), which were introduced in | , Def. 4.1.1], see §2.2. In this situation we have
the following corollary, proven in §6.4.

Corollary 1.3. With notation as above, there are G(k)- resp. G(k) x T.(k)-equivariant iso-
morphisms

Xe(1) = H v X9%(1)  and X (1) = H ’Yng(l)
vEG2(k) /G5 (Ok) ~EG(K)/Grc.1 (Ok)
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1.4. Two related results. In the rest of the introduction we briefly discuss two further themes
of this article. First, we review in §3, following deBacker and Reeder | , , ], the
parametrization of rational conjugacy classes of unramified maximal k-tori in pure inner forms
of G. Moreover, in §3.3-3.4 we extend their discussion to all extended pure inner forms, and give
a description of rational conjugacy classes in terms of F,/ ker k,,, the discrete parameter space
for the spaces X(b) over X, (b). In §3.5 we in detail investigate the Coxeter case, where (under
some mild assumptions on G) it turns out that the set of different covers Xz(b) of X, (b) for b
basic is in canonical bijection with the set of rational conjugacy classes of unramified Coxeter
tori in the inner form Gy of G, see Corollary 4.7. Thus the p-adic Deligne-Lusztig space X, (b)
“can see” the difference between the various rational conjugacy classes of tori, whose stable class
is given by c.

Secondly, in §5, we show a loop version of twisted Steinberg’s cross section. Steinberg original

v

result | , Prop. 8.9] states roughly that if ¢ € F.(k) is any lift of a Coxeter element ¢ € W,
any U N U-orbit on ‘U for the action given by g(u) = g~ 'u Ad(¢)(g) contains precisely one
point in “‘UN U~ (k can be replaced by any field here). In | , 3.14(c)] this is generalized

in various respects, in particular, to the case where k is replaced by a finite field F, and the
action is Frobenius-twisted, i.e., given by g(u) = g luos(g), where o is (geometric) Frobenius
over F, and o¢ = Ad(¢) o 0. This can be used to prove affineness of classical Deligne-Lusztig
varieties attached to Coxeter elements. In our setup, with £ non-archimedean local, we need
(to perform a reduction step in the proof of Theorem 1.1) the same result for the action of
L(‘UNU) on L(“U). A part of the proof in | | can be adapted, but at some point in | ]
the Ax-Grothendieck theorem? is used, which is impossible in our setting (as LU is not even
a scheme). Therefore, we carry through a different argument, at least for classical groups and

special Coxeter elements.

Outline. In §2 we introduce more notation, prove a fact about integral p-adic Deligne—Lusztig
spaces, and review the Borovoi fundamental group and o-conjugacy classes. In §3 we review
(and extend) some results on rational /stable conjugacy classes of unramified maximal tori of G.
In §4 we review and extend some results from | ] about the maps Xg(b) — Xy(b). In §5 we
prove loop (and integral loop) versions of twisted Steinberg’s cross section. This is used in §6
to replace X4(b) (and its integral analogue) by a more tractable object. The main part of the
article consists §6 and §7, where Theorem 1.1 is proven.

Acknowledgements. I want to thank Johannes Anschiitz, Charlotte Chan, Lucas Mann and
Peter Scholze for several discussions related to the present work. Especially, I want to thank
Charlotte Chan, with whom I initially started to work on Lusztig’s conjecture, and who, in
particular, pointed out the reference | | to me. I thank Michael Borovoi for pointing out
the fact used in the beginning of §6.3.2 to me. The author acknowledges support by the DFG
via the Leibniz prize of Peter Scholze.

2. SETUP AND PRELIMINARIES

Recall that G is an unramified group over the local field k. We use the notation from §1.1.

21 states, for a morphism X — Y of schemes of finite type over an algebraically closed field Q, that if X (Q) —
Y (Q) is injective, then it is also surjective.
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2.1. More notation. Given a group G, g € G and H C G any subset, we write IH = gHg™ "
For an abelian group A we write Ao for its torsion subgroup.

Let p be the residue characteristic of k. For a ring R of characteristic p, denote by Perfgr the
category of perfect algebras over R. Denote by w a uniformizer of k& and by F, (resp. Fq) the
residue field of k (resp. k).

For R in Perfg_, let W(R) be the unique (up to unique isomorphism) z-adically complete and
separated Og-algebra, in which w is not a zero-divisor and which satisfies W(R)/@wW(R) = R.
With other words if W(R) denotes the p-typical Witt-vectors of k, then W(R) = W (R)®w (r,) Ok
if char k = 0 and W(R) = R[w] if char k = p. Denote by ¢ = ¢r the Frobenius automorphisms
of W(R), W(R)[1/w], induced by = — x? on R (this notation is only used in the proof of
Proposition 5.3 and §7). We have W(F,)[1/w]| = k and W(F,)[1/w] = k (so that b5, = o).

Denote by k& a fixed algebraic closure of k containing the maximal algebraic subextension
of k/k. Denote by (o) 2 Z the group of continuous automorphisms of k /k.

2.1.1. Loop functors. For a k-scheme X, let
LX: Perfg — Sets, R~ X(W(R)[1/w1])

be the loop space of X. If X is affine of finite type over k, then LX is representable by an
ind-scheme. For an Oy-scheme X, let

LTXx: Perfz — Sets, R~ X(W(R))

be the space of positive loops of X. By passing to w in | , Prop.-Def. 6.2], LTX is a
scheme (resp. affine scheme) for arbitrary (resp. affine) X'.

If X is the base change to k of a k-scheme Xy, then the functor LX carries a natural automor-
phism, the geometric Frobenius, denoted by ox, (or simply by o, if X is clear from context).
Similarly, we have the geometric Frobenius o = oy, on LTX if the Op-scheme X is the base
change of an Op-scheme Aj.

2.1.2. Groups. We write G?! resp. G*¢ for the adjoint group, resp. the simply connected cover
of the derived group of G. If H C G is a closed subgroup of G, denote by H?! resp. H* its
image in G4, resp. its preimage in G*¢. We identify the Weyl groups of G, G*¢ with W. We
denote by Z the center of G.

Write X, (T) resp. X*(T) for the free Z-module of cocharacters resp. characters of T. Denote
by ® C X*(T) resp. ®¥ C X,(T) the set of roots resp. coroots of G; denote by ®* resp. A the
set of positive resp. simple roots, determined by B; denote by s, € W the reflection attached
to a € ®. For ¢ € X,(T), denote by @t the image in T(k) of @ under &.

Write N for the normalizer of T. We have the reductive Op-model T of T, and T (0;) is
the maximal compact subgroup of T(k). The quotient W = N(k)/ T(0y,) is the extended affine
Weyl group of T in G. It is naturally an extension W =W x X, (T), whose splittings (resp.
o-equivariant splittings) W — w correspond to hyperspecial points of AG,IQ (resp. of Ag?]})

v

2.1.3. Twisting Frobenius. For b € G(k), we have the k-group Gy, which is defined as the
functorial o-centralizer of b, cf. | , 1.12] or | , 3.3, Appendix A]. Then Gy(k) = {g €
G(k): g~ 'bo(g) = b}. If b is basic (cf. §2.4), then Gy is an inner form of G, we may identify
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Gy (k) = G(k) and we denote by oy, & Ad(b) o o the twisted Frobenius on G(k). We also write

oy, for the corresponding geometric Frobenius on LGy, = LG.
Suppose that the basic element b lies in N(k) and that x € A ; is fixed by the action of

v

bo. Let Gx be the corresponding parahoric model of G over Oy. Then oy, fixes Gx(Oy) € G(k),
and LTGy C LG. Thus Gyx descends to a Op-model of Gy, which we denote by Gx,p- We have

L+gx7b ®Fq IE‘q = L+gx-

Similarly, for w € W we have the (outer) k/k-form T, of T, satisfying Ty (k) = {t €

T(k): Adw(o(t)) = t}. We may identify Ty, (k) = T(k) and we denote by o, e Ad(w) o o the

twisted Frobenius on this group, as well as on LT.

2.1.4. Topologies. We work with two topologies on Perfp,: the pro-étale topology | | and
the arc-topology | ]. Recall that a map S’ — S of qegs schemes is an arc-cover if any
immediate specialzation in S lifts to S’. By | , Thm. 5.16], the arc-topology on perfect
qcgs [Fp-schemes coincides with the canonical topology. Thus any perfect qcgs scheme is an arc-
sheaf. In particular, for any qcqs scheme X /Oy, LT X is an arc-sheaf. For any quasi-projective
scheme X/k, LX is an arc-sheaf by [ , Thm. A].

2.1.5. Locally profinite groups. As in | , 84], we regard a locally profinite group H as a
(representable) functor

S+ C°(|S|, H)
on Perfg . In particular, Gy(k) and Ty (k) are such functors. If H is profinite, this functor is
even represented by an affine scheme.

2.1.6. Galois cohomology. For definition and standard facts about non-abelian cohomology we
refer to | ]. If M is discrete (o)-group, where (o) is as in §2.1, we write H!(o, M) for
the corresponding first cohomology set. We identify a continuous 1-cocylce a: (o) — M with
a(c) € M, and write [a(c)] € H' (o, M) for the corresponding cohomology class.

We will write H!(0, G) resp. H'(oy,T) instead of H' (o, G(k)) resp. H' (o, Tw(k)). By a
theorem of Steinberg | , Thm. II1.1’] resp. its extension | , 8.6] if char k > 0, we have
H'(0,G) = H'(k,G) and H'(0y,T) = H'(k,Ty) via inflation along Gal, — (o). We will
always use the notation H'(o, G), H'(0, T) without further comment.

2.2. Review of some p-adic Deligne—Lusztig spaces.

2.2.1. Spaces Xy(b) and Xy(b). Let w € W, w € N(k) a lift of w and b € G(k). Denote
by O(w) C (G/B)? (resp. O(w) C G/U) the G-orbit corresponding to w (resp. ) under
the Bruhat decomposition. The p-adic Deligne—Lusztig spaces X,,(b) and X, (b) were defined

in | , Def. 8.3] by the cartesian diagrams of functors on Perfg ,
Xyu(b) ——— LO(w) Xy (b) ———— LO(w)
| | " | |
(id,bo) (id,bo)
L(G/B) — L(G/B) x L(G/B) L(G)U) —— L(G/U) x L(G/U)
where bo: L(G/B) 5 L(G/B), and b acts by left multiplication. Then X,,(b), Xy (b) are sheaves
for the arc-topology (see | ]) on Perfg [ , Cor. 8.4]. There is a natural action of Gy (k)

on X, (b) and of Gy(k) x Ty(k) on X, (D).
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2.2.2. Spaces X g;)‘ and X . These spaces were introduced in (1.1) and (1.2). Here we prove
their representability.

Lemma 2.1. Let {H,}n>1 be a inverse system of finite groups, acting compatibly and freely on
an inverse system {X,}n>1 of pro-étale (resp. arc-) sheaves on Perfﬁq. Write H = gnn H,,
X = @n Xy. The natural map X/H — ILnn X, /Hy, is an isomorphism, where the quotients
are formed for the pro-étale (resp. arc-) topology.

Proof. Consider the case of pro-étale topology. The existence of the map is easy. For injec-
tivity, it is enough to show that the map from the pre-sheaf quotient R — X (R)/H(R) to
@n Xn/H,, is injective. Let R € Perfﬁq. Suppose s1,s2 € X(R) map to the same element
in (@n Xn/Hp)(R) = @n(Xn/Hn)(R) Then for each n the images s1,, 2, of 51,52 in
Xn(R)/Hy,(R) coincide (as any quotient presheaf is automatically separated). Thus for each
n>1, 8, ={hy, € Hy(R): hySin = s2n} # @. This sets form an inverse system. By freeness
of the action, we have #5,, = 1, and it follows that 1£1n Sn # . Then h € @n S, € H(R)
satisfies hs; = so. This proves the injectivity. For surjectivity, let s, € X, (R)/H,(R) be a com-
patible collection of elements. For each n, find some pro-étale cover R — R,, such that s,|g, lifts
to 8, € Xp(Rn). AsR— R = hﬂn R, is still an pro-étale cover | , proof of Lm. 4.1.8], we
may replace each R,, by R’ and §,, by 3,|g. Now, we construct an element § € X (R') mapping
to (sp)n>1. Starting with 5, if n = 1, and working by induction on n, suppose that (5;);",
is compatible. As the system (s;,),>1 is compatible, we can find some hy,4+1 € Hp11(R') such
that hy118,+1 maps to 8, under X, 1(R') = X,,(R’). Then replace 3,+1 by hp418n+1, so that
(.§Z)"Jrl becomes compatible. We conclude by induction. The argument for the arc-topoogy is
the same, using | , Cor. 2.18] instead of | , Lm. 4.1.8] O

. ad ad . cad
Proposition 2.2. Xg;; and Xf’g are affine perfect schemes. Also, Xcgg = XEQZ‘ /T.(k) remains
unchanged if one takes the quotient with repspect to the arc- instead of the pro-étale topology.

Proof. The claim for X g" follows from the definition and the affineness of LTX for an affine
scheme X' /Oy, cf. §2.1. 1 Suppose that G is adjoint. For n > 1 let G" denote the n-th Moy—
Prasad filtration of G = Gy, cf. | , §2.6]. Then we have a surjection LTG — LTG/LTG",
and o, on LG induces a Frobenius o, one on LYG/L*G,. Let X gz,n be the cartesian product
in the analogue of diagram (1.1) with L*G replaced by L*G/LTG" and L™ (°U N U)x replaced
by the corresponding subgroup of LG /L+g”, compare | |. Then Xcg’g = @1 X% . All

c,bn
Xf;;n are affine schemes. Now T := T,, L T, with T;, = (L+T/L+Tn)ab finite, where

T? is the closure of T in G". Then T, acts freely on ben, and we have ng = ( b/T)proet
Ln Cbn/T proet Dy Lemma 2.1. By [ , Tag 07S7], the fppf—quotlent ( Cbn/T )eppf 18

a scheme, which is even affine (since Xégb ,, is) and X9 (X H b o/ Tn)ppt 18 an fppf-torsor.

¢,b,n

As T, is finite and acts freely on X9, . this is even an étale torsor. From this, it follows that

¢,b,n?
( E’b’n/Tn)fppf = ( Cbn/T )et, the quotient for the étale topology. In particular, the latter is
an affine perfect scheme, hence already a pro-étale and even an arc- sheaf. This implies the last
claim of the proposition, as well as the fact that Xcgb, being the inverse limit of affine perfect
schemes, is itself one. ’ O

2.2.3. Spaces X9(1), Xg( ). This spaces only appear in §1.3 and §6.4. Suppose x € Al E is
a hyperspecial point, and let G = Gx be the corresponding reductive Oj-model of G. The
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reductive Op-group Gy,1 is quasi-split, and the closure By of B in G is a Op-rational Borel
subgroup. Moreover, G has a Bruhat decomposition, in the sense that (G/Bx)? ®0, Oy, contains
locally closed subschemes O(w) (w € W), flat over Oy, which fiberwise induce the usual Bruhat
decomposition. If Ny, Uy are the closures of N, U in G, one similarly has O(w) C (G/Ux)? ®0,
O; (w € Nx(0y)). Taking b =1, w € Nx(0Oy) and replacing G, B, U by G,By, Uy and L by L+
everywhere in the diagrams in §2.2.1, we obtain integral p-adic Deligne-Lusztig spaces XY (1),
X9(1), as introduced in | , Def. 4.1.1]. They are acted on by Gx 1(O) and Gx 1(Ok) x T (Oy)
respectively.

2.3. Fundamental group and the Kottwitz map. The natural map T° — T induces an
injection X, (T%¢) — X,.(T), and we identify X, (T*¢) with its image. The fundamental group
of G in the sense of Borovoi [ | is the group

m1(G) = Xu(T)/ X (T*),

It is independent of the choice of T, functorial in G, the induced W-action on it is trivial, and
it admits a Frobenius action, which we denote by o. Kottwitz constructed a homomorphism
fg: G(k) = m1(G), see | , §7] and | , 2.a.2]. Reformulated, a classical result of
Kottwitz | , §6] states that &g induces an isomorphism H'(o, G) 2 1 (G) 4} tors- For tori

we have 71(—) = X.(—). For any w € W, any k-rational embedding T, — G induces the map
X*(T)<0w)7tors = Hl(aw, T) — H1(07 G)= Wl(G)<0)7tors'

which is obtained from X.(T) — m(G) by taking o,- resp. o-invariants and passing to the
torsion subgroup. From the definition of 71 (G) we deduce an exact sequence

Xo(T%) gy 28 Xo(T) 5y = T1(G) gy — 0. (2.1)

Ow

In particular,

ker (H' (0, T) = H'(0,G)) = im (By) (2.2)

tors

Remark 2.3. If G is adjoint and w Coxeter, then 3,, = 0 and (equivalently) X.(T)s,) =
71(G) (). For split groups this follows from | , Cor. 8.3]. The non-split case reduces to the
split one, using that the natural action of W on 71 (G) is trivial.

By | , 85] we may reinterpret Ag as a map of ind-schemes Rg: LG — 71(G), where we
regard m1(G) as discrete perfect scheme via §2.1.5. Passing to o-coinvariants gives a surjective
map

kg: LG — 7T1(G)<J>. (2.3)
Finally, let us note that for w € W we have the exact sequence
1= Ty(k) = LT ™5 LT =% X,(T) () — 1 (2.4)
where we write k, instead of kT,. Moreover, K, factors through the natural projection
R : X*(T) — X*(T)<0w>

2.4. Newton map and o-conjugacy classes. Let f € Perfr, be an algebraically closed field,
so that L = W(f)[1/w] is an extension of k. Then L/k is equipped with the Frobenius o lifting
that of §/F; and L = k. In | | the set

B(G) = H' (6%, G(L)) = G(L)/ Ad, G(L)
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of o-conjugacy classes of G(L) in considered, where z, y are o-conjugate if there is some g € G(L)
'20(g) = y. Denote the o-conjugacy class of b € G(L) by [b] (or [b]g if an ambiguity is
possible). The set B(G) is independent of the choice of f. To a o-conjugacy class [b] one can
attach the Newton point v, € (W\X.(T)g)'”). Moreover, the Kottwitz map rg(f) from (2.3)
factors through a map kg : B(G) - 7(G),). Then the map

(v,kG): B(G) = (W\X.(T)g)'" x m1(G),y) (2.5)

is injective. An element b € G(L) is called basic if v is central in G. We denote by B(G)pas
B(G) the subset of basic classes. There is a canonical injection H' (0, G) < B(G)pas. In [ ],
the isomorphism H' (0, G) = m1(G)(4) tors Was extended to the natural commutative diagram

with ¢~

H1(07 G) — 1 (G)<U>,tors ) (26)

[

B(G)bas T WI(G)(U)

where the lower map is the restriction of kg to B(G)pas.

We recall how to compute the Newton point v, of b € N(L), see e.g. | , Rem. 2.2(iii)].
Let @ € W be the image of b under N(L) — W. There is an integer d > 0, such that o¢
acts trivially on W and such that p = wo(d)...0% (@) € X,(T). Then v, is the image of
d~p in W\X.(T)g. In particular, v, only depends on @ and it makes sense to define vz = v,
Moreover, we call @ basic if vy is central.

Finally, we note that any o-conjugacy class has a representative in N(]vf), and that the induced

surjection N(k) — B(G) factors through W — B(G). In particular, the Kottwitz homomor-
phism induces a map kg: W — 71(G) (4.

3. RATIONAL AND STABLE CONJUGACY CLASSES OF UNRAMIFIED TORI

Recall that two maximal k-tori T1, To in G are stably conjugate if there exists g € G(k*#)
such that 9(T(k)) = Ta(k). If two maximal k-tori are rationally conjugate, they are also stably
conjugate. Thus any stable conjugacy class breaks up into a (finite) union of rational conjugacy
classes. We review from | , , | how this happens for unramified tori of pure inner
forms of G. Then we investigate the case of ertended pure inner forms of G. We wish to point
out that the description from [ ] in terms of the Bruhat-Tits building covers this case, but
we are interested in a slightly different description, which is closely related to the spaces Xﬂ,(b).

v

3.1. Stable conjugacy classes. For b € N(k) basic, the twisted Frobenius o, = Adbo o of
G(l::) induces one on W. By | , Lemma 4.3.1], there is a natural injection from the set
of stable conjugacy classes of unramified maximal k-tori in Gy into H'(oy,, W), which is even
a bijection when Gy is quasi-split (e.g., [b] = [1]). Identifying H'(oy, W) = H'(o, W) via the
natural twisting map x — xb on cocycles (using | , Prop. 1.35bis|), we get

{stable conjugacy classes of k-tori in Gy} < H' (o, W), (3.1)
mapping the class of T(C Gy) to the image of b in H' (o, W).

v

Definition 3.1. For b € N(k) basic and w € W, denote by T(Gy, w) the stable conjugacy class
of all unramified maximal k-tori in Gy, which corresponds to [w] € H! (o, W) under (3.1).
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The elements of T(Gy, w) are precisely the images of k-embeddings T, — Gy.

Remark 3.2. We recall the construction from the proof of | , Lemma 4.3.1]. Any unram-
ified maximal k-torus of Gy is of the form 9T for some g € Gb(];). Moreover, 9T is k-rational if
and only if o,(9T) = 9T, which is equivalent to g~ 'bo(g) € N(k). In that case, if w € W is the
image of g~ bo(g), then 9T € T(Gy, w). Replacing g by go for any lift v € N(k) of some v € W

has the effect of replacing w by v~'wao(v).

3.2. Rational conjugacy classes for pure inner forms. It is easy to see that the surjection
N(k) — W induces an isomorphism? H'(o,N(k)) = Hl(o W)

The following is a consequence of | , Prop. 6.1]%, see also | , §2] and | , §4.3].
Suppose that [b] € B(G)pas comes from a class ¢ € H'(0,G) (cf. (2.6)), i.e., Gy is a pure
inner form of . Then rational conjugacy classes of unramified maximal k-tori in G, are in
bijection with preimages of ¢ under the natural map H'(o, WN/) = Hl(a,N(/;)) — H'Y(0,G),
cf. | , Lemma 6.2] (and use twisting). There are maps

H' (o, W) & HY (o, W) 8 H' (0, G). (3.2)
By §3.1, given [w] € H'(o, W), represented by w € W, and ¢ € H'(o,G), represented by b €
N(k), the set T(Gyp,w)/ Ad Gy(k) of rational conjugacy classes in T(Gy, w) is in bijection with
7o (€) Ny ' ([w]). In particular, [w] is in the image of (3.1) if and only if 7, (&) Ngy ' ([w]) # @.

3.3. Rational conjugacy classes for extended pure inner forms. We wish to extend (3.2)
to all extended pure inner forms. We have X,(Z) C X,(T) C W. Define

ZMNo, W) = {ﬁ) EW:vg € X*(Z)},

where vy is as in §2.4. With other words, (a W) is prec1sely the set of all basic elements
in W in the sense of §2.4. Define an equivalence relation on Z 1(0, W) by x ~ y if and only if
Jg € W such that y = g~ 'zo(g). Put

H'(0,W) = Z'(0, W)/ ~
Note that we have H' (o, W) C H'(o, W) and ZY (o, W) C Z' (o, W) is precisely the set of those
W with vg = 0. Recalling from (2.6) that H'(o, G) C B(G)pas we have the following lemma.

Lemma 3.3. There is a natural surjection m: ﬁl(a, W) — B(G)pas extending the surjection
m0: HY(o,W) — H(0,G).

Proof. Suppose iy ~ Wy € Z (o, W), i.e., Wy = g 10(g). Then obviously kg (i) = kg (W) €
m1(G)(,) and an easy computation shows that v, = vg,. Thus some (any) lifts to G (k) of w1,
Wy are o-conjugate. This gives a map H' (o, W) — B(G), whose image is contained in B(G)pas
as each w € Z Yo, W) is basic. The surjectivity is clear. O

The projection W — W induces a map q: H' (o, W) — H'(s,W). Altogether, we have the
diagram

HY (o,W) & HY (0,W) 5 B(G)pas. (3.3)
3Indeed7 one can use | , Cor. 2 to Prop. 1.39; Cor. to Prop. 1.41] along with pro-version of Lang’s theorem
for the group 7 (Oy) = ker(N(lvv) — W) with varying rational structures given by o3, (b € N(k)).
4n fact, [ | works with Galg-cohomology and all maximal k-tori. To deduce our statements, one can run

literally the same arguments with (o) replacing Galy, and unramified k-tori replacing all k-tori.
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extending (3.2). DeBacker and Reeder’s parametrization from §3.2 admits the following com-
pletely analogous generalization to all extended pure inner forms.

Proposition 3.4. Given [w] € HY(o,W) and [b] € B(G)pas, we have a natural bijection
T(Gyp,w)/ AdGy(k) = 77 Y([b]) N g ([w]). In particular, [w] is in the image of (3.1) if and
only if w1 ([b]) N g~ ([w]) # @.

Proof. Any unramified maximal k-torus in Gy is of the form 9T with g~ 'bo(g) € N(k), see
Remark 3.2. Let w, € W be the image of g~ 'bo(g). Then Vg, = Vp, and hence w, € ZYo, W)
and 7([wy]) = [b]. Let 9T (i = 1, 2) be two such tori with corresponding elements w; € ZY(o, W)
Suppose that 9¢T are rationally conjugate in Gy, i.e., there is some h € Gy(k) with 91T = "92T.

v

Then g; 'hgs € N(k) and letting & € W be its image, we compute
T20(8) ™" = g7 thgagy 1o (g2)o (95 h T gr) = gy thbo (k™ )o(g1) = gy Tba(g) = @, (34)

i.e., w1 and Wy define the same class in f[l(o', W) Conversely, given [w] € #71([b]), we can lift
W to some w € N(k), which necessarily belongs to [b]. If i = g~ 'bo(g), one immediately checks
that @ — 9T induces an inverse to the above map. This shows that rational conjugacy classes of
unramified tori in Gy are in bijection with 7=1([b]), establishing the analogue of | , Lemma
6.2]. The rest of the proof (the analogue of | , Lemma 6.4]) is done analogously. O

3.4. A description of 771([b]) N ¢! ([w]). Fix w € W and [b] € B(G)pas. Put

F, 4 fber of N — W over w  and F 4 fber of W — W over w

We regard F, as a k-scheme and F,, as a discrete ?q—scheme (or, sometimes, as a discrete set).
Then F,, is a (trivial) T-torsor and F, is a (trivial) X,(T)-torsor. The action of T on F,
is given by ¢,% + tw and the action of X,(T) on F,, is induced by this. Recall the maps
Kuw: LT = Xi(T) 5,y and Ry : Xi(T) = Xi(T) (s, from §2.3.

Lemma 3.5. The natural surjection Fw(/;) — Iy, induces an isomorphism LF, /ker k, =
Fy/kerRy. This discrete set is a (trivial) X.(T) gy, -torsor.

Proof. As LF,, (resp. Fy) is a trivial LT-torsor (resp. X,.(T)-torsor), everything follows from
LT/ker ky = X.(T)/ ker iy = X, (T) O

(Uw>'

Observe that for @ € F, the values of vz and kg (@) remain constant if @ is multiplied by
an element in ker K,,. Indeed, for k., this is clear and for v this follows from the description in
§2.4. In particular, Fg|gz, induces a map

RV Fy/kerky = m1(G) () (3.5)
Moreover, from §2.4 we immediately deduce the following lemma.
Lemma 3.6. (2.5) factors through an injection (v, &%) : F,/ker fy — (W\X4(T)g) x71(G) (o)
Fix w € W and [b] € B(G)pas. Put
] N Fo % im ([b] N Fy(k) < Fyu(k) — Fw) .

Then [b]NF,, C [b]NZ (o, W), inducing a map [b] N Fy, — 7 ([b]) € H'(c, W). This obviously
factors through a map [b] N F, — 7 1([b]) N ¢ ! ([w]). By Lemma 3.6, [b] N F,, is stable under
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the action of ker &, and we have the (finite) quotient set [b] N F,/ ker iy, consisting of all
W € Fyy/ ker By, satisfying vy = v, and &% (0) = kg (b).

Proposition 3.7. (i) [b] N Fy/ ker Ry, is either empty or a ker(H' (0, T) = H'(0,G)) =
im(SBy )tors-torsor (cf. (2.2)). It is empty if and only if T(Gyp,w) = 2.
(ii) The centralizer Cy (wo) C W of wo € W x (o) acts on [b] N Fy,/ker &y, in a natural
way and there are canonical isomorphisms

([b] N F/ ker &) /Cw (wo) — a7 H[B]) N g ([w]) = (G, w)/ Ad Gy(k).

Proof. We have T(Gy,w) # @ < g € G(k) such that g~ 'bo(g) € Fy(k) < [0 NFy # 2,
where the first equivalence follows from Remark 3.2. To show the first claim of (i) we may
assume that there is an element w; € [b] N Fy, # &. Recall that F, is a X, (T)-torsor.

Lemma 3.8. For 7 € X.(T) we have T € [b] N Fy, < Fy(7) € ker(H (0, T) — H'(0, G)).

Proof. Ty € [bJNF,, if and only if Kg(7) = 0 (as kg is a group homomorphism) and v, = v, -
Now, Fg(7) = 0 means that the image %, (7) € Xi«(T)(,) maps to 0 € m1(G) (), which is
equivalent to Ry (7) € im(f,), with 5, as in (2.1). Now we use the algorithm to compute v
from §2.4. Note that the integer d can be chosen the same for @y, 7w;. Let then pg,, trw, be
as described in §2.4. Then vy, = vy, is equivalent to the existence of some v € W such that
the equality

d—1

> (wo)(r) = v(pa,) — pay

=0
holds in X,(T). But w; is basic, so ug, is central, i.e., the right hand side is zero. Thus
71 € [b] N Fy, if and only if &, (7) € im(B,) and Z?:_Ol(wa)i(T) =0. By | , Lemma 2.4.1],
the latter condition is equivalent to 7 € &y (Xu(T) 5y t0rs) = Ryt (H' (0w, T)). O

By Lemma 3.8, [b] N F,, (being non-empty) is a torsor under the preimage in X,(T) of
ker(H'(0,Ty) = H'(0,G)) € X.(T)(,,). This preimage contains ker &, and factoring it out,
we arrive at the claim. This finishes the proof of (i).

In (ii), it is clear that we have a map [b] N F,, — 7 1([b]) N ¢~ *([w]), and one checks that it
factors through [b] N F,,/ ker &,,. Moreover, surjectivity of this map amounts to the tautological
fact that any element in [w] C W is o-conjugate to w. Next, let us describe the natural action
of Cyy(wo) on [b] N Fy/keriy. Let w € [b] N Fy/ker &, with preimage @ € [b] N F,,. Let
v € Cw(wo) and let v € W be any preimage. Then the action of v sends w to the image of
o~ Yo (9) in [b] N F,/ ker Ky This is independent of the choice of 9, as if ¥ is another choice,
putting 7 = 9719’ € X,(T) gives the element o' ~lwo(?') = 7719~ 1o (9)o(7), which has the
same image in [b] N Fy,/ ker k,,. Similarly, one shows that it is independent of the choice of .
Now, @' € [b] N F,,/ ker &y, has the same image as w in 7~ ([b]) N ¢~ *([w]) if and only if there is
some & € W with 5 Lo (7) = @' for some lift @' € F, of @w'. By definition of the Cyy (wo)-action
this is equivalent to the fact that w, @’ lie in the same Cyy (wo)-orbit. Thus Cyy (wo)-orbits in
[b] N F/ ker Ky, coincide with the fibers of the surjection onto 7=1([b]) N ¢~ !([w]), and we are
done. O

Remark 3.9. Let us explicate the correspondence in Proposition 3.7(ii). If w € [b]NF,/ ker &y,

v 9]

represents a class on the left side, w € [b] N F, (k) is a (any) lift of w, and g € G(k) satisfies
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g 'bo(g) = 1, then the map Ad(g) o ¢t: Ty — Gy is k-rational, its image 9T C Gy lies in
T(Gyp, w), and the Gy(k)-conjugacy class of 9T is the image of w under the above map.

3.5. Case of Coxeter tori. We keep the setup of §3.3,3.4. Furthermore, throughout §3.5 we
assume that w = c € W is a Cozeter element. Recall B.: Xi(T%) 5y — Xu(T)(,,) from (2.1).

Proposition 3.10. Let [b] € B(G)pas and c € W Cozeter. Then the following hold.
(i) im(S.) is finite.
(ii) We have
[b] N Fe/ker ke = (%) (kg (b)).
This is a im(B3.)-torsor. In particular, [N F. # &.

Proof. (i): As ¢ Coxeter, X,(T%){7) = 0, hence X(T%) (4, is finite. Hence im(j.) is finite.
For (ii) we first record the following easy and well-known lemma.

Lemma 3.11. If ¢ is Coxeter, all elements in F. are basic.

Proof. Let ¢ € F.. If p is as in the algorithm to compute v, from §2.4, we see that u €
X*(T)gc> C X.(Z) the last inclusion being true as c is Coxeter. O

Now note that kgl : F. = m(G), is surjective. This holds as F. is a X, (T)-torsor,
kg is a group homomorphism and X.(T) — 71(G),) is surjective. Taking any preimage b’
of kg(b) in F., Lemma 3.11 shows that &' is basic. Moreover, we know that kg induces a
bijection B(G)pas = m1(G) sy It follows that b’ € [b], i.e., [b] N F. # @. Moreover, as this holds
for any ¥’ in the preimage, we even get the equality claimed in (ii). Now, (&¢)~!(kg(b)) is a
ker(X.(T 4,y — m(G)(s)) = im(B)-torsor. O
Remark 3.12. It follows from Proposition 3.10(ii) that for any [b] € B(G)pas and any Coxeter

v

element c, there exists a representative of [b] in F.(k). This is a converse to Lemma 3.11.

Proposition 3.13. Let c € W be Coxeter. Suppose one of the following holds:
(a) [b] =1, or
(b) G = [I;=; Gi, where for each i, G; = Resy, G} for a finite unramified extension k;/k
and an absolutely almost simple k;-group Gi.

Then the Cy (co)-action on [b] N F./ ker k. is trivial and there is a natural bijection
[b] N Fe/ ker ke = T(Gy, c)/ Ad Gy (k).

Proof. Choose some o-equivariant splitting ¢: W — W (which exists, as G is unramified) and
denote by W its image. Let ¢ € F.NW. Let 7 € X,(T), such that 7¢ € [b] N F.. Let
v € Cw(co) and let © = (v). The action of v sends the image of 7¢ in [b] N F./ker &, to
the image in [b] N F/ ker &, of the element v~ '7¢o(d). As ¢ is o-equivariant, v € Cy;,(¢o), so
0 réo () = 0 ro¢ = Ad(v) TH(7)é, i.e., we must show (replacing v by v™!) that (Adv—id)(7) =
Ad v(r) — 7 € ker Re.

In case (a) we have [1] N F, = X.(T5¢) - ¢. Thus, as ker &5¢ C ker K., it suffices to show that
(Adv — id)(X.(T5%)) C ker 5. With other words, we are reduced to the case that G is simply
connected, which is covered by (b).

In case (b), one is immediately reduced to the case of G = Resys/, G' with k'/k a finite subex-

tension of k/k and G’ an absolutely almost simple k'-group. Let d = [k': k]. Write X,(T) =
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@5:1 X.(T) and W = H?Zl W', with o-action given by (v1,...,vq) — (¢’ (vq),v1,...,v4-1) on
both objects, where ¢’ is the k/k’-Frobenius for G'. If ¢,¢c; € W are o-conjugate, the statement
claimed in the proposition holds for ¢ if and only if it holds for ¢;. Thus we may assume that

c=(d,1,...,1) where ¢ € W' is a Coxeter element in W’. Suppose we know the claim for
G',d, ie., for any v' € Cy(d0’), (Adv' —id)(X.(T')) C (o), —id)(X.(T')). We have

ker ke = (00 — id)(X.(T)) = {0l (aq) — 1,01 — g, ... ;001 — ag: a; € Xo(T') for 1 <i < d}

d—1
= { (Ué/(ar) — g — Zﬁiaﬁlv e ,ﬁd—1> D Biyag € Xo(T') for 1 <i < d— 1}
i=1
Inclusion W/ — W into first factor induces an isomorphism Cy(co’) = Cy(co), v/
(v, ...,v") =v. For (¢;)%_, € X.(T), we have (Adv—id)((e;);) = ((Adv' —id)(e;)),. This lies
in ker &, as, setting 3; := (Adv' —id)(e;41) for 1 <i < d— 1, it suffices to find an ag € X, (T)
such that o/, (ag) — g = Ad v’(zgizl ei) — Z?Zl ei, which works by assumption for G'.

It remains to check the claim for an absolutely almost simple group G over k. Let d > 0 be
the smallest positive integer, such that o acts trivially on the Dynkin diagram of G. By [ ,
Thm. 7.6(v)], Cw (co) is the cyclic subgroup of W generated by ¢?' = co(c)...0% (c). Thus,
it suffices to check that (Ad ¢! —id)(X.(T)) C ker k. = im(o. —id: X.(T) — X.(T)). Observe
that o.(kerk.) = ker k. (as o, is an automorphism and for any v € X,.(T), o.(o.(v) —v) =
0c(0c(v)) — o.(v) € kerR.). Now o¢ acts trivially on X,(T), so it suffices to check that for
all 7 € X.(T), ¢Plod(r) — 7 € ker i, or equivalently, 0%(v) — v € ker .. We now prove that
oi(v) — v € kerk, for all i > 0. For i = 1, this holds as ker . = im(o. — 1). For i > 1, we
have oi(v) — v = oi(v) — ol (v) + 0l (v) — v = ol (0c(v) — v) + 0l (v) — v. Now we have
oi71(v) — v € ker k. by induction on i, and 0% (0.(v) —v) € o (ker &) = ker F. O

Proposition 3.13 becomes false without any assumptions on G, b, as the next example shows.

Example 3.14. Suppose chark # 2. Let G’ = SLy x SLy and G = G'/ug, embedded
diagonally. Let T C G’ be the product of diagonal tori in SLs and T its image in G.
Let &1 = ((1,-1),(0,0)), e2 = ((0,0),(1,—1)) be a Z-basis of X.(T’). We may identify
X,(T) = {1=afe2e2 ¢ X,(T)g: a1,a2 € Z,a1 = az mod 2}. Let s be the image of (% )
in the Weyl group of the diagonal torus in SLy, so that ¢ = (s, s) represents a Coxeter element
in W. Let éo = ((%8).(%3)) € F.(k) be a hyperspecial lift, and let & be its image in F..
We have Cyy(c) = W = Z/2Z x Z/2Z. Note that 1 = (w2, —w 2), (w?,—w 2) € G(k) by
Galois descent. The action of Frobenius ¢ on all objects below is trivial, so we ignore it. We
have m(G) = X.(T)/X.(T') & Z/2Z, the non-trivial element being the class of =152, It is
represented by the basic element by = ¢om1. We have kerk. = Z 21+ 7Z - (g2 —e1) C X (T).

Case b=1. We have [1] N F, = X,(T') - ¢9. As X.(T')/kerk. = {0,&1} = Z/27Z, we have
[1]NF./ker ke = (X«(T")/ ker &.) -y = {0,&1} - ¢. Now it is immediate to check that the action
of Cy (c) from Proposition 3.7 on this set is trivial. For example Ad(s,1) send ¢; € X.(T’) to
(—1)%; (i € 1,2), so Ad(s,1)(g;) — &; € ker k.. This is in agreement with Proposition 3.13 and
also with the Bruhat-Tits picture: G?d =2 PGLy x PGLs, so an alcove of Bg . is a square,
whose vertices are hyperspecial of type («, §) with a, 8 € Z/27 being the parity of the valuation

of determinant of the lattice representing a vertex of Bpgr,. The action of 71 € G(k) identifies
the vertices (0,0) <+ (1,1) and (0, 1) <> (1,0), so that there are two G(k)-orbits in hyperspecial
vertices of a base alcove, and hence (by | ]), two rational conjugacy classes of Coxeter tori.
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Case b=1"b1. We have [b] N Fe = (Xu(T)N Xi(T)) - c9. As (Xu(T) N Xu(T))/ ker ke =
{efe2 24392y we have [by] ﬂfc/lierkc = {ffe2 ad39y . ¢y The action of (s,1) € Cw(c)
identifies the two elements in [b)] N F./ ker R, as ©532 — Ad(s, 1)(81552) = eddes  —eites -

€1 + eo € kerk, i.e., the Cyy(c)-action is non-trivial. This agrees with Bruhat—Tits theory, as

the adjoint building of Gy, over k is a point (=the barycenter of an alcove of Bg ), so that
there is just one Gy, (k)-conjugacy class of Coxeter tori.

4. THE MAPS Xg(b) — X, (D)

Here we review and extend some results from | , §11]. By | , Lemma 11.5] the
space X,;(b) depends — up to an Gy(k) x Ty (k)-equivariant isomorphism — only on the image
of w in the discrete set LF,/ker k,, and not on w. As the concrete choice of w never plays
an important role, we make the following simplifying definition. Recall from Lemma 3.5 that
LE,/ker ky = Fy/ ker &y,

Definition 4.1. For b € G(k) and w € F,,/ ker &y, we denote by Xq(b) the space Xy (b) for an

v

arbitrary lift w € F, (k) of w.

Proposition 4.2 ( | ], Prop. 11.4 and 11.9). Let w € W and b € G(k). There is a canonical
map of arc-sheaves
bt Xw(b) = Fu/ ker iy,

defining a clopen decomposition Xu(b) = [lzeF, /kerr, Xw(b)a, where Xy (b)a o oz;lb({ﬂ)}).

For i € Fy/ ker o, Xo(b) = Xo(b)a is a pro-étale Ty, (k)-torsor. In particular, Xqo(b) # @ if
and only if W € im(oy,p).

Proof. Combine | , Prop. 11.4 and 11.9] with Lemma 3.5. O

We have the following emptyness criterion for Xw(b), i.e., a constraint on the image of ay,p.
Recall the map £: Fy/ ker Ry — m1(G) oy from (3.5).

Proposition 4.3. Let b € G(k), w € Fy/keriy. If Xg(b) # @, then kg(b) = £¥(w). In
particular, au,p factors through a map cu,p: Xo(b) — (FY) (kg (D).

Proof. Let @ € F,(k) be a lift of w. As X;(b) # @, there is some algebraically closed field
f € Perfg , such that X4(b)(f) # @. Let g € Xy (b)(f), and let g € G(L) be a lift of g. Then
g 1bo(g) € U(L)wU(L). We clearly have kg (g~ bo(g)) = kg (b). Furthermore, kg is functorial
in G, G* — G induces an isomorphism when restricted to the preimage of U, and 7 (G*¢) = 1.
Put together, these facts imply that kg(U) = 1. Thus kg (U(L)wU(L)) = kg(w), and the
claim follows. The last claim follows from the first and Proposition 4.2. O

Recall the map By Xu(T) 5,y = Xi(T)(,) from (2.1). We have the following diagram
with compatible simply transitive actions:

(7) " (5 (5) > Fu/ ker oy b m1(G) o) (4.1)
o o o

im(By) ———— Xu(T)(5,) — T1(G) (o)

Ow)

where the actions are induced by left multiplication action of X, (T) on F,,.
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Corollary 4.4. If B, = 0, then oy factors through a point, i.e., there at most one w €
Fu/ker Ry such that Xg(b) # @. In this case, Xo(b) # @ < Xg(b) # @ and Xg5(b) — Xu(b)

is a pro-étale Ty, (k)-torsor.

Corollary 4.5. If G is of adjoint type and w is Coxeter, the conclusions of Corollary 4.4 hold.
Moreover, in this case the map Xg(b) — Xy (b) is quasi-compact.

Proof. The first claim follows from Corollary 4.4 and Remark 2.3. The last claim follows as
Xu(b) = Xy(b) is a torsor under the profinite group T, (k). O

In the case that b is basic and w = ¢ is Coxeter, the situation simplifies as follows.

Corollary 4.6. Suppose b is basic and c is Cozeter. For any ¢ € F./ker k. such that Xz(b) # @,
there exists by € [b] N F.(k) lying over ¢ and there is a Gy(k) x To(k)-equivariant isomorphism
X4 (b) = Xe(by).

Proof. By Proposition 4.3, Xg(b) # @ forces ¢ € (i) (Rg(b)) = [b] N F./ker &, where the
equality holds by Proposition 3.10. This implies the existence of ;. For any g € G(l::) such
that ¢g~'bo(g) = by,  — gz induces an equivariant isomorphism Xz(b) = Xz(b1) by | ,

Rem. 8.7]. O
Let us also record the following consequence.

Corollary 4.7. Suppose b is basic and c is Coxeter. Then a.y factors through a surjection
aep: Xe(b) = [b] N Fe/ ker Re.

There is a canonical surjection from the set of different non-empty pieces X.(b)z C X.(b) to the
set T(Gy, )/ Ad Gy(k) of rational conjugacy classes of unramified Cozeter tori in Gy.

In particular, if G,b satisfy the assumptions of Proposition 3.13, then this surjection is a
1-to-1 correspondence.

Proof. The surjectivity of the map o,y in the corollary follows (for example) from Theorem 1.1.
The rest immediately follows from Propositions 3.7, 3.10 and 3.13 [l

We finish this section with the following remark on the non-basic case.

Remark 4.8. If [b] is non-basic and ¢ Coxeter, then [b] N F./ker . = @ by Lemma 3.11. Hence
—although we still have im(f8;)tors = 1m(B.) just as in Proposition 3.10- we cannot conclude
that [b] N F./ker k. = (k)" (kg(b)). In particular, our arguments do not imply that X.(b)
(equivalently, all of its covering spaces Xz(b) with ¢ € F./ker &) is empty. In agreement with
this, X.(b) indeed can be non-empty | , Thm. 13.2].

5. VARIANT OF STEINBERG’S CROSS SECTION

By the Dynkin diagram Dyn(G) of the unramified group G we mean the Dynkin diagram
of the split group Gy endowed with the action induced by Frobenius o. There is a unique
decomposition into o-stable subdiagrams Dyn(G) = [[,I';, such that o cyclically permutes
mo(I';) for each i. For each i, let I'; o be a connected component of I';, so that I'; = H?izl oLy ).
Then (I'; 0, 0%) is a connected Dynkin diagram of a group over kq;, an unramified extension of
k of degree d;.



ON A DECOMPOSITION OF p-ADIC COXETER ORBITS 17

Definition 5.1. We say that the unramified group G is of classical type, if each connected
component (I';p,0%) as above of Dyn(G) is of one of the following types: A,_1 (n > 2), B,
(m >2), Cp, (m>2), Dy, (m>4),24,_1 (n>3) or 2D,, (m > 4).

Although Theorem 1.1 and its corollaries essentially hold for all Coxeter elements (cf. the
discussion preceeding Theorem 1.1), it will be convenient to work with particular ones. Therefore
we introduce the following auxiliary notion.

Definition 5.2. Let G be of classical type. Let ¢ € W be a Coxeter element. We call ¢ special
in the following cases:
e If G is absolutely almost simple, ¢ is special if it is of the form® as in (7.5) (resp. (7.7),
(7.9), (7.13), (7.18), (7.26)) if G is of type A,,_1 (vesp. Cp, Bm, Din, 2An_1, 2Dpn)
e If G = Resyy;, G’ for a finite unramified extension &’/k and an absolutely almost simple
k'-group G’: we may identify the Weyl group W of G with Hgkzllk] W', where W' is the
Weyl group of G’ and o acts cyclically. Then c is special if it is of the form (¢, 1,...,1),
where ¢ is a special Coxeter element of W'
e If G is isogeneous to a product [["; G; of almost simple k-groups G;: we may identify
W = [[%, Wi, where W; is the Weyl group of G;. Then ¢ = (¢;)[, is special if all ¢;
are special.

5.1. Loop version of Steinberg’s cross section. For classical groups and special Coxeter
elements we now prove the existence of certain Steinberg cross secions in our setup. This is
a Frobenius-twisted loop version of | , Prop. 8.9] and | , Thm. 3.6], which will be an
important ingredient in the proof of Theorem 1.1.

Let ¢ € W be a Coxeter element. If b € G(k) is any lift of ¢, then bo has a unique fixed
point x = x3 on AT,E’ Let Gx denote the corresponding parahoric Op-model of G. We have the
twisted Frobenius o, = Ad(b) oo on LG, L1TGx. Let (“UNU)y be the closure of “UNU in Gy.

Similarly, we have the closures (‘UN U™ )x and (‘U)x of ‘'UNU~ and U in Gx.
Proposition 5.3. Let G be of classical type and ¢ € W a special Coxeter element. Then

a: LEUNU) x LEUNUT) = L(CU),  (z,y) — 2 ‘yoy(x)
is an isomorphism. The injectivity of cp holds for arbitrary element ¢ € W, which is of minimal

length in an elliptic o-conjugacy class (cf. [ ).
Furthermore, oy restricts to an isomorphism

apx: LT (CUNU)y x LTH(EUNU )y — LT (V).

Remark 5.4. It looks very plausible that Proposition 5.3 holds for arbitrary Coxeter element c.
It should be possible to prove this by adapting | , 3.5, 3.6 and 3.14] to the present setting.

Proof of Proposition 5.3. We work with pro-étale topology on Perqu, and regard «p as a map
of pro-étale sheaves. Injectivity of o may be derived from [ ]. First, change the variable by
setting y = o3(y1). It remains to show that L(UN°U) x L(UN° © DU™) = L(°U), z,y1
r 7 op(y12) is injective. Compose this map with the isomorphism (-)~! oo ~! o Ad(b): L(‘U) —
LU. It remains to show that this composition, given by x,y; — x_lyfla_l(b_la:b), is injective.

5The explicit shape of these elements only gets important when everything boils down to explicit calculations in §7.
For the sake of better readability we postpone the explicit description, until the relevant notation is introduced.
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Finally, change the variables by putting x = x5 Vand 4y = Yy 1 and set b = o~ 1(b)~! with
image ¢ in W. We are reduced to showing that L(UN @ "U) x L(UNU™) — LU, za,ys —
Zoyabo ! (29) 161 is injective. This follows from | , 3.14(b)] applied to A = W(R)[1/w]
(for any R € Perqu) and y = (ﬁ}_%l.

We now show the surjectivity of ap. We may assume that G is of adjoint type. Then
G =[]._; G; with G; almost simple k-group, and we are immediately reduced to the case that
G is almost simple over k.

Lemma 5.5. Let kqg/k be an unramified extension of degree d > 1, and suppose that G =
Resy,, /G’ for a kg-group G'. If the surjectivity claim for oy of Proposition 5.3 holds for G/,
then it holds for G.

Proof. Identify Gj = ngl G;} and similarly for the Weyl groups W, W’ and unipotent radicals
U, U’ of Borels of G, G/, so that the Frobenius o permutes cyclically the components. As ¢
is special, ¢ = (¢/,1,...,1) for a special Coxeter element ¢ € W’'. We then have ‘U NU =
U'NU)xU x---xU and ‘UNU" = (U NU") x1x---x 1. The lift b of ¢ is then

given as (V/,7a,...,74) for a lift ¥’ of ¢ to G'(k) and some 7; € T’(k). Then the map «y from
Proposition 5.3 is given by

(ei)iey = (27 yr Ad(Y)(0' (2a)), 23 ' Ad(72) (1), - 27 Ad (1) (2a-1))-

From this, surjectivity of a; for G immediately reduces to surjectivity of oy for G’. O

Lemma 5.6. Ifd,: L(UNS U)xL(UN® 'U~) — LU denotes the map ay(z,y) = z~Lyo(bzb~1),
then Ad(b~")(aw(z, y)) = @ (Ad(d~")(2), Ad(d~1)(y)).

Proof. Immediate computation. ([l

As G splits over I?:, Lemma 5.5 reduces us to the case that G is absolutely almost simple over
k. It suffices to show that the map a; from Lemma 5.6 is surjective. Write A = L(U N C_IU),
B=L(UN® 'U"), C = LU. For € {A,B,C}, write ®, = {a € ®: LU, C *}. We call a
subset W C & closed under addition, if for any «, 8 € ¥ with o + 5 € & we have a + 5 € V.

Lemma 5.7. There exists a positive integer r and subsets
Po=V12U32--- 2DV, =p,

satisfying the following conditions:
(1) For all1 <i<r, ¥, and ¥;\ VU, are closed under addition.
(2) For all1 <i <r and all o, B € V; the implication a + f € & = a+ € V,;11 holds.
(8) For alll1 <i<r, o(c(V; \V,)) CV¥,.

Proof. We give the desired partitions in §7.1.4 (type A,_1), §7.2.4 (types B, Cpn,), §7.4.9 (type
Dy,),87.5.7 (type 2A4,_1), §7.6.4 (type 2D,,) after the relevant notation is introduced. In each
case it is straightforward to check that the conditions of the lemma hold for the given partition
and we omit this checking. O

Lemma 5.8. Let I be a finite set, not containing 0. Let X\: I — I U {0} be a map, such that
A~1(i) has at most one element if i € I. For any i € I NXI), let &; € k*. Consider the
map 6: [[;c; LGa — [l;cr LGa, given by 6((ai)icr) = (bi)icr, where by = 0 if A1) = @ and
bi = eip(ar-1(;)) otherwise. Then the map x +— x — §(z) is surjective for the pro-étale topology.



ON A DECOMPOSITION OF p-ADIC COXETER ORBITS 19

Proof. There are some integers s > r > 0 and a disjoint decomposition I = [[_; LU, L
such that for 1 < i < r, A restricts to a map I; — I; which is a full cycle of length #1I; (first
type), and for r +1 < 4 < s, A restricts to a map I; — I;U{0}, which is, after choosing an
isomorphism I; = {1,...,m}, given by A(j) = j — 1 for all j € I; (second type). It suffices to
show that the restriction of § to Hje 1, LGq is surjective. Thus we may assume that I is one
of the I;’s. If I = {1,...,m} is of second type, one has the filtration G® of G = [[;"; LG, by
closed sub-(ind-group schemes) G; = ngl LG,, stable by 0, such that = +— = — §(x) induces
the identity on associated graded object gr G®. From this, the result easily follows. If I is of
the first type, we may assume I = Z/mZ, and A\(i) = i + 1. Replacing ¢ by ¢, one is then
immediately reduced to the case that m =1 and §: LG, — LGy, 0(z) = e(x) for some € € k*.
Then Lemma 5.9 finishes the proof. ([l

Lemma 5.9. Let ¢ € k. Then the map id —e¢: LGy — LGq, © — x — ep(x) is surjective for
the pro-étale topology.

Proof. If € ¢ Og, then id —£¢ is an isomorphism. Indeed, if ord(g) > 0, >5°,(e4)" is a mean-
ingful endomorphism of LG, (as W(R) is w-adically complete for each R € Perf), and the inverse
of id —e¢. If ord,(e) < 0, a similar argument goes through using id —e¢ = —ed(id —(e4)~1).
Now assume ¢ € O;;X' We have LG, = ligrlm_)_oo w™ L TG, and it suffices to show that id —e¢ is
surjective on LTG, = fm L}G,. Here it follows from a pro-version of Lang’s theorem. [J

We now proof the surjectivity of a;. For a subset ¥ C ®* closed under addition, let Uy
denote the unique closed subgroup of U, whose k-points are generated by {Ua(lé)}aeq,. As a
l;:-scheme, Uy is isomorphic to [[ ey Ua. Write Uy = LUy. Let {¥;};_; be a filtration as in
Lemma 5.7. For 1 < i < r, we have the closed sub-(ind-group schemes) C; := Uy, of LU, with
C, = C, C, = B. Moreover, condition (2) from Lemma 5.7 guarantees that Cj;1 C C; is a
closed normal subgroup, with abelian quotient. As H'(k,H) = 0 for a split unipotent k-group
H, we have C;/Ciy1 = [[sew, < w;,, LUa- Moreover, by condition (1), for 1 <i <r—1, C; has
the closed subgroup A; = Uy, . v,, and condition (2) implies that A;; is normal in A;, and that
the inclusion A; < C; induces an isomorphism 7;: A;/A;11 — C;/C;y1. Moreover, by condition
(3), the map 0o Ad(b): A; — C; induces a map 6;: A;/A;11 — C;/Cit1. The composition fyl-_léi
is an endomorphism of A;/A;11 = Hae\l’i\\lji+1 LU, which is of the form as in Lemma 5.8.
From Lemma 5.8 it follows that a ~ a - (v; '6;)(a)™" is a surjective endomorphism of A;/A; 1.

Let R € Perfy . Let z; € Ci(R). Let z; be its image in (C;/Ci+1)(R). By the above, after
replacing R by a pro-étale cover, we may find some a; € A;(R) with image a; € (A;/Ai+1)(R),
such that a@; - (v; 10;)(a; ') = v; *(#;). Applying v; we deduce the equation ~y;(a;)~'7;0;(a;) = 1
in (C;/Ciy1)(R). The left hand side is precisely the image of ay(a;, ;) € Ci(R) in (C;/Cit1)(R).
With other words, for each z; € C;(R), we may find (after possibly enlaring R) some a; € A;, such
that ap(a;, ;) € Ciy1. Starting with an arbitrary x = x1 € C(R), and applying this procedure
consequently for ¢ = 1,2,...,7 — 1, we deduce that after possibly enlarging R, there are some
ai,...,ar—1 € A(R), such that for a = a,_1a,—2...a; we have ay(a,z) € C,(R) = B(R). (Here
we use that ay(b, ap(a,x)) = ap(ab, x). This finishes the proof that «y is an isomorphism.

Next we turn to apx. Note that it is well-defined, as for € LT (‘U N U)y, op(z) € L(U) N
L*Gx = L*(°Uy), the intersection taken in LG. Being the restriction of «y, it is injective, as
oy is, and it remains to prove its surjectivity. Applying Ad(b~1), which conjugates Gx to Gy,
where y = b~!(x) (and the analogue of Lemma 5.6) it suffices to show that (with the obvious
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notation) the map @ x: LT(UN U)y x LT(U ne! U~)y = LTUy, ap(z,y) = 2 tyo(bab™1)
is surjective. By the same reasoning as in Lemma 5.5 (and the paragraph preceding it) we are
reduced to the case that G is absolutely almost simple over k. For ¥ C &%, let Uy, denote the
closure of Uy in Gy. We have Uy y =[], .y Ua,y. Replacing C;, B, A; above by Cj = LUy, y,
BT = LT(UN¢'U"), Af = LTUy, vy, and using the integral version of Lemma 5.8 (with
essentially the same proof), we can run the above inductive argument for the quotients A;r /A;Zrl,
deducing the surjectivity of a . O

5.2. A variant of a Deligne—Lusztig space. Throughout this section we work with the arc-
topology on Perqu. Steinberg’s cross section allows to give a different presentation of Deligne—

Lusztig spaces X.(b), Xz(b). We have the following general definition.

Definition 5.10. Let w e W, w € Fw(/;:) and b € G(l::) Define wa and Xw’b by the following
cartesian diagrams:

Xypp —— L("UNU7) - wb~? Xpp —— L("UNU7) - LT
[ and [ [
—1ls —1g
g 9799 e g 20 e

and let X, def X’w,b/LT.

Remark 5.11. The map g — g 'oy(g9): LG — LG factors through rg' (kg (b)) € LG. Thus
X.p — ((UNU7) - LT factors through ((UNU™) - kG| r (kG (). Thus, in the upper right
entry of the right diagram of Definition 5.10, we could have written (‘UNU™) - k| 1(kc (D)),
without changing the definition.

The group Gy (k) x Ty (k) acts on Xy, p by g,t: @+ gt and Gy(k) acts on X, by g: @+ ga.
We only use these spaces in the case that w = ¢ is a (special) Coxeter element.

v v

Proposition 5.12. Let b € G(k). Let ¢ € W be a Cozeter element and ¢ € Fe(k). Whenever
the conclusion of Proposition 5.3 holds (e.g., G classical, ¢ special Cozeter), the following hold.

(i) There is a Gy(k) x Te(k)-equivariant isomorphism Xu(b) = Xep.

v

(i1) If b € F.(k), then there is a Gy(k)-equivariant isomorphism X.(b) = X .
Proof. (i): Consider the sheafification X’ of the functor on Perfg ,
X1: R {g € LG(R): g 'op(g) € L(‘U)(R)¢b™ ! = ¢LU(R)b™} /L(U N “U)(R).

By | , Prop. 12.1] X;(b) and X’ are equivariantly isomorphic. It remains to show that
X' = X;p equivariantly. Note that X, is the sheafification of

Xo: R {g€ LG(R): g 'op(g) € LCUNUT)(R) -¢b~ '} .

There is an obvious equivariant map Xs — X7, of which we claim that it is an isomorphism.
This follows, once we check that

LEUNU)x LEUNUT)-éb ! = ¢LUb L = L(CU) - b L, 4 = 27 op(2)
is an isomorphism. Replacing 3’ = yéb~!, with y ranging in L(“UNU™), this map gets (z,y)

(x_lyc'o(x)c'_l) -¢b~1, which is an isomorphism by Proposition 5.3. The proof of (ii) is completely
analogous. 0
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Proposition 5.13. Suppose G is of adjoint type. Let ¢ € W be as in Proposition 5.12 and

b e F.(k). Forany ¢ € F.(k) satisfying kg (b) = kg (¢) there are Gy (k)-equivariant isomorphisms
Xe(b) = Xep =2 Xep/Te(E).

Proof. By Proposition 5.12, it suffices to show that Xc-’b/Tc(k:) >~ X.p. Writing 7 := ¢ b €
(LT N rg' (kg ()))(F,), these sheaves are the sheafifications of the quotient presheaves

Yi: R— {g€ LG(R): g lop(g9) € L(U NU)(R) - 7}/T.(k)(R) and
Yay: R {g € LG(R): g loy(g9) € L(U™ N°U)(R) - LT(R)}/LT(R),

respectively. We have an obvious map Y7 — Y5, and we claim its sheafification is an isomorphism.
First, the map between presheaves itself is injective (which already implies that its sheafification
is injective, as quotient presheaves are separated). Indeed, let g, h € Y1(R). Then oy,(g) = gug,
op(h) = huyt for some ug, up, € L(U~N°U)(R). Suppose their images in Y2(R) agree, i.e., there
is some t € LT(R), such that gt = h. Then o4(g)oy(t) = op(h) and hence gugTop(t) = hupt,
i.e.,

oc(t) = op(t) = T_lug_ltuhT

v

(first equation holds as b € F,(k)). Thus, o.(t) = tu for some u € L(U~ N“U)(R), which implies
u =1, and hence t € (LT)%(R) = T.(k)(R).

Secondly, let g € LG(R) satisfy o3(g) = guy7’ for some u € (‘UNU™)(R) and 7/ € LT(R).
By Remark 5.11, kg (7') = kg(b). Changing g to gt for some t € LT(R) has no effect on the
image of ¢ in Y3(R), but amounts to replacing 7’ to 7/t 'o(t). Thus, to show that Y1 — Y3 is
surjective when passing to sheafification, it remains to check that the o .-twisted action morphism

LT x (LT N kg (ka () — LT N kg (ka (b)),  t,7 =t 7 au(t)

is surjective for the arc-topology. In fact it is even surjective for the pro-etale topology. Indeed,
the space LT N rg' (kg (b)) is fibered over (Falx, (1)) (ka(b)), all fibers being isomorphic to
L*T. Using pro-Lang for the o.-stable connected subscheme L™7 C LT, we are reduced to show
x.(m) (ke (b)) = (Felx.(m) " (Fa(D))
given p,x = X + oc(p) — p is surjective, i.e., that the fibers of Fg|x,(r) are torsors under
im(o. — id: X4(T) — X.(T)) = kerk.. This holds by Remark 2.3 as G is adjoint and ¢
Coxeter. O

that the map of discrete abelian groups X,.(T) X (kg

6. DECOMPOSITION INTO INTEGRAL p-ADIC SPACES

In this section we begin with the proof of Theorem 1.1. Before that, we show that this theorem

is indeed sufficiently general to describe all spaces X.(b), Xz(b) for an unramified classical group
G, ¢ Coxeter and b basic.

Proposition 6.1. Let b € G(k) basic, c € W Couzeter, and ¢ € F./ker &.. Suppose Xz(b) # @.
Then there exist

e a special Coxeter element ¢y € W (cf. Definition 5.2),
o alifte; € Fe,/ker ke, and

e an element by € [b] N F.(k), which lies over ¢,

such that X.(b) = X,, (b1) and Xz(b) = Xg, (b1), Gy(k)- resp. Gy(k) x T.(k)-equivariantly.
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Proof. By | , Cor. 8.18] there exists a special Coxeter element ¢, such that X.(b) = X, (b)
equivariantly. Moreover, we may find some ¢; over ¢; such that Xz(b) is equivariantly isomorphic
to Xz, (b), cf. | , Lm. 8.16]. By Corollary 4.6 we may pick b; € [b]N Fy, (k) lying over ¢;. O

The rest of the article is devoted to the proof of Theorem 1.1. Thus we start with

e a special Coxeter element ¢ € W and ¢ € F,./ ker &,

9

e a basic element b, which lies in F,.(k) and lifts ¢.

In §6.1 we reduce (1.3) to the case that G is absolutely almost simple and adjoint. In §6.2
we then prove (1.3) by a v-descent argument, assuming the technical Proposition 6.3 (which
essentially is (1.4) for absolutely almost simple adjoint groups, cf. Corollary 6.4). Then it
remains to deduce (1.4) from (1.3). This is done in §6.3. Finally, in §7 we prove the remaining
Proposition 6.3, which is the most technical part of the proof.

6.1. Reduction of (1.3) to the adjoint absolutely almost simple case. First, note that
both sides of the equality claimed in the theorem only depend on G2¢ (for the left hand side, use
that G/B = G*/B*!). Hence we may assume that G is of adjoint type. Then G decomposes
as a direct product of almost simple k-groups, and both sides of the claimed isomorphism (1.3)
do so accordingly. Thus we are reduced to the case that G is of adjoint type and almost simple.

If G is adjoint and almost simple, then G = Resy G’ for some finite unramified extension
k'/k and some absolutely almost simple k’-group G’. As B(G) = B(G') | , 1.10] (which
allows to change b appropriately inside its o-conjugacy class), Lemma 6.2 reduces us to the case
that G is adjoint absolutely almost simple.

We state and prove Lemma 6.2 in bigger generality than just for adjoint absolutely almost
simple groups and Coxeter elements. Let us fix notation first. Let k'/k be a finite unramified
extension of degree d, let H' be an unramified reductive group over k', with maximal quasi-split
torus T'. Let H = Resy/, H'. Let W' and W = H?Zl W' be the Weyl groups of (H', T”) and
(H,Resy 1, T). Identifying the buildings of H over k and of H' over k', any point x € Ar
defines a parahoric model 75 of H' and we have Hx = Reso,, /0, Hx | , Prop. 4.7]. Note that
for definition (1.1) to work, we only need that the affine transformation bo fixes x (assumptions
on ¢ to be Coxeter and on b to be basic are redundant), so part (ii) of the following lemma
makes sense.

Lemma 6.2. Let w' € W,V € H'(k), and w = (w',1,...,1) e W, b= (V/,1,...,1) € H(k).
We then have natural isomorphisms
(i) X5 (0) = X7 (1),
(ii) if ¥ € Fu(k) such that Yo' fies x, then XI%, = X9, and X%, = X% ,, where w
(resp. w') is the image of b (resp. b') in Fy/ker Ry (Tesp. Fy/ker Ry ),
compatible with the natural identifications H(k) = H'(K') and H(Oy) = H'(Or).

Proof. (i): Let B be a k’-rational Borel subgroup of H' which contains T’, and let B = Resy, /;, B’
be the corresponding Borel of H. As lvc—groups, we have H = Hle H’, with Frobenius permuting
the components cyclically. As L(-) commutes with products, we have L(H/B) = H;‘i:1 L(H'/B’).
Let g = (91,...,94) € L(G/B). Then g € X,,(b) if and only if the relative position of (g1, ..., gq)
and (6/(94), 91, ---,94-1) is (W', 1,...,1), where ¢’ is the geometric Frobenius on L(G’/B’). This
hold if and only if g1y = g0 = --- = g4 and g1 € X E,/(b). Thus g — ¢ defines the claimed
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isomorphism. (ii): Just as above we have Hy = H;i:l H’.. The same holds after applying L*(-).
Moreover, “UNU~ = (YU’ NU'",1,...,1). Thus, g = (g1,...,94) € LTHx lies in lef’g if and
only if

g ou(g) = (97 'AdV) (0 (9a)), 95 "1, - 97 9a1) € (LT (VU NU),1,...,1),

which is the case if and only if g; € X Zf ;I; and the g; (i = 2,...,d) are determined by appropriate
formulas in terms of g;. Thus g — ¢ defines the required isomorphism. The last isomorphism
follows from the first. g

Altogether, in the proof of (1.3) we may assume G to be absolutely almost simple and adjoint.

6.2. Disjoint decomposition. Here we reduce (1.3) to Proposition 6.3. Using Proposition 5.12
we may replace the left hand side in (1.3) resp. (1.4) by X, resp. Xy (as b lies over ¢). Consider
the following (auxiliary) subsheaf of Xj,j:

Xb7b7(f) —_— L+(CU N U_)x

g—g tow(g) [

LG —— LG

We then have the following result, whose proof occupies §7.
Proposition 6.3. Suppose G is absolutely almost simple and adjoint. We have Xb,b = Xb,b,@.

Corollary 6.4. Suppose G is absolutely almost simple and adjoint. We have a Gy(k) x T.(k)-
equivariant isomorphism
Xpp = H ’YXag, b

YE€Gy(K)/Gx,b(Ok)
where ng is as in (1.1).

Proof. Consider the composed map
Xpp — LG — LG /LGy (6.1)

where the second map is the natural projection. By Proposition 6.3, for any R € Perqu and any
g € Xpp(R), we have o3(g) € gL (CUNU)x(R) C gL+ Gx(R). Now LtGy C LG is a o-stable
subsheaf, thus o, acts on LG/LTGx. It follows that (6.1) factors through (LG/L*Gx)% =
Gy (k)/Gxp(Oy), which is a discrete set. The preimage of 1 - Gx(Oy) is precisely ng. O

We now prove (1.3) for G as in Corollary 6.4 (this suffices by §6.1). We need to descend the
disjoint union decomposition of Corollary 6.4 to X, . Recall that by | , Cor. 2.9], a quasi-
compact morphism of schemes is universally subtrusive if and only if it satisfies the condition
in | , Def. 2.1], i.e., is a v-cover. We need the following version of | , Thm. 4.1].

Lemma 6.5. Let S — S be a quasi-compact universally subtrusive map between schemes. Let
E C S be a subset, E' = f~Y(E). Then E is closed (open) if and only if E' is closed (open,).

Proof. 1t suffices to prove the claim for closed sets. The ’only if’ part is clear. For the other
direction it suffices by [ , Cor. 1.5] to show that E is closed in the constructible topology
and stable under specializations, if the same holds for E’. As f is quasi-compact, f is closed in
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the constructible topology | , Prop. 1.2]. Hence E = f(F’) is closed in the constructible
topology. Let zg ~ x1 be a specialization relation in S with zg € E. As f is universally
subtrusive, zg ~ w1 lifts to a specialization relation gy ~ y1. Then yy € E’ and as E’ is closed,
also y; € E'. Hence 1 = f(y1) € f(E') = E. O

The space X, is an ind-scheme by Proposition 5.12 and | , Thm. C]. Thus for any map
T — Xcp with T' quasi-compact scheme, the fiber product T' xx_, Xb7b with the scheme Xb’b
is again a scheme. Moreover, the map T xx_, Xb,b — T is quasi-compact and a v-cover by
Corollary 4.5. Hence this map is universally subtrusive | , Cor. 2.9] and by Lemma 6.5
and Corollary 6.4, T" admits a disjoint union decomposition 7" = H%Gb(k) /G (O8) T, which is
functorial in T'. Doing this for all maps T" — X, from a quasi-compact scheme T into X, we
deduce a disjoint union decomposition of X.; indexed by the same set. The sub-(ind-scheme)
corresponding to v = 1 is the quotient of X Eg;; by T.(k), which equals Xcgz by definition. This
proves (1.3). 7 7

6.3. Proof of (1.4). Using Proposition 5.12 we may replace the left hand side in (1.4) by Xb’b
(as b lies over ¢). If G is of adjoint type, (1.4) follows from Corollary 6.4 and the discussion in
§6.1. We now proceed in two steps.

6.3.1. Special case: the center Z of G is an unramified induced torus.

Lemma 6.6. The natural map p: Gy(k)/Gx p(Ok) — sz(k)/gif%}(Ok) is surjective and its fibers
are X,(Z)\) -torsors.

Proof. As Z is an induced, H'(0,Z) = 0. Hence Z(k) < Gy(k) — G4(k) is exact. Let Z denote
the reductive Op-model of Z. Using H' (o, Z(0y)) = 0 (by pro-version of Lang’s theorem), we
deduce the exact sequence Z(Oy) — Gxp(Of) — Qifib(Ok). Factoring this sequence out from
the first one, and using Z(k)/Z(O}) = X.(Z){?) (which again follows from H'(0,Z(0y)) = 0),
the lemma follows. O

Let 7: LG — LG?! be the natural map. It is surjective as m(G) — 71 (G??) is. For g € G
write g for w(g). For any 7 € X, (Z) choose a lift 7 € Z(k), subject to the condition that 7 € Z(k)
if 2 € X.(Z)). We have 71 (LTG2%) = 1.y, (z) TLTGx (indeed, LTGx C 771 (L7Ga%) and
the quotient is the discrete scheme X, (Z)). Consequently, if ¥ € G24(k)/ gg?b(ok) with a fixed

lift AS Gb(]{?)/ngb(ok), then

(x5 ) = [ Y. where Y ¥ {g € L*Gy: g oy(g) € LHEUM AU ), (6.2)
T€X.(Z)

Lemma 6.7. If 7 € X.(Z)~ X.(Z)'7), then X, N77Y = @.

Proof. Tt suffices to prove that (X3, Ny7Y)(f) = @ for any algebraically closed field f € Perfy .
Let g € Lt Gx(f) such that y7g € (X3,Ny7Y)(f). Then g~'oy(g) € m~L(LT(CUNU7),)(f) =
(LT 2)(§) - LT (‘U N U7 )x(f), where Z is the reductive Op-model of Z. Write g~ 1oy(g) = Cu,
with ¢ € (L*2)(f), w € L* (‘U NU~)x(§). Then

(v7g) lou(vFg) =7 o(Fg oulg) = 7o (F)Cu,
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where we have 0,(7) = o(7) as 7 is central. This cannot lie in LT(U NU7)(f), as the image
of ¢ € LYZ(f) € LZ(f) in X.(Z) is 0, but the image of 7710 (F) in X.(Z) is non-zero by
assumption. ]

As Xpp € 7 H(X29), the disjoint decomposition for X;db (cf. beginning of §6.3) implies
together with (6.2), Lemma 6.6 and Lemma 6.7 that Xbl, is the disjoint union of all ’yngg,
where « varies through Gy (k)/Gx,(Ok), which is precisely (1.4).

6.3.2. General case. Arbitrary G admits a derived embedding G — G such that G is unramified
reductive and the center of G is an unramified induced torus. (This was pointed out to us by
M. Borovoi, cf. [hb].) Now the result follows from §6.3.1 and the next proposition.

Proposition 6.8. Let G — G be a derived embedding. If (1.4) holds for (~}, then it holds for
G.

Proof. We identify G with a subgroup of G. Knowing Xbé;) =11 on) VX% as sub-

- i : YEGH () /Goc,b
sheaves of LG, we have to show that X;;, = H'YGGb(k)/gx H(Ox) 'yXEg’b‘.

Lemma 6.9. Let § € Perqu be an algebraically closed field. Let L = W(f)[1/w]. We have
G(L) N Gx(O) = Gx(OL).

Proof. By [ , Prop. 3] we have Gx(Or) = Fixgr)(x) Nker ig and Gx(O1) = Fixg 1) (x)N

ker i,

the adjoint groups of G and G). As m(G) — 71(G) is injective | , Lemma 1.5}, ker kg N
G(L) = kerRg. As the actions on the adjoint building are compatible with the inclusion

(~} — G, we have Fixg 1) (x) N G(L) = Fixg(r)(x). Putting all these together, we deduce
gx(OL) N G(L) = gx(OL) O

Taking op-invariants in Lemma 6.9, we deduce that §X,b(0k)me(k) = Gx5(Oy). In particular,
the natural map Gy(k)/Gxp(Ok) = Gu(k)/Gxp(Oy) is injective. Pick some ¥ € Gy(k)/Gx p(Ok),

represented by v € Gy(k).

where Fix(x) denotes the stabilizer of the vertex x in the respective group (we identify

Lemma 6.10. [ffy)'(ég’zc NLG # @, then ¥ € Gy(k)/Gxp(Ok).

Proof. By assumption, the sheaf ’yXE%‘ N LG admits a geometric point. Let | € Perqu be
algebraically closed, such that there exists some x € Xégj;(f) with v € LG(f). Write L =
W(f)[1/w]. By definition of ng, we have
$_10b($) € (‘UNU™ )x(Or) € Gx(0Oy)

(here, we identify U C G with the unipotent radical of a Borel of é) As H'(oy, LTGx) = 0,
we find some ¢ € Gx(Op) such that 7 op(z) = (Lop(0). In particular, (71 € Gx(Op)% =
Gxp(Ok). From this and v € Gy(k), it follows that yz(~! € Gy(k). Moreover, yz(~t € G(L)
as vz € G(L) and ¢ € Gx(Or) € G(L). Combining these observations, we deduce yz¢~t e
G(L)° = Gy(Og). Finally, 2¢(~1 € Gx(Op), thus v and yz(~! represent the same class in
Gu(k)/Gxp(OF), as Gp(k)/Gxp(Or) = Gy(k)/Gxp(Ok) is injective. The lemma is proved. [

Next we claim that N
X% NLG =X (6.3)
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Indeed, we have LG N L*Qx = L*Gx (as both are sub-ind-schemes of LG which coincide on
geometric points by Lemma 6.9). As X g" C L*Gy by definition, we deduce X g" NLG =

Xg;; N LTGy. Now, Xg}; N LTGy = ng is 1mmedlate, proving (6.3).
Finally, observe that Xb7b =X bG;) N LG. Now we compute

Xip=Xgnee= 1 (&Gnee)= I (X%nLc)
v€Gy(K)/Gx,b(Ok) ¥€G (k) /x5 (Or)
= 1T 7(X§;;ﬂLG> = 11 VX,
YE€G(k)/Gx,b(Ok) YEG(K)/Gx,p(Ok)
where the second equality is by assumption of the proposition, the third is by Lemma 6.10 and
the fifth holds by (6.3). This proves the proposition. O

6.4. Quasi-split case. We work in the setup of §1.3. In particular, we have the Coxeter element
cand ¢ € 1) N F./ker &, (if ¢ € F./ker ke~ [1], then Xz(1) = @ by Corollary 4.6). First, we
justify that a choice of ¢ as claimed in §1.3 is indeed possible. It is well-known (in the quasi-split
case) that T(G,c)/ Ad G(k) is in natural bijection with G(k)-orbits in the set of hyperspecial
vertices of Bg = B<0) (cf. | ] or [ , Lm. 2.6.2]). Let [T € %(G,c)/ AdG(k) be

the class correspondlng to ¢ under the surjection [1] N F./kerk. - T(G,c)/ AdG(k) from
Proposition 3.7. Let then x be any hyperspecial vertex in Bg j corresponding to [T¢] under the
above bijection. As x is hyperspecial, c admits a lift ¢ € Fc(]::)ﬁgx((’),;). As cis Coxeter, the affine
transformation ¢o of A ; admits a unique fixed point, which necessarily equals x. Comparing
the two parametrizations’ of T(G, c¢)/ Ad G(k) above, we see that the image of ¢ equals the image
of ¢ in ([1] N F./ker &.)/Cw(co). Replacing é by ~¢ for an appropriate v € Cyy(co), we have
that ¢ lifts .

Now we prove Corollary 1.3. We only prove the first isomorphism (the second is com-
pletely analogous). We may assume that G is adjoint. By the pro-version of Lang’s the-
orem for Gy we may find an h € Gx(Oy) such that h='éo(h) = 1. By | , Rem. 8.7,
g+ hg: LG — LG induces an isomorphism X.(¢) = X.(1) which is equivariant with respect
to Ad(h): G(k) = Ge(k). Moreover, Ad(h) restricts to an isomorphism Gy 1(O;) = Gx.6(Oy),
thus inducing G(k)/Gx,1(0;) = Ge(k)/Gx,e(Oy). Exploiting Theorem 1.1 for X.(¢), we are

ad
reduced to show that g — hg: LTGx — LGy induces an isomorphism Xcg’é‘ 5 X9%(1). We
compute (quotients are taken in the category of arc-sheaves):

X% = (g€ L*Gx: g'oelg) € L (UNU )} /Te(k)
>~ {ge LtGx: g toe(g) € LY(CUNU )y - LT TY/ LT
~ {ge LtGy: g to(g) € LY(CUNU )y - LT -&}/LTT
~{ge LTGx: g to(g ) €é¢- LB}/ LT (CUNU)LTT
>~ {ge LY (Gx/Byx): g lo(g) € LBy - ¢- LY By} /LBy = X9%(1).

where the third isomorphism is g — hg, and in the forth isomorphism we exploit the last
statement of Proposition 5.3.
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7. ESTIMATES VIA NEWTON POLYGONS

In this section we prove Proposition 6.3 for an absolutely almost simple classical group G4
of adjoint type (so, compared to §6.2, we change our notation, and the group which was denoted
G there, is G* here). It will be more convenient to work with a certain central extension
p: G — G* whose kernel Z = ker(p) is an unramified torus. Then we have the exact sequence

X*(Z)(U> — 7T1(G)<U> — 7T1(Gad)<a> — 0 (71)

Remark 7.1. In our case-by-case study below, the left map will be injective, except in type
2A,,_1 with n even. (This is clear in the split cases A,_1, By, Cpn, Dpn; see §7.5.2,7.6.2 for the
cases 2A,_1 (n odd) and 2D,,.) In type 2A,_1 with n even, the left map will be the zero map
Z]27 — 7)27 (see §7.5.2).

We let b € F2(k) € G*(k) be a basic element lying over a Coxeter element ¢ € W, so

that we have to show that Xl—j‘% = Xg% o Within LG4, Tt suffices to show that the Lang map

g — g top(9): Xg% — L(“U N U) factors through the closed subscheme LT (‘U N U)x. As
all rings in Perfﬁq are reduced, it suffices to do so on geometric points. Let § denote a fixed
algebraically closed field in Perfg and put L := W()[1/w].

As 11 (G) (o) — ﬂl(Gad)(g> is surjective, b lifts to a basic element b € F.(k) C G(k). For any
element ¢ € ker (X*(Z)<U> — 7r1(G)<U>) fix a representative ¢ € X,.(Z) of {. For each such ¢ we
have the commutative diagram

. Qb, .
Xyt p ——— X4 (7.2)

where the objects on the left (resp. right) are contained in LG (resp. LG??), and where
wag’b’o def preimage of LT (‘UNU™)xw® under g — g 'op(g): LG — LG

is a subsheaf of wa%.

Lemma 7.2. We have

U Qb,C(XbWC,b(f)) = XB,B(f)

feker(X* (Z) (o) 71 (G) (o) )

Proof. Let g € Xﬁ%(f). The map LG(f) — LG(f) is surjective (as H'(L,Z) = 0). Thus we
may lift g to some g € LG(f). Then g~ lo,(9) = uz with u € (‘UNU7)(L) and z € Z(L). On
the other side, it is clear that under kg: G(L) — m1(G)(y) the element g~'o3(g) maps to 0.
As also kg ((‘(UNU™)(L)) = 0, we deduce that kg (z) = 0. Thus the image ¢ of z in X.(Z)
lies in ker (X,(Z)(,) = m1(G) (). Exactness of (2.4) implies that there exists some 7 € Z(L),
such that z = 77'o(7)wS. Replacing g by gr—! and recalling that Z is central in G we get
glo(g) € (UNU YD), i, g € Xy o(): 0

To show that the right arrow in (7.2) is surjective, it suffices (using Lemma 7.2) to show that
the left vertical arrow is surjective on f-points for all . Thus, finally, we are reduced to showing
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that the inclusion wag’b@(f) — wag’b(f) is surjective, i.e., that
Vg € Xymey(f)  wehave g 'oy(g) € LT(UNU k()= (7.3)

and we will do this in the following subsections case by case. As mentioned in Remark 7.1,
#ker (X,(Z)(,) = m1(G)(py) = 1 and it will suffice to prove only the surjectivity of Xppo(f) =
Xp5(f), with the only exception (treated in §7.5.6) in the case 2A,_; with n even, when
# ker (X*(Z)<U> — 771(G)<G>) = 2. We will use the following well-known property of isocrys-
tals.

Lemma 7.3. Let (V,p) be an isocrystal over §f, which is isoclinic of slope X\ and dimension
n > 1. Let v be a cyclic vector of (V,¢), that is an element v € V such that {¢*(v)}1=y form a
basis of V.. Write ¢"(v) = Z?;ol At (v) with A; € L. Then ordg(A;) > (n —i)\.

Proof. The Newton polygon of (V) is the straight line segment connecting the points (0, 0) and
(n, An) in the plane. It coincides with the Newton polygon of the polynomial > - ; 4; X* € L[X]
with A,, = 1, which is by definition the convex hull of the points (i,ordy(A,—;)), cf. | ,
§3.1,83.2] or | , Prop. 5.7] . O

Finally, note that if g € X;4(f), then g~ o3(9) = y € ((UNU7)(L), i.e., we have
bo(g) = gyb. (7.4)

We will now proceed case by case. Below we will denote the fixed point x of bo by x; (to
make the notation non-ambiguous). Also recall the notation from §2, especially §2.1.2.

7.1. Type A,_1. This case is treated in | , ]. We include it for the sake of completeness.

7.1.1. Let n > 2 and let Vj be an n-dimensional k-vector space with an (ordered) basis
{e1,...,en}. Whenever convenient, identify Vp with £™ via this basis. Let G = GL,(1)).

7.1.2. Let T C B C G be the diagonal torus and the upper triangular Borel subgroup. Then
X.(T) = @, ZB;, with f;: t — (15771 ¢, 19777, Then X, (T*) = Z&" = @] Z-(Biy1 — i),
X (Z) =731, Bi. Then 71(G*) = X, (T)/Z®" + X.(Z) = Z/nZ, the isomorphism given by
sending 1 to the class 3; of f3; for any i.

We have ® = {o;—_j: 1 < i < j < n}, where a;—j: (tx)Y_; — titj_l and A = {o;_(j41): 1 <
i <n —1}. We have the Coxeter element

€= Say_sSas_g - Sapm_1y_p = (1,2,...,n). (7.5)

For 0 < k < n consider the lift ¢, of ¢ to G(k) given by e; — e;4; for 1 <i < n and e, — w"e;.
Then ¢, maps to £31 € 71(G?*) and G, run through all inner forms of G.

We identify Ap.q j, with X, (T*)g by sending 0 € X,(T)g to the o-stable hyperspecial point
corresponding to @7, Oye; C Vo @y, k.

The group “U N U~ is generated by the root subgroups attached to a;—1 (1 <@ <m). An
element y € (‘UNU7)(R) is given by e1 — e1 + Y ;- o ai—1€i; €; —> ¢; for 2 < i < n.

7.1.3. Let b = ¢, with 0 < kK < n. We compute x; = (—@)il. Let g € Xb,b(f). Then
(7.4) holds with y as described in §7.1.2. We have to show that y € Gx,(Op), or equivalently
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(see e.g. | , 2.5)),
orde (a;) > (ain-1, %) = ——  V1<i<n-—1. (7.6)
n
Consider the ¢-linear isocrystal (V,¢) = (Vo ® L, bo) over f. It is isoclinic of slope Z. For
1 <i<mnletg =g(e;). Then o(g)(e;) = o(g;) for all i. Thus, (7.4) implies ¢(g;) = gyb(e;).
Using this equation for all i # n and writing v := g1, we deduce g; = '~ !(v) for 1 <i <n — 1.
In particular, {¢'(v)}1=) is an L-basis of V. Using ¢(g;) = gyb(e;) for i = n and inserting the
values for g;, we arrive at the equation

n—1
" (v) = w"v + Z @ a;pt(v).
i=1
Now Lemma 7.3 shows that orde(a;) > £(n — i) — k = —%L. This gives (7.6) and we are done.

7.1.4. Proof of Lemma 5.7 for type A,_i. The action of ¢ on ®* is as follows: c¢(ai—j) =
Qir1)—(j+1) for 1 < i < j < n; (@) € @7 for 1 <i < n. For1 <i <r=mn-—1,put
\I/i = {ai/_j/ e (I)+Z j/ Z 7 + ].}

7.2. Type Cpy.

7.2.1. Let m > 2. Let V) be a 2m-dimensional k-vector space with an (ordered) basis {eq, ..., em,
€_m,---€_1}. Whenever convenient, we will identify Vo with k*™ via this basis. Let (-,-) be
the alternating bilinear form on V determined by (e4;,e+;) = 0 if i # j and (e;,e—;) = 1 for
1 < i < m. Let G be the closed k-subgroup of GL(V})) of elements preserving (-,-) up to a
scalar, i.e.,

G(R) = {g € GL(Vp)(R): (gu, gv) = A(g9)(u,v) for all u,v € Vy @ R},

where A(g) € R* is a unit only depending on g. The group G is the group of symplectic
similitudes and the character A: G — (G, is called the similitude character.

7.2.2. Let T C B C G be the diagonal torus and the Borel subgroup consisting of upper
triangular matrices in G. Then T = {(tot1,...,totm, .- t7"): t; € G} and X.(T) =
D", Ze;, where

go: b (tPM19™) and g t > (19971 ¢, 1920m=171) =1 181y for 1 < <m

are cocharacters of T. We have X, (T?) = X.(T)/Z- (2e0 — Y., i) and X, (T¢) = P, Ze;.
In particular, 71(G?) = X, (T?) /X, (T*) = Z/27, generated by the class of .

We have ® = {a4+j: ()2, — tiﬂt]ﬂ: 1<i<j<m}U{ago:: (t)Ry —t2:1<i<m}
and A = {a;_(i41): 1 <i <m — 1} U {a2.,}. We have the Coxeter element

C=1Saqy 5 """ SQ(m—1)—m S02m = (1,2,...,m—1,m,2m,2m —1,...,m+ 1). (7.7)

v

We consider two lifts ¢o, ¢1 of ¢ to G(k). The first is given by ép(e+) = ey (i) for 1 <i <m—1,
¢o(e+m) = ex1. The second is ¢ = épep(w). Then ¢g, ¢; are basic, and the image of ¢y resp.
¢ in GA(k) represents 0 € m1(G2) resp. & € m(G2). Thus the pairs (G,o¢,) (i = 1,2)
represent the two inner forms of G.

We identify ATad,fc with X, (T*)g by sending 0 € X,(T)g to the o-stable hyperspecial point

(“the origin”) corresponding to the self-dual lattice @~ (Oye; & Ore—_;) C Vo @y, k.
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The group ‘U N U~ is generated by root subgroups attached to a;—1 (2 < i < m) and
a_2.1. Explicitly, any element y € (“‘UNU7)(R) is an R-linear map in GL(Vp)(R) given by
el — e1+ 2112 ;1€ + ame_m; e, —e; for 2<i<mandi=—1;e_;— e_; —a;_1e_q for all
2<i<m.

7.2.3. Let b = ¢, with k € {0,1}. We compute that x, = 0 if x = 0 and that x, = > ", \ie;
with \; = =2 + Sl for 1 <i<mifr =1 Letge Xpp(f). Then (7.4) holds with y as
described in §7.2.2, depending on some aq,...,a, € L. We have to show that y € Gy, (Op),
which is (similarly as in §7.1.3) equivalent to

ord()z% Vi<i<m (7.8)
Consider the ¢-linear isocrystal (V,¢) = (Vo ®x L,bo) over f. It is isoclinic of slope §.
For i € {£1,...,£m} let ¢g; := g(e;). Then o(g)(e;) = o(g;) for all i. Hence (7.4) implies

©(gi) = gyb(e;). Using this equation for all i # m 4+ 1 and writing v := g1 we deduce that
gi = w"1=Dpi=1(v) for 2<i <m, g_1 = w "™ (v) and

g_; = w_ﬁmgom+i_1(’l)) + Zw—nm¢i—1—j(aj)(pm-i-i—i-l—j(U) for 2 < i < m.
j=1
In particular, {¢’(v)}77 " is a basis of V, i.e., v is a cyclic vector for V. Finally, applying

©(gi) = gyb(e;) for i = m + 1 and inserting the above formulas for the g;’s we deduce

m 2m
PP (0) =0+ Y et () = Y 6T (agmi)¢ ().
i=1 m—+1

Now Lemma 7.3 shows that ordy(a;) > 0 for all 1 <i < m if j = 0, and that orde (™ ‘a;) >
3(2m — i), ie., that ord(a;) > % for all 1 <4 < m if j = 1. This shows (7.8) and we are done.

7.2.4. Proof of Lemma 5.6 for types C,, and B,,. The action of ¢ on ®T is as follows: for
1 <i<j<m,c(@itj) = agqr)s+1); for 1 <i <m, e(imm) = apqyry; for 1 <i <m —1,
c(ipm) € 75 for 1 <i <m — 1, c(ag) = ag.(i1); clazm) € P

We set 7 = m+ 1; Upp1 = {@ism 7 Ufaom); U = {0y 1 <i < j <m}U{aoi}my;
and for 1 <ip <m—1, ¥;; = ¥V, U{oy—;: 1 <i < j <mand iy < j}. Replacing all roots by
the corresponding coroots, we obtain by duality the desired partition for type By, (under the
induced isomorphism of Weyl groups, the special Coxeter element for type C,, maps to the one
in §7.3.2).

7.3. Type B,,.

7.3.1. Let m > 2. Let V be a (2m + 1)-dimensional k-vector space with an (ordered) basis
{€1,. .., €m,emi1,€—m,--.€_1}. Whenever convenient, identify Vp with k*™*! via this basis.
Let Q: Vo — k be the split quadratic form given by Q (3°7",(aie; + a—i€;) + amii1€mi1) =
Yot aia—; + a72n+1. Let G = SO(Vp, Q) be the split odd orthogonal group attached to (Vg, Q),
ie.,
G(R) = {9 € GL(W)(R): (gu, gv) = (u,v) for all u,v € Vo @ R, det(g) = 1}.

It is of adjoint type. (The computations below work independently of the characteristic and the
residue characteristic of k).
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7.3.2. Let T C B C G be the diagonal torus and the Borel subgroup consisting of upper
triangular matrices in G. Then T = {(ti,...,tm, L, t;}, ..., t71): t; € Gp} and X, (T) =
D", Ze;, where

gty (19971 ¢ 1®20m=im1) =1 @1y for 1 < <m

are cocharacters of T. We have X, (T%) = {d_", a;e; € Xi(T): >, a; even}. Thus m(G) =
X«(T)/ X (T%¢) = Z/2Z, generated by the class of ¢; for any 1.

We have & = {ati4;: (t\)52, — t;tlt;-tlz I1<i<j<m}pU{a;: ()Y, =t 1 <i <m};
A={a;_+1): 1 <i<m—1}U{apn}. We have the Coxeter element

C=Say_g """ Sapm_1)_mSam = (1,2,...,m,2m+1,2m,...,m+ 2). (7.9)

v

We consider two lifts co, ¢1 of ¢ to G(k). The first is given by ¢o(e+i) = €441y for 1 <i <m—1,
¢o(e+m) = ex1 and ¢o(emy1) = —eme1. The second by é(ex;) = ex(ip1) for 1 <i < m—1,
¢1(etm) = wileqcl and ¢1(em+1) = —em+1. Then éy, ¢ are basic, and the image of ¢y resp. ¢
in G*4(k) represents 0 € m(G) resp. & € m1(G). Thus G, (i = 1,2) are the two inner forms
of G.

We identify AT?E with X, (T)gr by sending 0 € X,.(T)r to the o-stable hyperspecial point
(“the origin”) corresponding to the self-dual lattice ;" (Okei &) 0,564) ® Orem+1 € Vo ®x k.

The group “UN U~ is generated by root subgroups attached to aj—1 (2 <i < 'm) and a_;.
Explicitly, any element y € (‘U N U7)(R) is an R-linear map in GL(Vp)(R) given by e; —
€1 —i—Z?LQ ai—1€; + amem+1 —a?ne_l; e~ e for2<i<mandi=—1;ent1 — emi1 —2ame_i;
e_i e_; —aj—1e_1 for 2 <i<m.
7.3.3. Let b= ¢, with k € {0,1}. We have x;, =0 if k = 0 and x;, = —% & if kK =1. Let
g€ Xb,b(f). Then (7.4) holds with y is as described in §7.3.2, depending on some ay, ..., a,, € L.
We have to show that y € Gy, (Or,), which is (similarly as in §7.1.3) equivalent to

ordg(a;)) >0 V1<i<m-—1 and ordg(ay) > g (7.10)

Consider the ¢-linear isocrystal (V, ) = (Vo ®x L,bo) over f. It is isoclinic of slope 0. For
ie{£l,...,£m,m+ 1} let g; := g(e;). Then (7.4) implies that ¢(g;) = gyb(e;) for all i. Using
this equation for all i # m+1, m+2 and writing v := g1 and u := g,, 11, we see that g; = ¢~ 1(v)
for2<i<m, g_1 =w "¢"(v) and

i—1
g_i=w " <pm+i_1(v) + Z gzbi_l_j(aj)@m”_l_j(v) for 2 < i< m.
7j=1

In particular, it follows that {¢’(v)}2"% U {u} are linearly independent over L. Now, evaluating

the equation ¢(g;) = gyb(e;) for i = m + 1 and i = m + 2 gives

2am0™ (v) = u+ @(u) (7.11)
m—1 2m
" (v) = v + Z aip' (v) — a2, w ™ (v) — Z O™ (a9m—i) @' (V) + amu. (7.12)
i=1 i=m+1

Suppose first that a,, = 0. Then (7.12) together with the linear independence of {¢*(v) ?fo_l

shows that v spans a 2m-dimensional sub-isocrystal of V| and is a cyclic vector in it. Then
Lemma 7.3 and (7.12) show that ords(a;) >0 for 1 <i <m — 1.
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Suppose now that a,, # 0. Then a,, € L*, and \ := J(;’;) € L* satisfies ord(\) = 0. Apply

Ap(+) to (7.12) and add the result to (7.12), then use (7.11) to eliminate u:

A2 (1) = v + (a1 + A)p(v) + i(ai + Ap(ai—1))¢" (v) + - ™ (v)

- 2m
+ (B(am—1) = Ap(am)*@ ") ")+ D *- ¢l (),
1=m-+2

where * denote some unspecified elements of L. Moreover, v is a cyclic vector for V. Indeed,
{¢'(v)}7™ 1 U {u} is a basis of V, and hence it follows from (7.12) and a,, # 0, that {*(v)}2™
also is. Using the cyclicity of v, the last equation, the fact that ord,(\) = 0 and Lemma 7.3, we
deduce by induction on i, that ord(a;) > 0 for i = 1,...,m, and that moreover orde(am,) > %
if K = 1. This agrees with what we had to show in (7.10).

7.4. Type D,,.

7.4.1. Let m > 4. Let Vj be a 2m-dimensional k-vector space with an (ordered) basis {eq, ..., em,
€—my---€_1}. Whenever convenient, we use this basis to identify V with k2™, Consider the
quadratic form Q (3", (ae; + a—e—;)) = Y ;"  aja—; on Vj. We have the orthogonal group
O(Vh,Q) € GL(Vp). Via the Clifford algebra attached to ), we have the surjective Dickson
morphism Dg: O(Vo,Q) — Z/2Z | , C.2.2]. Its kernel is the special orthogonal group
SO (W, @) of Q. Finally, let G = GSO(Vp, Q) be the closed subgroup of GL(V}) of elements
which up to a scalar lie in SO(Vp, Q).

7.4.2. Let T C B C G be the diagonal torus and the Borel subgroup consisting of upper
triangular matrices in G. Then T = {(tot1,...,totm,t;} .. t7"): ti € G} and X.(T) =
D", Ze;, where

o: t > (EP,19™) and g;: t — (19071 ¢, 1920m=0) =1 @1 for 1 < i <m

are cocharacters of T. We have X, (T) = Z®V = {31, Nig;: >, A even}, X, (Tdr) =
D, Zei, X (Z) = Z(2e0 — >.1", &i). We have 11(G*) = X.(T)/Z®" + X.(Z). If m even,
711 (G2 2 7Z/27 x 7./27, generated by the classes of g9 and ; for an arbitrary 1 <i < m. If m
odd, 1 (G?d) = 7 /47., generated by the class of £9. In any case, 71 (G??) has the distinguished
subgroup 71 (G9°) 2 7, /27, generated by the class of some (any) &; (1 <14 < m).

We have ® = {ati+j: (8, — tiﬂt]ﬂ: 1 <i<j<m}and A = {a;_(341): 1 <@ <
m — 1} U{a(n—1)4m}- We have the Coxeter element

C=Saqy o """ SQ(m—1)—m SV (m—1ytm = (L,2,....m—=2m—1,2m,2m—1,...,m+1)(m,m+ 1)

(7.13)
We consider three lifts ¢q, ¢1, ¢2 of ¢ to G(%) For k € {0, 1}, ¢ is given by ¢x(e+:) = e4(i41) for
1<i<m—2, ¢(es(m-1)) = €+1, Cx(€xm) = @ exm. The third is given by ég = ¢ow™. Then
ka(éo) = 0, Rg(é1) is the non-trivial class in 71 (G9") and fg(é2) = & € 1 (G) ~ m (GIer),
Thus G, (k € {0,1,2}) are three of the four inner forms of G. The fourth inner form is

6If char k # 2, then the Dickson morphism is not necessary to describe G. For any k-algebra R we have

G(R) = {g € GL(Vo)(R): Q(gv) = Mg)Q(v) for all u,v € Vo @ R and i‘zzgg} - 1} ,

where A\(g) € R* is a unit only depending on g.
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conjugate to (G, é2) by the outer automorphism of G induced by an inner automorphism of the
orthogonal group GO(V}), hence we need not to consider it separately.

We identify ATad,E with X, (T#)g by sending 0 € X, (T)r to the o-stable hyperspecial point
(“the origin”) corresponding to the self-dual lattice ;" , ((’),vgei @ (’),;e_i) C Vo @ k-

The group ‘U N U~ is generated by root subgroups attached to a;—1 (2 < ¢ < m) and
a_j_m. Explicitly, any element n € (“‘UNU7)(R) is an R-linear map in GL(V))(R) given
by e — e; + ZZZQ A;i—16; + Gme—_m — Qm_1ame_1; € +—> e; for 2 < i < m —1 and i = —1;
em > €m — Qme_1; e_i — e_; —a;_1e_1 for all 2 < i < m.

7.4.3. Let b = ¢, with k € {0,1,2}. We compute x, = 0 if Kk = 0; x; = —%em if K = 1;
Xp = —tepm + 0=+ 10— 1))e; if K = 2. Let g € Xpp(f). Then (7.4) holds, with n as
described in §7.4.2, depending on some aq,...,a, € L. We have to show that y € Gy, (Op),
which (similarly as in §7.1.3) equivalent to
ordg(a;)) >0 for 1 <i<m ifk=0
ordg(a;) >0 for 1 <i<m —1and ordg(am,) >1 itk=1 (7.14)

-2
ordg(a;) > L for 1 <i<m—2,ordg(am-1) > m and ordg(am,) > if kK =2

e

Consider the ¢-linear isocrystal (V,¢) = (Vyp ® L,bo) over §. It is isoclinic of slope 0 if

k € {0,1} resp 1 if k = 2. For i € {#1,...,+m} put g; := ¢(e;). Then (7.4) implies that
©(gi) = gyb(e;) for all i. Using this equation for all i # m + 1,m + 2, and writing v := ¢;
and u := g, we compute that g; = wip'~1(v) for 2 < i < m, g1 = 1P (W), g =
wA-mo(u) + @ mam 1™ (v) and

m—3+1

g = - <<pm+i_2(v) + Z ¢d_m+1(am_d+i_2)¢d(v)> for2<i<m-—1,

d=m—1
where A, = A", =0forallie {£l,....,2m}if k =0; 4;, = A", =0 for all i # —m and
A, =-lifk=1A=1—ifor2<i<m-1, A=A, =A_;=1-mfor2<i<m-1
and A_,, = —1if x = 2.

Lemma 7.4. The vectors {¢*(v)}2753, u, p(u) form a basis of V.

Proof. From the formulas for the g4; above, it follows that they are linearly independent, hence
form a basis by dimension reasons. O

Now, evaluating the equation p(g;) = gyb(e;) for i = m+ 1 and i = m + 2 gives the formulas

m—2 2m—3

0’2 (v) = wPou + Z wPia;l(v) — Z O (agm o) (V) + @0 1u+ P amp(u)
i=1 i=m

(7.15)

O*(u) = wu — @ P(am_1)e™ (v) — w2ame™ (V). (7.16)

where all B;, B}, C; are 0 if K = 0; B} = —1, C1 = 1 and all other B;, B,C; are 0 if k = 1;
Bi=m—-1—ifor0<i<m-—-2,By=B]=m—-2,Cy=1and C; =Cy =2—mif k = 2. Put

M= wDamgb(am) - am,1¢(am,1) €L,
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where D =0if k =0; D =—-2if k =1; D =1 if Kk = 2. We have five cases, which we consider
separately in the following subsections.

7.4.4. Case ap # 0, am_1 # 0, p # 0. Suppose that a,,a,_1pu # 0. Apply ¢(a“nT_1)<p(-) to (7.15)
and subtract (7.15) from the resulting equation. This gives an expression of d)(aamil)chm_l(v)

as a linear combination of {¢’(v)}2™2 »?(u) and u. Substitute (7.16) into this expression to

eliminate p?(u). The coefficient of u in the resulting equation is p # 0, and it gives an expression

of u as a linear combination of {¢*(v) 3% L

m—2 ) i
By — oo ¢(am—1)v @ — @P1g(am-1)ay o) — @i amdai1) — @i plam-1)a; 5 (0)
2 1% i—2 2
wE7"71am¢ Ay — — wE;n—la?n(ﬁ A, —
_ ( 2) ( )90 1(?]) (717)
U
/ 2m—1
_ ¢(am—1)¢(am—2) - wEm¢(am_1)am¢(am + Z . QO o Fem—1 %¢2m_1(v),
H i=m+1 ®

where * € L denote unspecified coefficients; all E,E;,El = 0if k = 0; E = Ey = El =0
(1<i<m-2),E, =FEpn1=E=-1(1<i<m-1),E, ,=-2ifk=1;FE=m-—2,
Eo=m—-1,Ei=m—iand El=m—1—ifor1<i<m-—1,E/, = Eyp,_1 =0if K =2.

As a,, # 0, the coefficient of ©?*™~!(v) in (7.17) is non-zero. Using this observation, as well
as the version of it after applying ¢(-), shows together with Lemma 7.4 that v is a cyclic vector
for V. Now insert (7.17) into (7.15) to eliminate u there. This gives (after multiplication with
an element in L*) an expression

2m—1
K om i
—— ¢ " (v) = Big'(v)
o) Z; v

with §; € L, satisfying ord4(8;) > (2m — ©) - A\, where A is the slope of (V, ), by Lemma 7.3.

e __ Am-1 ¢2(am71)p,
Let v:= =gy T Glamjem -

Lemma 7.5. We have ordg(y) > 0 if k = 0; orde(y) > —1 if k = 1; and ord () > 1 if kK = 2.

Proof. One checks that v = w? - ¢2(“m—1)“’ga’)§2(“m)am‘l. First assume x = 0. If ordg(am—1) >
orde (@), then ordy (02 (am—1)am — ¢*(am)am—1) > orde (am—1) + orde (am) > 2o0rdy (ay,) =
ord(¢(p)), and we are done as D = 0 in this case. Similarly, one concludes in the case
orde (am) < ordg(am—1). Finally, suppose ordg(am,—1) = ordg(am,) =: a. Write x = w%am,,
y = @w%m—1, so that z,y € OF. Write A := z¢(z) — yd(y), B := 2¢*(y) — y¢*(x) € Op. It
suffices to show that ord(B) > ord,(A). We now compute in Or,/ (wordw(A)), where we surely

~1
have A =0, i.e., x¢(x) = yo(y), or equivalently, ¢ (;) = (%) . Exploiting this equation twice

-1
we see ¢> (£> < > %, which shows that P*(2)y = 2¢*(y) in Op/ (@d=A), ie.
B=0in 0O/ (w"=W), ie., ords(B) > ords(A).
_ -1, $*(am—1)a;,—¢*(az,)am—1
Suppose k = 1. erte am = wa,,. Theny = w m m

' ¢(a;n¢(ain)7@m71¢(am71))’
is just v from case k = 0 for a,,—1 and al,,, and we are done by applying the above.

where the fraction

Finally, suppose £ = 2. Then p = wamd(am) — am—16(am—1), and the claim is immediately
checked in both cases, ord(a,,) < ordg(am,—1) and the opposite. O
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Now we proceed case by case.

Case b= ¢yp. The slope is A = 0, ie., ordm(f;) > 0 for all i. One computes 31 = a1 + 7y
and [y = ag + ¢(a1)y — ﬁ As ordy (ﬁ) = 0, Lemma 7.5 implies ordg(a;) > 0 for

i = 1,2. Using this as the first step, and computing 3; = a; — % + ¢(aj—1)y for 3 < i <
m — 2, we conclude by induction (using Lemma 7.5) that ordg(a;) > 0 for all 1 <7 < m — 2.
Next, we have 8,-1 = am—_1am — % + ¢(am—2)7y, which (using the above) implies that
orde (am—1am) > 0. Thus, if ordg (apy,—1) = ordeg(am,), we deduce that this number is > 0, and

we are done according to (7.14). Finally, suppose that ordg(am—1) # ords(a.,,). We have 5, =
— (1 + ﬁ) d(am—2) + am—1(am—-1) + %qﬁ(am)dﬁ(am), which shows (as ordg(8,,) > 0) that

ordy (am_1¢(am_1) + %qﬁ(am)q@ (am)) > 0. As the two summands have different valuations

by assumption, both valuations must be non-negative, which implies ord (am,—1), orde(am,) > 0.
We are done by (7.14).

Case b= ¢1. The slope is again A = 0, so that 5; > 0 for all i. We have 81 = a1 + w7,

By = as — ﬁ +w(ar)y and 5; = a; — “¢¢((CZ) 2+ we(ai—1)y for 3 <i<m—2. As in the case

b = ¢y, we deduce ordg(a;) > 0 for 1 <i < m —2. We have -1 = am—10m + @o(am—2)7.
Using Lemma 7.5, we deduce that if ordg(am,—1) = ordg(ay,) — 1, then this number must be
non-negative, and we are done according to (7.14). Assume ordg(an—1) # ordg(ay,) — 1. We

compute 3, = — (1 + %) d(am—2) + wam—1¢(am—1) + w_lﬁqb(am)gbg(am) and it follows
that ordg(am—1),ordg(am) —1 > 0.

Case b = ¢o. The slopeis A = %, so that for any i, ord(3;) > m — 5, or equivalently ord (,Bl) >
m— 3], We have fi = @™ (a1 +7), fa = @™ 2(az + 16(ar) — @), fi = o™ (e +
yo(ai—1) — wﬁa@(ai,g)) for 3<i<m—2, Bn-1=am-1am +@yP(Ap_2) — w2%¢2(am,3)
and B, = —w(1+ ﬁ)d)(am_g) + am-19(am-1) + ﬁqb(am)giﬂ(am). Similar as in the previous
two cases we deduce that (7.14) holds.

In the following cases we do not give all details, as the computations are similar to (and easier
than) those in §7.4.4.

7.4.5. Case am—1 # 0, ay = 0. In this case (7.16) gives ¢ (v) = m(u — ¢%(u)). By
Lemma 7.4 this implies that u is a cyclic vector for V. Apply ¢™(:) to (7.15) and insert the
above expression of ©™(v) in terms of u to eliminate v. This gives an expression ©?™(u) =

22’" ! Bip'(u). Explicating all 3; for 1 < i < m and using Lemma 7.3, one immediately
deduces (7.14).

7.4.6. Case apm—1 = 0, a,, # 0. This case is completely analogous to the one in §7.4.5 (one
has " (v) = —L—(u — p?(u)), from which cyclicity of v and an explicit formula ©*™(u) =

am—1

S22ml B (u) follows).

7.4.7. Case ap—1 =0, a, = 0. By Lemma 7.4 v is a cyclic vector for the (2m — 2)-dimensional
subisocrystal with L-basis {¢?(v)}275%. The result follows easily from Lemma 7.3 by looking at
the coefficients of (7.15).
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7.4.8. Case apy—1 # 0, ap, # 0, p = 0. (Note that k # 2 in this case.) As ap—1 # 0, (7.15)
along with Lemma 7.4 shows that {¢’(v)}27 % are linearly independent. Further, following
the same steps as in the first lines of §7.4.4 and exploiting 4 = 0 we arrive at an expression
¢(a“:71)g02m_1(v) = Z?ZHQ Bip'(v), thus showing that v is a cyclic vector for the (2m — 1)-
dimensional subisocrystal generated by it. Proceeding as in the previous cases, one verifies

(7.14). This finishes the proof in type Dy,.

7.4.9. Proof of Lemma 5.6 for type D,,. The action of c on ®* is as follows: for 1 <i < j < m—1,
c(aixj) = arn+gyr); for 1< i < m — 2, c(ai—(m-1)) = Qiqgqny; for 1 < i < m — 2,
c(Qitm) = Q(ip1ygm; for 1 <i <m — 2, c(aip(m-1)) € 27, c(Q(m—1)+m) € P~

Set r=m+1; ¥qq = {ai+(m,1)}§i_12 U {a(m,l),m,a(m,le}; v, = {aiﬂ: 1<i<j <
m} UA{(m—1)—m> Ym-1)4m}; ¥m-1 = ¥ U {ai_m}?if U {ai_s_m};sz; for 1 <ig < m— 2,
Vo=V 1 U{a;—j: 1 <i<j<m—1andj>ip}.

7.5. Type 2A4,_;.

7.5.1. Let n > 2. Let m = |5], so that n = 2m + 1 if n odd, resp. n = 2m if n is even.
Let Vp,e; be as in §7.1.1. Let G be the unitary group attached to the standard hermitian
form on Vj ®y kg, relative to the unramified extension ko/k of degree two. We may identify
G ®, k2 = GL,(Vp ®;, k2), so that for any [Fg-algebra Ry with R = W(Ro ®r, F,)[1/w], the

Frobenius ¢ on G(R) = GL,(V,)(R) is given by

g+ o(g) = Joo(g) T

where o is the Frobenius on GL(V;)(R) corresponding to the natural k-structure on GL(Vp),
()7 is transposition, and J € GL,(Vp)(k) is given by e; +— epi1-i (1 <i < n).

7.5.2. Let T,B,f;, a;—; be as in §7.1.2. Note that T, B are both k-rational (with respect to
o). Moreover, the action of ¢ on 71 (G??) is by multiplication with —1. Thus, 7I‘1(Gad)<a> =1if
n is odd, and 7T1<Gad)<o> >~ 7./27, with the non-trivial element represented by 3; for any i, when
n is even. We have an isomorphism Z = m1(G), 1 ~ class of 3, under which X,(Z) C 71(G)
corresponds to nZ. The action of o corresponds to multiplication by —1. Justifying Remark 7.1
in this case, we deduce from this that the induced map X.(Z),y = Z/2Z — Z/2Z = 711(G) 4
is an isomorphism when n odd, and 0 when n even.

The sets ® and A are the same as in §7.1.2. The action of o on A is given by o: a;_(j11) —
Q(n—i)—(n—i+1)- We have the Coxeter element

C=1Sq; 5 """ s =(1,2,...,m,m+1). (7.18)

- X —(m+1)

We consider the lift ¢y of ¢ to G(k), given by ¢o(e;) = €41 for 1 < i < m, ép(ems1) = €1 and
¢o(e;) = e; for remaining i. If n = 2m is even, we also consider the lift ¢; given by ¢1(e;) = éo(e;)
for i # m+1, é1(em+1) = weq. Then é, ¢ are basic, and if n is even, kg(é) =0, Ra(é1) # 0in
71(G)(s). Thus, if n = 2m + 1 is odd, the quasi-split group G (represented by the pair (G, co))
has no non-trivial inner forms; if n = 2m is even, there are two inner forms, represented by the
pairs (G, ¢.) with x € {0,1}.

We identify ATad,E with X, (T*!)g by sending 0 to the o-stable hyperspecial point (“the
origin”) corresponding to the standard lattice ;" ; O;ei.
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The group ‘U N U~ is generated by the root subgroups attached to a;—1 (2 < i < m+1).
For a k-algebra R, any element y € (“‘UNU7)(R) is an element of GL(Vp)(R), determined by
e1— el + Y s axexti, € — € (2 <i<n) for some ay,...,an € R.

7.5.3. Let b= ¢, with k = 0 if n odd, resp. k € {0,1} if n even. We compute that x; = 0 if
k = 0 and that x; is the image of >"}" %ﬂA_Z;\l:m—i-Q %/BA under X, (T)gp — X, (T?)p = ‘ATad,E
if kK =1 (and n = 2m even). Let g € X;(f). Then (7.4) holds with y as described in §7.5.2,
depending on some ay,...,a, € L. We have to show that y € Gx,(Or), which is (similarly as
in §7.1.3) equivalent to
ordg(a;)) >0 V1<i<m (7.19)

(independently of what  is).

Let ¢ = co(c) and let &P = ¢oo(ée). We write b! for P! if b = ¢,. We have the
automorphism bo: g — bo(g) of LG (regarded as a sheaf on Perqu). As 0% = o3 (recall the
identification in §7.5.1), we have

(bo)? = bPlo? = p*Plo? (7.20)

Let V = Vj ®; L and denote by og: V — V the Frobenius automorphism v ® A — v @ ¢(A).
Then ¢ := bP'o2: V — V is a ¢>-linear automorphism of V. Moreover, (V,¢) is an isocrystal
over f (relative to Fg2) of slope 0.

For 1 <i < mn,let g; := g(e;). Then 02(g)(ei) = 03(g;). Using (7.20), (7.4) applied twice gives
the equation

ad(g) =g (v-'oy)) b7 (7.21)
Applying both sides of this to e; € V' and using the above, we get
elg) =g+ (v-"o(y)) - b7(es) (7.22)

for 1 <i<n.

7.5.4. Assume that n =2m + 1 is odd (and b = ¢p). Then
Pl=(1,2,...,mym+1,2m+1,2m,....m+3,m+2),

b*P! is its lift with all entries 1 or 0, and y-bo(y) is given by €1 — €1+ 5 @i€ir1— O(am)e2mi1;
eir— e for2<i<m+1landi=2m+1;e — e — dlagmti—i)eam+1 for m+2 < i < 2m.
Put v := g1. Applying (7.22) for all i # m + 2, we deduce that g; = ¢ lw) for 1 <i<m+1,
gi = @PE2Ti(y) 4 SR gI22m i A ) () 32N () for mo+ 2 < i < 2m 4 1. As
g € GL(Vp)(k), {g:}7™! form a basis of V. This easily implies that {((v)}?% form a basis
of V, i.e., v is a cyclic vector for (V, ). Applying now (7.22) with ¢ = m + 2 and inserting the
values of g;, we deduce:

m 2m
P 0) = v+ @i’ (v) = lam)e" T (w) = D T (g i)@' (v)
i=1 i=m+2

Applying Lemma 7.3 we deduce (7.19).

7.5.5. Assume that n = 2m is even. Then

P =(1,2,...,m—1,m,2m,2m—1,...,m+3,m+2),



38 ALEXANDER B. IVANOV

Lo ven . ol . . | _ 1
cy is its lift Wlth all entries 1 or 0, and " is glven by i (em) = @ team, i (em+2) = we,

cipl(ei) = Y(e;) for all i # m,m + 2. Next, y - Yo(y) is given by e — ej + SN aieit1 —
w " P(am—1)eam; € — e; for 2 < i < m and i = 2m; epy1 > eyl — O(am)eam; € —
ei — ¢(agm—i)eam for m +2 < i < 2m — 1. Put v := ¢g; and u := gmy1. Applying (7.22)
for all i # m + 1,m + 2, we deduce g; = ¢~ '(v) for 1 < i < m; ¢ = @@ (v) +
Z?Z”l L plt2(m—i—j)( a; )3~ I (v) for m +2 < i < 2m. As in the previous cases, from

this description we deduce:
Lemma 7.6. {¢'(v)}2" 2 U {u} form a basis of V.

Inserting the above values for g; into (7.22) for i = m + 1 and i = m + 2 we deduce:

0=u-— cp(U) — @ P(am) ™ (v) (7.23)
2m—2

" (v —v+2w Slam-1)e" (W) = > 6" agm 1)@ (v) + apmu (7.24)
i=m+1

If a,, = 0, Lemma 7.6 shows that v is a cyclic vector for the (2m — 1)dimensional isocrystal
generated by it. Then (7.24) and Lemma 7.3 finish the proof by showing formulas (7.19).
We may now assume that a,, # 0. Dividing (7.24) by a,,, we obtain an expression of u as

a linear combination of {¢(v)}¥" ™!, with ©?™~(v)

appearing with non-zero coefficient. Then
Lemma 7.6 shows that v is cyclic vector for V. Moreover, inserting this expression of u into
(7.23) and multiplying with a,,, we eliminate u and obtain an expression of the form ¢?™(v) =
ZQm Y0t (v) with fixed v; € L. By Lemma 7.3 we have ordg(vy;) > 0 for all i. We then
(a1), v = @' T20=m) (a2m 1-i) — )¢1+2(l_m)a2m7i
form+1<i<2m—2and v, = —w@and(an) + ¢(am—1) — ¢2 ¢2(am 1). Using induction,
it follows from these equations that ord(a;) > 0 for 1 < i < m. ThlS shows (7.19).

compute that vo,,_1 =

7.5.6. Supposen =2miseven, b= ¢, (k € {0,1}) as in §7.5.3. We have the central cocharacter
¢ = Y1 Bi € Xi(Z), whose image in X.(Z)y = Z/2Z is non-trivial, but which maps to
0 € 71(G)(sy. To finish the proof in the *A,_;-case (cf. the discussion after Lemma 7.2), we
have to show that for all g € Xjc ,(f), g 'ov(g) € ((UNU" )y, (Or)w®. Similar as in (7.4), we
can write

bo(g) = gyw°b (7.25)
with y € (“UNU7)(L) depending on ay,...,a, € L as described in §7.5.2. We thus have to
show that (7.19) holds for these a;. However, doing the same computation as in §7.5.3 (with bP!
and other notation as there), we see that

bt (9) = (b0)*(9) = gyw 7o (y)bP.

(where we used that w¢ and w?(¢) are central). As ¢+ o(¢) = 0, we arrive simply at (7.21), and
may proceed as there (and in §7.5.5) to deduce (7.19).

7.5.7. Proof of Lemma 5.6 for type ?A,_1. The action of ¢ on ®* is as follows: for 1 < i <
J < m, clai—j) = agry—+1); for 1 <i <mand m+2 < j < n, c(a;—j) = apy1)—; and
c(Q(me1)—j) = a1—j; for m+2 <i < j <n, e(ai—j) = a;—j; for 1 < j <m, c(apnin—;) € 7.
The action of o on positive roots is given by o(ai—j) = Q(nt1—j)—(nt1—i)-

We set r =m+2; Uyyo = {a(m—i-l)—j}?jn:l; U1 = Vo U{a—j: 1 <i<mand m+2 <

. . in—1
j<n};form >ig > 2, Wi = Wigsr U{aizio 12y U{moio)—j}jmn—ipr1: 1 = 2.
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7.6. Type 2D,,.

7.6.1. Let m >4, Vp, Q be as in §7.4.1. Consider the closed subgroup GSO(Vp, Q) C GL(Vp),
which was denoted by G in §7.4.1. It is k-split, and its derived group is of type D,,. First,
suppose char k # 2. Fix some A € O, which is not a square in k, and fix a square root VA €
Og. Let hg € GLa,y, (Vo) (k) be given by hq(e;) = e; for all i # £m and ho(etm) = (—2A)Fex
Now suppose char k = 2. Then let hy € GLa,,, (Vo) (k) be given by ho(e;) = e; for all i # +m and
ho(e+m) = €xm. In this section, we let G be the k-group GSO(VO, Q)n, in the sense of §2.1.3.
In particular, for any F,-algebra Ry with R =W(Ro ®r, Fy)[1/@], the geometric Frobenius on
G(R) = GSO(V, Q)(R) € GL(V)(R) is given by

g+ a(g) = hooo(9)hg
where oy is the Frobenius on GL(Vp)(R) corresponding to the natural k-structure on GL(Vp).

Lemma 7.7. The derived group of the k-group G is of type 2D,y,.

Proof. Suppose first that char k # 2. Let Q": Vj — k be the quadratic form Q' (1" (ae; + a—e—;)) =
Ezmll aia_; + a2, —a?,,A. Tt is non-split of Witt index m — 1, hence SO(Vy, Q') is of type
2Dp,. It suffices to construct a k-isomorphism GSO(Vy, Q') = G. Let hy € GL(Vp)(k)
be the element given by hi(et;) = ey; for 1 < i < m — 1 and hi(ey,) = ﬁem + %e,m,
hi(e—m) = VAem — Ae_p,. Then hog(hy)™5" = hg. If Q (resp. Q') denotes the matrix repre-
senting @ (resp. Q') with respect to the fixed basis of Vj (so that Q(v) = vT Qu for all v € V),
one immediately checks that hyQh! = Q’. This means that v — hiv: (V,Q") — (V,Q) is a
k-isometry (i.e., Q'(v) = Q(hTv)), and that Int(hl ~'): GL(Vo); — GL(Vp);, restricts to a k-
rational isomorphism Int(h{""): GSO(Vo, Q) — GSO(Vp, Q');. (Indeed, if g € GSO(Vp, Q),
50 g'Qg = Q and one computes using h1QhT = Q' that Int(h] ") (9)T @' Int(hl" ") (9) = Q")
For R as above, this isomorphism transfers the geometric Frobenius o of GSO(Vp, @’ )(}NB) to
the Frobenius o given by

o(g) = nt(hi" ) (co(Int(h]")(9)) ) = nt(ho) (o0(9)) .

Suppose now that chark = 2. Let Q': Vj — k be the quadratic form Q' (1", (ae; + a—e_;)) =
St aiai4a2, +ama_m+Ad?,,, where A € O} is such that X?+ X +A € k[X] is irreducible.
It is non-split of Witt index m — 1, hence SO(Vp, Q') is of type 2D,,. Let \ € (’)X be a root of
X2+ X+ A. Let hy € GL(VO)(k:) be given by hi(e;) = e; for i # £m, hi(em) = em + Ae_p,
hi(e_m) = em + A" Ae_,,. Then h; induces a k: isometry between (V, Q') and (V, Q). We may
conclude as above, computing that h og(hy) ™57 = h. O

7.6.2. Via the identification G @, k = GSO(Vjp, Q);, we can use T, B, &; € X\(T) (0 <i <m)
from §7.4.2. The induced action of o on X.(T) is given by o(g;) = ¢; for 1 < i < m — 1,
0(em) = —&m, 0(e0) = €0 — em. It follows that 7[‘1(Gad) & 7./27, generated by the class of .
We have isomorphisms Z ® Z/2Z = m1(G), (1,0) r—> o, (0,1) — &1 and Z 5 X.(Z),
1+ 2e9—Y ", €. The inclusion X,(Z) — m1(G) corresponds to the map 1 — (2,1) if m is odd
resp. to 1 — (2,0) if m is even. Moreover, o acts on X, (Z) as identity and the action on 71 (QG)
is given by (a,b) — (0, (amod2) 4 b). Justifying Remark 7.1 in this case, one easily deduces
that the induced map X«(Z) sy £ Z — Z = 71(G) ) is multiplication by 2, hence injective.
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We have the roots a4;+; of T in G as in §7.4.2. The o-action on the simple roots fixes all
@i—(i+1) (1 < i <m — 2) and interchanges (;;,—1)—p, and A (y,_1)4m- Thus we obtain a Coxeter
element

C=Sai5 " Sam_ty_m = (L,2,...,m—=1,m)(2m,2m—1,....,m+2,m+1) (7.26)

9

We consider two lifts ¢g, ¢1 of ¢ to G(k). For k € {0,1}, ¢, is given by ¢x(e;) = w"e;jyq for
1 <i<m-—1, ¢(em) = @wher; cule—i) = e_(i41) for 1 < i <m —1; ¢e(e—m) = e—1. Then
ka(¢o) =0, kg(¢1) = & in 11 (G) (). Thus G¢; (k € {0,1}) are the two inner forms of G.

We use the ATadjg as in §7.4.2. The group “UN U~ is generated by root subgroups attached

to a;—1 (2 < i < m). Explicitly, any element y € (“UNU7)(R) is an R-linear map in GL(Vp)(R)
given by e1 — e + 2212 a;_1e;; e~ e for2<i<mandi=-—-1;e_;—e_; —a;_1e_q for all
2<1<m.
7.6.3. Let b = ¢ with k € {0,1}. We compute x;, = 0 if K = 0 and x, = >.7" (=2 + L)e;
if Kk =1. Let g € Xp(f). Then (7.4) holds, with n as described in §7.6.2, depending on some
ai,...,am—1 € L. We have to show that n € Gy, (Or), which is (similarly as in §7.1.3) equivalent
to

ordg(a;) > % for1<i<m-—1 (7.27)

Let V = Vy ®g L. Let og be the ¢-linear automorphism z @ A — z ® ¢(\) of V. Consider the

¢-linear automorphism ¢ = bhoog of V. Then (V, ¢) is an isocrystal over f of slope §. Equation

(7.4) gives bhooo(g) = gybhg. Applying this to e; for 1 < +i < m, we get ¢(g;) = gybho(e;),

where we write g; = g(e;) (and where we use oo(g)(e;) = 00(g;)). Writing v := g1 we deduce

gi = @' (v) and gy = —(20) @) (@) 4+ 017 6T ag)pm I @) for
1 <4 < m. Inserting this into the equation attached to ¢(gm+1) = gybho(em+1) gives

m—1 2m—1
P(0) = o+ 3 g 0) = 3 6 (g ) (v)
=1 1=m+1

It is easy to see that v is cyclic for V. Using Lemma 7.3, (7.27) follows.

7.6.4. Proof of Lemma 5.6 for type >D,,. The action of c on ®* is as follows: for 1 <i < j < m,
c(aitj) = apny+4n); for 1 <o <m —1, c(irm) = arqqr); for 1 <i <m—1, c(aj—m) € 7.
Moreover, o(a;+j) = oit; if j #m and o(itm) = Qizm.-

Set r = m+11; Uipt1 = {ai—m ;1_11; VUi = Yy U {ai+j: I1<i<j< m}; Vo1 =
v,, U {aler}ZniE sfor 1 <ig<m—2, \Ijio = \II/L'O+1 U {ai—(io—i—l): 1<i<ig+ 1}
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