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ABSTRACT. Inspired by the foundational work of Bezrukavnikov and
Chan [BC24] on character sheaves for parahoric subgroups and an alter-
native interpretation of deep level Deligne-Lusztig characters in [Nie24],
we present a parallel but closed (non-iterated) construction of charac-
ter sheaves within the framework of J.—K. Yu’s types. We show that
our construction yields perverse sheaves, which coincide with those pro-
duced in [BC24] in an iterated way. In the regular case we establish the
compatibility of their Frobenius traces with deep level Deligne-Lusztig
characters. As an application, we prove the positive-depth Springer’s hy-
pothesis for arbitrary characters, thereby generalizing the generic case
result of Chan and Oi [CO25]. The proofs of our results make critical
use of the strategies and results from [BC24] and [Nie24].

1. INTRODUCTION

Character sheaves form a very important tool in the representation theory
of finite reductive groups of Lie type. They were introduced and studied by
Lusztig in [Lus85] and a couple of subsequent works. Later, Lusztig con-
jectured in [Lusl7] that a similar theory should exist for reductive groups
over finite local rings; he proved his conjecture for small values of r and p
large enough. Recently, in [BC24], Bezrukavnikov and Chan confirmed this
conjecture by introducing a theory of character sheaves on Moy—Prasad quo-
tients of parahoric group schemes (a class of groups including those consid-
ered by Lusztig). In the generic case, they showed that the Frobenius traces
of these character sheaves are compatible with deep level Deligne-Lusztig
characters (for which we refer to [Lus79, CI19, Cha20, CI23, CS17, CO23,
CS, Cha24, Nie24, IN25a, CO25] and references therein). This compatibility
is used by Chan and Oi in [CO25, Theorem 9.3] to establish the positive
depth analogue of Springer’s hypothesis in the same case. Other works on
character sheaves in a related setting include [Kim18, Che21]|. We also refer
to [NY25] for a construction of character sheaves on loop Lie algebras.

In this work, we present a parallel but closed (non-inductive) construction
of character sheaves within the framework of J.-K. Yu’s types [Yu01l]. Our
approach is inspired by two key sources: the foundational work of [BC24] and
an alternative interpretation of deep level Deligne—Lusztig characters pro-
posed in [Nie24]. In the generic case, the same construction was initially in-
troduced by Lusztig [Lus17]. We demonstrate that our construction can also
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be realized through iterated generic Iwahori-like inductions, which slightly
diverge from the generic parabolic inductions developed in [BC24]. Follow-
ing the strategies and techniques in [BC24|, we establish the t-exactness of
the generic Iwahori-like induction and hence the perversity of our sheaves.
As a consequence we establish the equivalence between our sheaves with
those of [BC24]. Furthermore, we prove the compatibility of their Frobenius
traces with deep level Deligne-Lusztig characters in the regular case. As an
application, we extend the positive-depth Springer’s hypothesis to arbitrary
characters, thereby generalizing the generic case result of [CO25, Theorem
9.3]. Now we explain our results in more detail.

1.1. Notation. Let k£ be a non-archimedean local field with residue field
F, of characteristic p. Let k be the completion of a maximal unramified
extension of k and let O; denote the ring of integers in k. Let F be the
Frobenius automorphism of k over k. Let G be a k-rational reductive group
which splits over k. Let T C B C G be a k-rational maximal torus of G
which splits over k. Let G = Gx,0 be a parahoric model of G attached to a
point x in the apartment of T over k in the Bruhat—Tits building of G. For
0<reR:=RLU {s+;s € R}, let Gx, be the rth Moy-Prasad subgroup of
Oxo- For0<s<re R we regard

Gs:r = gx,s(ofg)/gx,r-l—(oié)?

as an [F -rational perfectly smooth affine group scheme. See §3 for more
details.

1.2. Character sheaves. Let ¢ # p be a prime. Let ¢: T'(k) — @Z be a
smooth character of depth 7 > 0. Suppose that p is large enough, so that by
[Kall9, Proposition 3.6.7] ¢ admits a Howe factorization (G*, ¢;,7i)—1<i<d,
where G’ form an ascending sequence of (k-rational) Levi subgroups of G
with G ' =T and G4 =G, 0=r_1 <19 < -+ < 19_1 <19 =7, and
¢i: Gi(k) — Q, is a (G',G1)-generic character of depth r;, such that
(25 = H(ijzfl ¢1‘T(k) Put s; = V“i/2 and

Ky, =G5, Gl ...GY and K} = GGy

S0:T Sq—1:T so+:r *

d
Gy,
We fix a k-rational Borel subgroup 17" C B such that each G'C Gis a
standard Levi with respect to B. let U C B be the unipotent radical and
let U be the opposite of U. Consider the Iwahori-like subgroup

Ty up = Koy NUNTH(KS, N T,)

which also appears naturally in the Yu’s construction of irreducible super-
cuspidal representations [YuOl] and in the study of deep level Deligne-
Lusztig induction [Nie24]. The group 7, admits a natural quotient T,
(such that ¢ factors through T!") and there are inclusion/projection maps
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5 -
G, <ﬁ> Zyu,r — 1. In §4 we shall define a functor

(1.1) pInd%:UW : Dy (T,) — Dg, (Gr),

which is (essentially) hi0* composed with an averaging functor. Let L,
denote the local system on 7, attached to ¢. Then we obtain a perverse
sheaf on G, attached to ¢:

Theorem 1.1. There exists some (explicit) Ny € Z such that pInd%:UTE(z)[NM
is perverse. If ¢ is reqular (i.e., Ly has trivial stabilizer in the Weyl group
of G, ), then it is simple perverse.

For a precise statement, see Theorem 4.6.

1.3. Iterated generic induction. To prove Theorem 1.1, we shall express
pIndg;UT£¢ through an iterated induction procedure, following an idea of

[BC24]. Let G O P=LN DT bea parabolic subgroup, with Levi factor
L DO T and unipotent radical N. If N denotes the opposite of N, and
s = r/2, we have the closed subgroup

Ps,r = L’I‘NS:T’NS-‘F:T’?
of G. (In [BC24] instead of P, the group P, was used.) There are natural

maps G, <L P, 5 L,. In §3 we define a functor
pInd§ \: D, (L) — Dg, (Gy),

given by éj0p* combined with an averaging functor, where D_(—) denote the
equivariant bounded derived category of ¢-adic constructible sheaves. As in
[BC24, §4], for an (L, G)-generic element Xy, € (Ly)* C (Grr)*, we have
the generic subcategories D%T(Lr) C Dr,.(L,) and DZT(GT) C Dg, (G).
We then prove the following analogue of [BC24, Theorem 5.16]. (See Theo-
rem 3.3 for a more precise statement).

Theorem 1.2. The functor pIndIGJ:T! restricts to a t-exact equivalence
pInd$ \: DY (L,) = D (Gy).
This construction can be iterated. For 0 <4 < d we may put

i ; G
Wit Dgi (G;-ill) — Ggi (G),), Fr— Li®eplnd,,' ™" F,
et ' " ' 8i—1:Ti—1
Wher(? €: Gii — G;{Pl
on G, attached to ¢;.

is the natural projection and £; is the local system

Theorem 1.3 (see Theorem 4.6). Up to explicit shifts, pInd%:UT£¢ 18 1S0-

morphic to @ rmr¥q... ¥ (F), where F ranges over irreducible summands
of Wo(L_1) with multiplicity mx.
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Note that Theorem 1.1 follows from this combined with Wo(L£_;) being
perverse (up to a shift) by Lusztig’s original work [Lus85], and the fact that
a shift of W; preserves perversity, which is a consequence of Theorem 1.2.

1.4. Trace of Frobenius. In the case of finite groups of Lie type the Frobe-
nius trace of a character sheaf attached to character 6 of a torus is related to
the Deligne-Lusztig character R%(6). Recall from [CI19] that in our setting
with Moy—Prasad quotients G, with r > 0, there are analoga of the classical
Deligne-Lusztig varieties, the so called deep level Deligne-Lusztig varieties
X, = X7y, (which are essentially the preimage of U, under the Lang map
G, — G,). Attached to ¢ there is thus the virtual GZ-module

RE7(9) = D (1) He(X,, Q) [9]
i
which we may also regard as a (virtual) character of GE. On the other
hand, as £, comes equipped with an isomorphism F*L = Ly, the char-
acter sheaf pIndg;Urﬁqg[Nqs] from Theorem 1.1 has an associated trace-of-

Frobenius function y : G — Q. Our next main result shows

pInd%' (L)
that this compares nicely to the Deligne—Lusztig character:

Theorem 1.4 (see Theorem 8.6). Assume that q is sufficiently large. As-
sume that T is elliptic and ¢ is reqular. Then
_ dim G, pGr
o, ey = (1 0)
Note that this is similar, but more general than [BC24, Theorem 10.9], in
that we do not assume L4 to be (T, G)-generic (i.e., ¢ has only one step in its
Howe factorization). In the proof we again follow ideas from [Lus85, BC24].

1.5. Application: positive depth Springer hypothesis. In the situa-
tion of finite groups of Lie type, Springer’s hypothesis expresses the restric-
tion of a (classical) Deligne-Lusztig character RS () to unipotent elements
(i.e., the so called Green function) as the Fourier transform of the character-
istic function of the coadjoint orbit of a semisimple element of the dual Lie
algebra. This was shown by Kazhdan [Kaz77] and later a proof via charac-
ter sheaves was given by Kazhdan—Varshavsky [KVO06]. A similar statement
was formulated, and proven in the case of (T, G)-generic characters ¢, by
Chan-Oi in [CO25, Theorem 10.9]. The proof made use of the character
sheaves from [BC24]. We generalize this result, removing the genericity as-
sumption on ¢. The proof uses our version of character sheaves. To state
the result we need some notation (see §9 for details). Let g, denote the
Lie algebra of G, and let g* . denote its dual. Attached to a fixed charac-

ter ¢: k — @ZX there is a well-behaved Wittvector-valued Fourier transform
functor Tj; " : DY(g*,) — Db(g,), see [CO25, §9.1.3] and §9. Let C((g*,)")

*

and C(g!’,) be the spaces of functions on (g*,)" and g’ respectively. Let
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Ti*_r 1 C((g*,)F)) = C(gl") denotes the classical Fourier transformation of

functions gi\_/(:n by
W) = Y FXRE(Y)).
Xe(g,)F

If F € D(g*,) is a Weil sheaf, then T, f*’r]-' inherits a natural Weil struc-
ture. We denote by xr € C((g*,)F) and X8t € C(gl) the associated

functions respectively under the sheaf-function dictionary. Then we have
(V) =T Y).
ij,rf( ) =T, (x»)(Y)
Let (gr)nilp denote the the set of nilpotent elements in g;..

Theorem 1.5 (see Corollary 9.6). Assume that p,q are sufficiently large

and T is elliptic. Then there exists a reqular element X € (t*,)F C (g* ),

F

depending on ¢, such that for any u € (g )y, we have

¢2Mo - RS () (exp(u)) = TE (1gr ) (w),

where 1gr.x is the characteristic function for the coadjoint GF-orbit of X,
My = Zfzo(dim Gﬁ,i_l —dimGi71), exp: (& )nilp 5 (Gr)unip s the expo-

rio1
nential map, and dg,.x is the extension-by-zero of the constant sheaf on the

coadjoint orbit of X.

Using this theorem we establish in Corollary 9.8 a relation, conjectured
in [IN25b, Conjecture 8.4], between deep level Deligne-Lusztig characters
and Kirillov’s orbit method (which is developed in [BS08] in the relevant
setting).

1.6. Outline. After some preliminaries in §2, we study the generic Iwahori-
like induction and state Theorem 1.2 in §3; its proof is given in §10. In §4 we
define the functor (1.1) and reformulate it by iterated generic Iwahori-like
inductions. In §5 we express (1.1) as an intermediate extension of perverse
sheaf on the very regular locus. Then in §6 and §7 we compute the Frobenius
trace of (1.1) and compare it with the deep level Deligne—Lusztig character.
Finally, in §9 we prove the positive level Springer hypothesis.
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author would like to thank Charlotte Chan for helpful discussions. We are
indebted to George Lusztig for explaining the existence of regular charac-
ters/local systems when ¢ is sufficiently large.

The first named author gratefully acknowledges the support of the Ger-
man Research Foundation (DFG) via the Heisenberg program (grant nr.
462505253).
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2. PRELIMINARY

Let p # /¢ be two different prime numbers and let F, a finite field of
cardinality ¢ and of characteristic p.

2.1. Let X be an g -variety with Frobenius automorphism o. We denote
by D(X) the bounded derived category of constructible ¢-adic sheaves. For
a subset Y C X we denote by dy € D(X) the extension-by-zero sheaf of the
constant sheaf on Y. We put 6, = dy if Y = {y} for some y € X.

Let F € D(X) be a complex endowed with an isomorphism ¢ : 0*F = F.
Then we have the trace-of-Frobenius function

et X(E) =T @ 3 (1) el H(F)a),

where H!(F), denotes the stalk at = of the ith cohomology sheaf of F.

2.2. Let H be an F,-rational algebraic group and let X be an [F-rational
H-variety. We denote by Dp(X) the H-equivariant derived category of
constructible f-adic sheaves. Let p : H x X — X denote the associated
action map. In view of the diagram

HxX ' o x
Y
H X

we define the following convolution functors
D(H) x D(X) — D(X)
(F, ) — FH Y= u(priF @ pryd);
(F,Y) — F e V= pia(pr1F @ prad)).

Let M C H be a closed subgroup. Let Forl} : Dy (X) — Dy (X) be the
forgetful functor. Consider the morphism

tx: X — H/M x X, z+— (e, z).
We have the following natural equivalences of categories
v o Fortl | % o Forll : Dy (H/M x X) =5 Dy (X).

The averaging functors are defined as
H (L!XoForHl)_1 joo
AviL Dy (X)) =23 Dy(H/M x X) =2 Dg(X);

* H

Ly-oFor -1 T
AvEL - Da(x) XD b M X X) P D (X).

Note that Avil, and Avi, are left and right adjoint to Forl} respectively.
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2.3. Let X — S be a vector bundle of constant rank n > 1 and let X’ — S
be its dual bundle. Consider the following natural diagram

X xg X' 2 G,
>R,
X X/,

where k : X Xxg X' — G, is the canonical pairing. Let £ be a non-trivial
multiplicative rank one local system on G,. The associated Fourier-Deligne
transform is defined by

FT.: D(X) — D(X'), F — pro(priF @ £*L)[n].
3. GENERIC IWAHORI-LIKE INDUCTION

Let k be a non-archimedean local field with residue field F,. Let k be the
completion of a maximal unramified extension of k. Let F' be the Frobenius
automorphism of k over k. Denote by O and Oy the integer rings of k and
k respectively. Let @ be a fixed uniformizer of k.

Let G be a k-rational reductive group which splits over k. We assume
that p # 2 is not a bad prime for G and p 1 |Gger|. Let x be a point in
the Bruhat-Tits building of G over k. We denote by Gx o the associated
parahoric Og-group model of G. For 0 < r € R:=RU {s+;s5 € R} let Gx r
be the rth Moy-Prasad subgroup of Gxg. For 0 < s <r € R we define

Gs:r = gx,s/gx,r—H
which is an [F -rational perfectly smooth affine group scheme.

Let H C G be a closed subgroup. Following [CI19, §2.5] one can con-
struct an Fq—rational closed subgroup Hg., C G, in a similar way. We put
H, = Hy., for simplicity. If, moreover, H is a k-rational subgroup, then
H,., is defined over Fy, and we still denote by F' the induced Frobenius
automorphisms on H or H.,.

3.1. Let T C G be a fixed k-rational and k-split maximal torus. For any
subgroup H normalized by T, let & = ®(H,T') denote the set of roots of
T appearing in H. Let o € ® = ®&5. We denote by o : G, — T its coroot
and denote by G : G, — G a fixed parameterization of its root subgroup.
We put 7% = Im . N

Let ® = (®U{0}) X Z be the set of affine roots of G. Let f € ®. We write
ayp € ® {0} and ny € Z such that f = (ay,ny). We view f as an affine
function on the apartment X,(7T') ® R of T such that f(z) = —ays(x) + ny.

From now on we assume that x lies in X,(T) ® R. Let f € ® such that
f(x) > 0. Define

up: A=A — G, 2 GV ([2]w™) if fed\Z,
uf:Af = X*(T)@)?q—)Gr, )\®x»—>/\(1+[x}w”f) iffEZZl,
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where A € X,(T), € F, and [z] € Oy denotes the Teichmiiler lift of z.
Let B = UT be a Borel subgroup with unipotent radical U. Let ®* = ®p,
which is a positive system of ®. Associate to ®* a linear order < on ® such
that for any f, f' € ® we have f < f if either f(x) < f(x) or f(x) = f'(x)
and apr — ay is a nontrivial sum of roots in ®+.
Let r € Z>o. We set &);f ={f € ®f >0,f(x) <r} Consider the

abelian group A[r] ;=[] fedr AJ. Then there is an isomorphism of varieties
(3.1) w: Alr] — UpGora,  (2p)p— [Jug(ay),
f

where the product is taken with respect to any fixed order on (T),Jf Let
E C &F. We define A¥ =] feE A7 which is viewed as a subgroup of A[r]
in the natural way. Define

GE = u(A¥) C U,Gor.
Moreover, we denote by
prp : UpGotyr 2 Alr] — AP 2 GF

the natural projection. We write pry = pry if £ = {f}. Note that if

E+E Zsy+E C EU®" with & = {f € &;r < f(x)}, then GF is a
subgroup of U,Go.r.

3.2. Let P = LN D B be a parabolic subgroup of G, where L O T is the

Levi subgroup and N is the unipotent radical. Denote by N the opposite of

N. Let Ny = N(T') be the normalizer of T in L. We set Wi, = Ny /T and

Wy, = (Nr),/T,, which are called the Weyl groups of L and L, respectively.
Let r € Z>p and put s = /2. Consider the following subgroups

Ps,r = LrNs,r C G, where Ns,r = Ns:rNer:r-

Notice that Ny, is a normal subgroup of P,,. We have the natural inclu-
sion/quotient maps

{ :Ps,r —Gr, p: Ps,r — Ps,r/Ns,r = L.

Inspired by [Lusl7] and [BC24] we introduce the following induction and
restriction functors

pIndg;T!, pIndg;T* : D, (Ly) — Gg, (Gy);
pResg;T,, pResp’ . : Da, (Gr) — G, (Ly),
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where
pIndIGD:T! = AV}GD:T! o1io p* o Inﬁfi’r;
pInd§r == Avr | oi.op o nfl;"
pReSIGD; qi=poito Forg:;
PResg! , i=p. oi' o Forf.

Note that pIndIGD;r! and pResp” | are left adjoint to pResp’

respectively, see [BC24, Lemma 3.6].
Consider the varieties

é\"r = {(g,h) € Gr x G; h_lgh € Ps,r}a
G, :={(g,hPs,) € Gy X Gp/Ps,;h ™ gh € Py},

together with the morphisms

and pIndIGD:,T*

*

n: Gy — Ly, (g, h) — p(h ™' gh);
Qa: @T — é’r: (g,h) — (g, hPsy);
e ér — Gy, (9, hPsy) — g.

For F € Dy, (L) we denote by N F € D(G,) the unique object such that
a*n*F =2 n*F. Then we have the following standard result (see [BC24,
Lemma 3.8]).

Lemma 3.1. For F € Dy, (L) we have
pInd@ |(F) = mn* F[2dim N,,] € D(G,)
by forgetting the equivariant structure on both sides.
3.3. For any r € Z>1 we define the following F-linear spaces
9:=Gpyp, p:=PF.,, uw=U.,, =L, t:==7T.,,

whose dual spaces are denoted by g*, [* and t* respectively. Moreover, we
set t*:=T% Ctfor a € ®.

Definition 3.2. We say X € [* is (L, G)-generic if the following two con-
ditions hold:

(ge1) X #0 for a € P\ Py;

(ge2) The stabilizer of X|¢ in W equals Wrp.

Now we fix an (L, G)-generic element X, € [*. Denote by G, - Xy the
coadjoint G,-orbit of Xy,. Define

Ly = FT£(5Xw), Fyp = FT£(5GT~X¢)-
Let ¢ : l = L, and iy : g = G, be the natural inclusions. Define
Lw,r = i[*£¢[dim [] € DLT (L,n), ‘FTZ)J’ = ig*f1j) [dimg] S DGT (GT)
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Following [BC24], the associated (L, G)-generic subcategories are defined by

DY (L) := Ly, % Dp, (L) = Ly, % Dp, (L)

T

D¢ (Ly) := Fyp % Dg, (Gy) = Fyy % Da, (Gy).

Now we state the main result of this section, whose proof is given in
Section 10.

Theorem 3.3. Let r € Z>o and s = r/2. Then pIndIGD:T! restricts to a

t-exact equivalence from D%T(LT) to DZT(GT), whose inverse is given by
Loy *1 pResIGD:T!.

4. INDUCTION OF YU TYPE

Let ¢ : TF = T(k) — @Z be a character of depth r € Z>o. Thanks to
[Kall9], there exists a Howe factorization (G*, ¢;,7;)_1<i<q of ¢ satisfying
the following conditions:

e T=G1CG'CG'C---C G%=( are k-rational Levi subgroups of G;
e =11 <rg<---<rg1<rgifd>1and 0 < rgif d=0;

e ¢;: G'(k) = Q, is a character of depth r;, and trivial over Gi (k) ! for
1< <d

e ¢; is of depth r; and is (G, G'™!)-generic in the sense of [Yu01, §9] for
0<i<d—1;

o ¢ =TIL_, dilra-

Choose a Borel subgroup B = T'U with unipotent radical U such that each
G" is a standard levi subgroup with respect to B. Let

P =G Y UNG) =GN

be the parabolic subgroup of G with Levi subgroup G*~! and unipotent
radical N*. Let s; = r;/2 for 0 < i < d. We define

Pl =P, ),

Si—1,T 7 Si—1,Ti—1

where g; : G& — Gf,i_ , 1s the natural projection and PS’;_I,TZ__1 is defined as

in Section 3.2 by taking P = P*, r =r; and s = s;_;.

n [Kall9, Definition 3.6.2], ¢; is only required to be trivial over G%. (k). However, the
proof of [Kall9, Lemma 3.6.9] shows that ¢; can be chosen to be trivial over Gg,, (k).
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Let U be the opposite of U and set T, = G4, NT. We consider the
following subgroups.

,C¢ﬂ" = Gg:rGl e Gd

so:T Sq_1:T?

+ @0 ol qd .
,C¢,r - G0+:7“Gso+:r Gsd,l—i-:ra

T¢77’ = (Tc(i)er)OJriT(T&er)ToJriT o (chiier)Td—lJr”";

Epr = (K5, NU)Ty,(KS, NT,);
I;r)!Uvr - (IC¢77" N UT)TQS,T(’C(;;T N UT‘)’

Tyve =TI, = (Koo VU)K, N T);

' ' i+1 d -

f;ﬁ,r = ( zler)m-‘riT(Té:; )TH-IT‘ T (Tder)T’d—1+:T7 -1<i<d
We define C_T‘; = Gi/QfM and let' Psiiiw_, 'T;‘, 7, fol be the natural images
of P, ., 17, Zyur NG, and Gl in G respectively. We put

T = Tril = TT/Q;; = TT/TW"'

Noticing that ¢|r, (r,) factors through T,(Fy) = T (Fy) /Ty, (Fy), we denote
by L4 the associated rank one multiplicative local system on 7.

41. Letp; : PL_ . — G~ ! and §; : Z! — T, be the natural projection

maps. Let j; : PjFl’T < G and h; : Z! — G be the inclusion maps.
Now we introduce the following induction/restriction functors

Gl Gt . * Py i . ~i—1 ~i .
pIndPS; . = AVP;’, o 0 jjop;o Inﬂéi‘l : Défl(Gr ) — Dei (G}.);
Gi Gimt\—1 9| A i ~i—1y.
pRespSi. = (Inﬂé?l) O Pix 0 J; © Foréi,1 : Dgi (G)) — Dgi-1(G7);

pIndiG? = AV% ohjod;o Inﬂf{i : Dy (T,) — Degi (GL);

(a

pResS! = (InfllY) ™4 0 6. 0 ht o Forly « Do, (GE) — Dy, (Ty).

Note that the kernels of the natural projections PjF = Gl CA}ffl —

G'~!and T! — T, are connected unipotent subgroups. Hence the associated
inflation functors above are equivalences of categories, and hence invertible.

i
D

Lemma 4.1. The functors pIndg% and pIndgT are left adjoint to pResq?

Sj_1,T ™ Si—1sT

Gi
and pResZ;

T

respectively.
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Sl 17

P S
Proof. Since ForGA[ 4 oInﬂGj = InﬂGl 1, the right adjoint of pInd

is given by

Gt

(InﬂGsf Y lopiojio Forpz

Si—1-"

D

(InﬂG )y lo For -1 0 Pix 0 ji © ForGr
G’L 1 G’L 1 1% 7 P;Lz L
Gz 1 Gi
(InﬂGz 1) O Pix © .]7, o Foré'
= pRes{
Si—17

As Forg’E oInflfr = Inﬂ?, it follows in the same way that pInd??” is left
adjoint to pResg:T.

Proposition 4.2. We have

(A Gi+1
pResji 1 pRes— opResPi i1

G'L
pInd zit1 = pInd pir! o pIndﬂT

Proof. By the adjointness in Lemma 4.1, it suffices to show the first equality.
First note that

) A i1
For%? ) Inﬂg =Infil o Forié .
Consider the following diagram

T+—TIi+—TIi!

d; pz+1
Jhi h;l

Gi pz+1 Gi+l
T pigr T ST 0T
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where the square is Cartesian. In particular, ;41 = J; o p} 41 and hipp =
Ji+1 o hl.. Therefore,

Girt

pRes- o pResZ? pit!

i+1

= (InﬂT:)’1 080 hjo For% o (Inﬂg )" opitixo J@+1 ° Forq,

T, _ 1 Fi+1 Gl l+1
= (InﬂT:) Lodiohio (Inﬂ@; )"t oForZr i1 O Dig1x © ]z+1 o For o
T;‘Jr i+l
= (Inﬂ:f; )7 0 8i 0 Bl 0 Pit1x 0 fig O ForTH1

~i41

Fit1
(Inﬂ% )"0 6 01, 0 (W) oty o Forlr

T7,+1
T+ Gitt
= (Inﬂf )L oditiwo hz+1 o ForTH_1
G1+1
= pReSIH_l )
where the second equality follows from that ForTZ o oInﬂg% = Inﬂg’i oForg:T
and fourth one follows by the proper base change theorem. The proof is

finished. O

4.2. Notice that each character ¢; is of depth 7; and trivial over G5 (k).
It restricts to a character of GL (Fy)/(Ghep)r;(Fq) = (Gr,/Gher)(Fy). Let L;
be the corresponding multiplicative rank one F-equivariant local system on
L; on GL. /(Gh,,)r,. Consider the following natural quotient maps

q : C;'i — Gi ;

gi: Gl — GL_;
Gl — G (Gl

iy G — G,/ (Gler)ris i < .

We put ﬁ;: ®t%i+17qzﬁt£t € Z?G%;(G'}',). Note that L4 = ®71<t<d qiuﬁt.
Let ; : GL — Gi/Pi L X G® be given by z +— (e, ). Then the pull-back
functor ¢} : Dgs (Gi/P! L X G!) = Dp:  (GY) gives an equivalence.
v Si—1,r

Lemma 4.3. Let P € D@-A(Gi). Then we have
PInde (LOP) =g Lin @ LM @ pIDdGzHP

Proof. Set F = ¢}y ;11Lit1® Lt e Dé:}l(éi—i_l). For t > i+ 1 we have
the commutative diagram

PH»l Gz+1

Jit1
pz‘+1l Ch'-&-l,tl

évl" *thGit/<Gder)7"t7
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which means that
Pia L= T
Consider the morphisms
G; p<ii1 pz-l—l Jit+1 GH—I Li+l Gz—i—l/PH—l % Gz—l—l Pry Gz—l—l
We have
pIndPlJrl (L' ®P)

= pro(e51) i 1pi (L1 @ P)

> proy (1) i1 (i F @ pia P)
= proy(¢f41) " (F @ (jisrpiy1 P)

= pry (prsF @ (111)” Jir1pf1 P)
=F® Pr2!(bf+1)_1ji+1!29f+173

N.7:®p1nd 73

PH—I
The proof is finished. O

Lemma 4.4. We have

'L+1
pIndPl+1 0q; = qi 10610 pIndPl+1 :

Si:Tq

Proof. Consider the following natural commutative diagram

au Di+1 ~i+1 ~i+1 ) pi+1 ~i+1 ~i+1
Gr Psi,r Gr Gr /Psi,r X G’I‘ B— Gr
%‘J{ J J J 5i+1°Qi+1J{

7 i+1 1+1 'H—l z+1 i+1 i+1

G"'i PSZ,T‘Z GTi G / S5, Gri *> Gri .

The statement follows by noticing that right three squares are Cartesian. [

For 0 < i < d we define

Wi Dgi-t Gy — Gai, (GL), Fr—eLi®c; pInd F.

31 1>7—1

Proposition 4.5. We have
pInd E¢ ~[L® @G- U0 (Loq).

Proof. We argue by induction on —1 < ¢ < d. If ¢ = —1, the statement
follows by noticing that Ly = L7t ®q*L_1. Assume the statement is true
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fori > —1. Let F = U;--- U1 ¥y(L_1). By Proposition 4.2 we have

Gy
pIndﬂ 1 Ly
~ Gt Gl
] pIndP; 110 pIndi}; Ly

= PInszﬂ (['i ® Q:Fl)

~ pitl g q1+1 i1 Liv1 ® pIndPZqu F
Gitt
® ¢4 Lit1 ® qz+1fz+1plndpsz+; F
gitl o
® qz+1( z+1£Z+1 ® E’L-‘rlplndpl-‘rl F)

ST

= LM @i Vi F
= LT @ Vi U (L0),

where the third and fourth isomorphisms follow from Lemma 4.3 and Lemma 4.4
respectively. The induction is finished. O

We set Wf) = Uo[dim TO] and U] = ¥,;[dim G%, — dimG%_ ] for 1 <i < d.
Put pIndGT = pInd
We say ¢ is regular (for G) if L4 has trivial stabilizer in W, .

Theorem 4.6. Let Ny = dim Ty + Y0 (dim Gi — dim G%,_ ). Then

pIndf”  L4[Ng] = Wl wl(Ly) = @mﬂﬂ ui(F),

where F ranges over irreducible summands of \Ilg(ﬁ_l[dim To)) with multi-

plicity mx. Moreover, the summands \I’Il e \If]i(]:) are pairwise non-isomorphic
simple perverse sheaves on G,.
In particular, if ¢ is reqular, then pInd%:UTﬁqg [Ng] is simple perverse.
Proof. We follow the proof of [BC24, Corollary 6.7]. First note that pInd PO
0,0
is a classical parabolic induction functor. By [Lus85, §4.3], \IIO(E_l) =
0

pIde0 L [dim(T 0)] is semisimple perverse. By Theorem 3.3, the functors
\I/Jr for 1 < d are fully faithful. Hencer first statement follows from

Proposmon 4 5.
Assume ¢ is regular, then £ 1 has trivial stabilizer in WG8~ Hence

o o(£-1) is simple perverse by [Lus85, §4.3]. So the second statement follows.
O
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5. A COMPARISON RESULT

In this section, we follow [BC24, §7] to compare two constructions of per-
verse sheaves on G,.. One is as in Theorem 4.6, the other is by intermediate
extension from the very regular locus of G,.. Let ¢, r, (G%, ¢;,7;)_1<i<q and
B =TU be as in Section 4.

First we recall the notion of very regular elements introduced in [CI19,
Definition 5.1].

Definition 5.1. An element v € Gx := Gx 0(Oj,) is called very regular if:

(1) the identity component T, of the centralizer of v in G is a maximal
torus,

(2) the apartment of T, contains x,
(3) a(y) #1 mod w0, for all roots a of T in G.

An element in G, is called very regular if it is the image of a very regular
element of Gy .

For any two lvf—split maxima torus 5,5’ of G whose apartments con-
taining x, we set Ng, (S,5) = {z € Gy;2Sz~! = §'} and W, (S,5') =
N, (S,58")/S;.

Proposition 5.2. Let v € G, be a very regular element. Let h € G, such
that h™'yh € Ty y,. Then there exists a unique v € We, (T, T,) such that
h € wZlyy,, where w € Ng, (T, T,) is some/any lift of x.

Proof. We first observe that since x lies in the intersection of the apartments
of T and T, these two maximal tori are conjugate by an element of Gy .
Therefore, we may assume without loss of generality that T', = T" and hence
v € T;. Similarly as [CI19, Lemma 5.6], the statement then follows from the
uniqueness of Iwahori decomposition of G ¢ and the very regularity of ~.
O

Let Gy yreg be the set of very regular elements in G, and let jyreg :
Gryreg = Gy be the inclusion map. Set 17 yreg := T N Gy yreg. Let

Grreg := {(9,hT}) € Grvreg X Gr/T : Kl gh € T;}

and consider the maps

Gr,vreg Tyre
W? \g
Tr,vreg Gr,vreg

given by
nvreg(ga hTT‘) = h_lgh7 ereg(g’ hTr) =Jg-
Lemma 5.3. The map (g, hI}) — (9,hZs ) gives an isomorphism

ér,vreg = {(97 hId),U,r) € Gr,vreg X GT/IQS,U,T : h_lgh € Icf),U,T} .
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Moreover, under this isomorphism, nyreg and Tyreg correspond to the restric-
tions of the maps n and 7 in 3.2 respectively, and are both Wg, -torsors.

Proof. This follows from Proposition 5.2 and that the map L, : Zyy, —
Ty vr/T: given by x +— ’7_1$7Tr is surjective for v € T yreg- O

Recall that L is the local system on T, /Ty, associate to ¢. By abusing
of notation we also denote by L its pull-back under the natural projection
T, =T, /Ty,

Theorem 5.4. Let Ly e denote the restriction of Ly to Ty yreg. Then
pInd%:UW (Ly[Ny]) = (jvreg)!*((ereg)m\treg£¢,vreg [dim G ]).

In particular, it is F-equivariant, and independent of the choice of Borel
subgroup B =TU as in Section 4.

Proof. We follow the proof of [BC24, Theorem 7.6]. By Theorem 4.6,
pInd%:U . (L4[Ny)) is semisimple perverse and its endomorphism algebra has
dimension equal to [Stabw, (£-1)| = [Stabw (Le)|. The same holds for the

intermediate extension (jyreg)ts ((Tvreg)17ireg Lvreg[dim Gy]).
Hence, to show that these two perverse sheaves are isomorphic, it suffices
to prove j;kregplnd%“ (L6[Ng]) = ToregMireg Lorvregldim Gy, which follows

U,r
from Lemma 5.3. O

Corollary 5.5. The perverse sheaf pInd%TUT (Ly[Ny)) is isomorphic to the
perverse sheaf Kr, constructed in [BC24, Corollary 6.7].

Proof. Tt follows from [BC24, Theorem 7.6] and Theorem 5.4. O

6. AN ALTERNATIVE CONSTRUCTION

Following [Lus90] and [BC24], we give an alternative construction of
perverse sheaf on G, using a sequence of Borel subgroups. Let T, ¢, r,
(G', ¢s,7i) _1<i<q and be as in Section 4.

Let B = (B, B!,..., B") with B® = B" be a sequence of Borel subgroups
containing 7. Let U' be the unipotent radical of B?, whose opposite is
denoted by U'. Set T = Ty i, fori € Z. Let

BT = (Ko NUNTHKS 0T — T /Ty,
be the natural projection.
Lemma 6.1. The map (u,v) + B (u)B(v) for u € It and v € T}
mduces a morphism
Brigi+t : T — T, )Ty .
In particular, Bzﬂiﬂ(aczy) = Bi(x)ﬁﬂﬂﬂ(z)ﬁ”l(y) forx € Tt, y € TV
and z € LT
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Proof. 1t suffices to show that Bi(w) = B (w) for w € TP N T, This
follows from that each 87 is a group homomorphism. O

Let Xp =G, x G,./I? x --- x G, /I and
Ve = {(g,h0Z?, ..., hyT") € Xp;hi thip1 € LT for 0 < i < n—1,h, ' gho € I0}.
Moreover, there are two natural morphisms
Y — Gp, (g, o), haT)) — g;
n:Yp — T0/Tyry (9, h0Z0s .- hnZ) — Bo(hg tha) ... Bae1(ht ) BO(Ryy  gho).
We define
pIndp(Ly) = (7)1(nB)"Le[2dim(G,/Ly,r) + NB,

where Ng = Y1 dim Z!Z¢ ! /T and L, is the multiplicative local system
over T, /Ty, corresponding to ¢.
The main result of this section is

Theorem 6.2. We have pInd%TLQg = plndp(Ly)-

6.1. Let W be the absolute Weyl group of T" in G. Let w; € W such
that B' = i B~ Note that each Borel subgroup B’ determines a length
function lpi : W — Z>o.

We fix 1 < ¢ < n—1 and suppose that w; is a simple reflection with
respect to £gi—1. Let a € ®(G,T) be the simple root in B'~! associated to
w;. Then {—a} = ®(B,T)\ ®(B"1,T).

For f € ® with f(x) = 0 we denote by Gf = G,{f} C G, be as in
Section 3.1.

For a € ®(G,T) we set j(a) to be the integer 0 < j < d such that
a € ®(GV,T)\®(GI1,T), and set r(a) = 7j(a)—1-

Lemma 6.3. If T:~' # T!, then there exists f € ® such that ap = a and
f(x) =7r(a)/2. In this case,

L7 = GIT =176
where ft =r(a) — f € ®ug.
Let ;B = (BO,...,@,...,Bn) and define
DY — Xop, (9,hT0,  hnT) — (g, hoZ0, ... hiTE, .. hoTT).

Lemma 6.4. Let £ = (g,th,Q,...,l@,...,hnIf) € X,p. Then the pro-
jection map (¢', hZ, ..., L, I) v+ h.I} induces an isomorphism

"6 = hi (LT L O b hin TV ) [T
Proposition 6.5. If —a € ®(B™,T), then we have

pIndg(Ly) = pInd, g(Ly).
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Proof. It suffices to show that p; induces an isomorphism Yp = Y,p, np =
n,Bop and Np = N,p.
) T ) . ) .
‘By assumption, G{' C T'NZit'. By Lemma 6.3, we have Zi"1Z¢Ti 1 =
T and Imp C Y, 5. We claim the natural map
i LTS T — TV (2,y) — ay

is an isomorphism. It remains to show 7 is injective. We may assume 7!~ #
T! and let f, fT be as in Lemma 6.3. Let z,2’ € Z2"'Z! and y,y’ € Z'ZiH!
such that zy = 2’y’. We can assume further that y,y € Z:+!. By Lemma 6.3
we have

el =gy e UfIﬁ_lUf NZH C T,

where the last inclusion follows from the inclusions U,f ! - I}; N Iﬁ+1 and
TN it C T¢. So the claim is proved.

As y is an isomorphism, we have Np = N,p, and moreover, ;p is an
isomorphism by Lemma 6.4. The proof is finished. U

Proposition 6.6. If B"~! = Bt then plndg(Ly) = pInd, 5(Ly).

Proof. If T:-! = T! the statement is trivial. We assume otherwise and let
f,ft € ®.¢ be as in Lemma 6.3. Note that Np = N,p + 2. Consider the
decomposition Yp = Y3 U Y5, where

VE ={(g,hoZl, T hi higa € T

Yp = (9:hoZ), - haZl)ihi i hiva ¢ T7')
Let ;p',n',7" and ;p",n", 7" be the restrictions of ;p,np,7p to Y and Yz

respectively.
By definition, ;p’ induces a morphism from Yé to Y,p, which we still

denoted by ;p’. &Lemma 6.3 and Lemma 6.4, the fiber of any point
€= (g,hoZ2, -+, hTI:, ... h,I") € Y, under ;p’ is
{hi—1up(2)T} T} 2 € Go} = G,
Moreover, the restriction of ng/(n,p o ip’) on 2 ) is
Bri-1z; (hiZyhiug(2)) Brigin (up(2) " by hiva)
517{—11;+1(h;_11hi+1)

BT up(2)) B (up(2)h  higa)

B B (hi  hig)

= B g ()8 (up(2) ™)

=1€T, /Ty,

where the second equality follows from that hy ' hip1,us(2) € Tt = T+
Therefore, by the proper base change theorem we have

(7)1 (n')"Lg)[2dim(Gr/Ly,r) + Np] = pInd, p(Ly).
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It remains to show that (7)(n")*Ls = 0. Let & = (g, hoZ?, - - h/f . hp I €
Im ;p”. It suffices to show (;p")i(n"|, - 1¢)) Ly =0. By Lemma 6 3 we may

assume that h; 1h1+1 = Uy (z0) for some O # 20 € IE"
First we assume that r(a) > 0. Let 1 < j = j( ) < d. Note that
r(a) = rj—1. By Lemma 6.4 we have

#"(€) = {himaugi (20)up(=)T1/Ths 2 € Ga} = G
Then the restriction of /(1,5 o ") on " *(€) is given by

Brimigs (i himaugs (20)up (2)) Brigies (ugp(2) " ugi (20) " i higa)
Bri-igin (b ' higt)

= Bri-igi (uyi(20)ug(2))
= a"(1+ @ ¥[2z])) € T,/ Ty,

Since ¢j-1|qi-1 is (G/~1, GY)-generic, we have (p))1(1"] ,—1¢)*Ls = 0

r(a):r(a)
as desired.

Then we assume that 7(a) = 0, that is, @ € ®(G°,T). By Lemma 6.4 we
have

0" (€) = {himrugi (z0)up (25 (2 — V)T Tis 2 € G} = Gy,
Then the restriction of fng/(n,p o p”) on 0" H(€) is given by
Brimigs (upt(z0)us(zy (2 = 1)) = @ (2).
As ¢_1 is regular for GO, (P )(n"|,pr—1(6))" Lo = 0 as desired. The proof is
finished. ]

6.2. Let B = (B° ..., B") be a sequence of Borel subgroups contains 7.
Let w; € W be such that B* = “iB'~!. We say B is saturated if for each
1 < i < n we have fgi-1(w;) < 1. Moreover, we say B is reduced if B is
saturated and £go(w;w;—1 -+ w1) > Lpo(wi—1---wy) for 1 < i < n.

We record the following standard results on root systems.

Lemma 6.7. A sequence (B, ..., B") is reduced if and only if
m
®(B™,T)~®(B°, T |_| T)~ ®(B1 1),

and each set on the right hand side is of cardinality one.
In particular, if (BY, ..., B") is reduced, then so is (B?,...,BI") for any
0<j<j <n

Lemma 6.8. Let B, B’ be two Borel subgroups. Then there exists a reduced
sequence (BY, ..., B™) such that B = B and B™ = B'.
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Proposition 6.9. Let B = (B°,...,B") with B = B" be a saturated
sequence. Then there exist saturated sequences

B =B(0),B(1),...,B(m) = <B° BY)
with B(i) = (BY, ..., B") such that for each 1 < i < m one of the following
cases occurs:

(1) B(i) is obtained from B(i— 1) by deleting BJ | for some1 < j<nji—1—1
with B~} = BI*/';

(2) B(i) is obtained from B(i—1) by deleting BJ | for some1 <j<mni_1—1
with B] L= BZJ+11,

(8) B(i) is obtained from B(i—1) by replacing a reduced subsequence (Bg_l, e ,Bgl_l)
for somel < j <y nZ 1 with another reduced subsequence (Bg, ey Bg,)
with Bg_l = Bg and B,f_l = B‘g .

Proposition 6.10. Let B = (B°,...,B") with B® = B". Let 0 < j <n—1
and let

(BJ B 0 ,Bj’m — Bj+1)
be a reduced sequence. Let B’ be obtained from B by replacing (B7, BIT1)
with the above sequence. Then pIndgLy = plndg Ly.

Proof. For 0 < i < m—1let B(i) be obtained from B by replacing (B’, B/*1)
with (B7Y, .. B“ B/™). In view of Lemma 6.7, we can apply Proposi-
tion 6.5 (by taking (Bifl, Bi, B = (B#1 B BIm) for 1 <i<m—1)
to deduce that

pIndgﬁd, = pInd§(0)£¢ = pInd§(1)£¢ =...= pIndE(m_l)ﬁd, = pIndEI,Cd).
The proof is finished. O

Proof of Theorem 6.2. By Lemma 6.8 and Proposition 6.10, we may assume
B = (B°...,B") with B = B" is saturated. If B = (BY, BY), then
Yp = ér and statement follows.

By Proposition 6.9, it suffices to show that pIndpg(;_1)Ls = pIndg;) Ly for
1 <3< m. If Case (1) occurs, the statement follows from Proposition 6.6.
If Case (2) occurs, the statement follows from that jp : Ypi_1) — Yp) is
an isomorphism. If Case (3) occurs, the statement follows from Proposi-

tion 6.10. The proof is finished. ([

7. TRACE OF FROBENIUS

Let T, ¢, r and B = TU be as in Section 4. Let n € Z>; such that
F"B = B. Set B = (B,FB,...,F"B). Let I} = I}, ; and I, = T, p,,
Y =Yg, ny =nB, my = 7 and so on be as in Section 6. We define

Fy:Y —Y,
(9 hOT0 T .., ) — (P(g), Flg™ ha)T0, F(ho)TL ..., F(ln1)T2).
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Lemma 7.1. There is a commutative diagram
T,/Ty, &—Y 5 G,

N

T, )Ty, &E—Y 5 G,.

In particular, for any M € D(T,/Ty,) such that F*M = M we have

Frrymy M = wyny F*M = wymy- M.
For g € G, we define Y, = ﬂ;l(g) and
Zy = {hTF (T N FI}); ' F(h) € FIi, F(R)~1gh € TF (Z] n FZ1)}.

Lemma 7.2. For g € GI' the restriction map Fy : Y, — Y, is the Frobenius
map for some Fy-rational structure of Y.

Proof. Tt follows in the same way as [BC24, Lemma 9.2]. O
Let pry: TF(ZV N FI)) — TF) Tg , denote the natural projection.

Proposition 7.3. Let M € D(T,/Ty,) be such that F*M = M. Forg € GI
we have

Xﬂygng‘,M(g) = Z XM(prT(Fn(h>_lgh)>'
WTF(ZinFI)ez,
Proof. 1t follows in the same way as [BC24, Proposition 9.3] by replacing
the pair (Uy, B,) with (Z},Z,). O

Recall that L4 denotes the rank one multiplicative local system on 7. /Ty
associated to ¢.

Corollary 7.4. Assume ¢ is reqular, then there exists a constant ¢ such
that for any g € GE we have

XplndgT(ﬁ¢)(9) =¢ Z $(pry(F"(h) " gh)).
WTF (IInFI))ez,

Proof. By Theorem 4.6, pInd% "(Lg) is a simple perverse sheaf up to shift. It
follows from Theorem 6.2 that XpIn aSr(L,) differs from Xz, by a scalar,

and the statement follows from Proposition 7.3. O

8. COMPARISON WITH DEEP LEVEL DELIGNE-LUSZTIG CHARACTERS
Let notation be as in Section 7. Consider the following varieties

X, ={g € Gy;g'F(g9) € FU,}/(U. N FU,);

Y, ={g€ G, g 'Flg) € FII}/(ZI N FI}).
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which admit natural actions of GZ' x TI" by left/right multiplication. Con-
sider the following virtual GX-modules

RE(9) = Y (-1 HI(X,, Q)9

RE(6) =Y (1) H(Y,, Qp)l9],

i
where Hi(—,Qy)[¢] denotes the subspace of Hi(—,Q,) on which Tf" acts

via ¢. The virtual GF-module R%T(@ is referred to as a Deligne-Lusztig
representation.

Theorem 8.1. [Nie24, Proposition 1.1] Assume that T is elliptic. Then
REr(9) = RE(9)-

Theorem 8.2. [CI19, Theorem 1.2] For any character ¢ and any very reg-
ular element v € GE,

RE(9)9)= > ¢"(9).
weWea,. (T, 7)F
Here Y¢ is character of Tfj,, such that ¢ (g) = ¢(wgw™1).
Proposition 8.3. Let m € Z>1 and g € GE. Then
tr(g o F™; RE (¢)) = > ¢(prp (F™ (k)™ gh)).
WTF(ZinFI)ez,
Here Zy; and n are as in Section 7.

Theorem 8.4. [BC24, Theorem 10.6] Assume T is elliptic and ¢ is regular.
Then :l:R%‘((b) is an irreducible representation of GE x (F™). Moreover, F™
acts on R% (¢) by a scalar.

Corollary 8.5. IfT is elliptic and ¢ is reqular, then there exists a constant
A\ # 0 such that for g € GE, we have

T

RE(@)g) =X > omrp(F"(h) 'gh)

RTF(ZinFIl)ez,

Theorem 8.6. Suppose q is sufficiently large. Assume T is elliptic and ¢
1s reqular. Then

dim(G,) pGr
Xptmar (2, v, = (DT RE (9).

Proof. By Corollary 7.4, Corollary 8.5, Proposition 7.3 and Theorem 8.1,
there exists a constant 1 € Q, such that

Gr
XpmmdSr(cyNg) — F- Ry (9)-
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As ¢ is sufficiently large, it follows from [BC24, Theorem 10.9] and Theo-
rem 8.2 that there exists a very regular element v € GZ such that

REr@)m= Y. ¢"(n)#0.
weWg,. (Ty,T)F
On the other hand, by Theorem 5.4 we have
XpInd%f (£¢[N¢]) (fy) = Xﬂ'vreg!n\tregﬁlﬁ,vreg [dim Gr] (7)
= (=) N () = (=) RE(8)(7) # 0.
weWa, (Ty ,T)F

Thus p = (—1)3™E" ag desired. O

9. POSITIVE LEVEL SPRINGER HYPOTHESIS

9.1. Wittvector-valued Fourier transform. Let W be a connected com-
mutative unipotent group scheme over F,. Let E, E' be two connected com-
mutative unipotent group schemes of dimension d over [y, assume a pairing

ExE —%  sw.

N

is given. Let ¢: W(F,) — Q, be a non-trivial character. Via the Lang-
Steinberg map x — F(x) —x: W — W, 1 defines an étale sheaf £, on W
We can then define the Fourier transform

Ty = Tf’“i DY(E, Q) — DY(E', Q)
A= por(p1A © p*Ly).

Note that here we do not take the shift [d], as in the usual definition of
Fourier transform.
Proposition 9.1. Let W, E, E', i1 as above such that the character 1, : E'(Fy) —
@Z given by . (y) = Y(u(x,y)) is trivial if and only if x = 0. Then
Typ-1 0 Ty(A) ~ A[—2d](—d), where (—d) denotes the Tate-twist.
Proof. We can closely follow the argument of [Lau87, Théoreme (1.2.2.1)] (or
[KWO01, 1.5]). We have the commutative diagram (all functors are derived):

PT13

ExFE ExE xFE
q1 Ex E' /

EF' xFE
E’ E

E



ALTERNATIVE CONSTRUCTION OF CHARACTER SHEAVES ON PARAHORICS 25

with a cartesian square in the middle; here p;; denotes the projection to the
product of ith and jth components, ¢; denotes the projection to the first
component and py, ps are as above. We compute

Ty—1 0 Ty(M) = pu (p3 par (PTM @ p* L) @ p* Ly-1)

=~ p11 (Prioy Pr33 (0] M @ p* Ly) @ p* Ly1)

~ prupryg (priz (PTM @ " L) ® prig p” Ly-1)

~ qu prygy (prig p* Ly @ prigp” Ly @ priz ;M)

~ quy (prisy (prig p* Ly—1 @ prigu*Ly) @ ¢ M)
where the second equation follows by the proper base change theorem for
the cartesian square of the above diagram, the third and the fifth are by
projection formula, the fourth follows from pipr;s = ¢ipri3 and gapriz =
p1pras. Now, let X (resp. X2) denote the pullback of the Lang—Steinberg
covering of W along poprs: E x E' x E — W (resp. along o prys). Let

X = X1 Xgxp'xE Xo. This is a connected Galois cover of ¥ x E' x E with
Galois group W (F;)?. We have the cartesian diagram

ExXE xE* 3 ExXE

JPTIB Jpl
B

ExXE—F

where o(z,y,2) = (x — z,y) and S(z, z) = 2 — z. By [KWO01, Lemma 1.5.10]
we have priyp*Ly-1 ® progu*Ly ~ o*p*Ly. Thus, continuing the above
computation, we have

Ty 0Ty (M) =~ qu (prig a*p* Ly ® g3 M)
~qn (B pup Ly ®qM),

where the second equality holds by the proper base change theorem for the
above diagram. Now, again by the proper base change theorem, the fiber
of pip* Ly at « € E is isomorphic to p},L(v;), where p7: {z} x E' — {z}
is the restriction of p;. By assumption £(v;) is non-trivial if z # 0, and
hence by [Lau87, (1.1.3.4)], p{,L(¢,) = 0 if x # 0. Thus, if i: {0} = E
denotes the neutral section, pyy pu* Ly = i.Qy[—2d](—d), so that continuing
the above computation we get

Ty-1 0 Ty(M) ~ qu (5" Z'@e —d) @ g3 M)
~ g (AlQe d) ® q;M)
~ qu (AM) [-2 ](—d)
M([-2d](—d),

where A denotes the diagonal of E, the first isomorphism is follows from the
proper base change theorem, the third follows from the projection formula,
and the last is due to the identity ¢; o A = idg. (|
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9.2. Now we specify to our case of interest. Let 1 : k — @Z be an addi-
tive character, which is trivial over w(@y, but nontrivial over Of. Choose a
sufficiently large integer N > 0, and view W := @V Oy/w as an additive
group scheme over ;. Let £, be the rank one multiplicative local system
on W associated to .

Let E be the set category of finitely generated Op-modules such that

@V E ={0}. Let E € E. Define
E' = homo, (E, W).
Then E’ € E and there is a natural pairing
p:ExE —W, (z,f)— f().

Notice that E and E' are commutative unipotent group schemes over F, of
the same dimension. As in Section 9.1, we can define the Fourier transfor-
mation

T DY(B, Q) — DY(E', Q)
Av— pa(pTA @ p*Ly).
By abuse of notation, we will write Ty, = Tf if F is clear from the context.

Proposition 9.2. Let E1,FEs € E and let f : E1 — Es be a morphism of
Oy -modules. Let f': Ey — E{ be the dual morphism. For F € D(V1) and

G € D5(Vy), there are natural isomorphisms
Ty(hF) = [*Ty(F),  Tu(f*F) = ATy(F)[2d)(d).
Here d = dim Fy — dim F5.

Proof. The first isomorphism is a standard result, see [Ach21, Proposition
6.9.13]. The second isomorphism can be deduced from Proposition 9.1. O

9.3. Let g be the Lie algebra of G over I::, whose dual is denoted by g*. Let
0 < s € R. We denote by gx s the associated Moy-Prasad Oj-submodule of
g, and set

8x,s =1X €85 (X, g(—s)4) € @O}
where (—,—) : g* x g — k is the natural pairing. By abuse of notation we
put
gs '= 8x,0/8xs+, BLsi= g)*c,—s/g)*c,O—t—'
Notice that g*, = homo, (gs, W), where W = w*NO,;/w with N > 0.
Then we have the Fourier transform functor

Ty~ : Di(g",) — Dl(gs), M +— pryy(prsM @ (—,—)"Ly).

Let notation be as in Section 3.2. Let p,1,n,n be the Lie algebras of
P, L, N, N respectively. Put

*

Psr = L + ngp + Ng oy pis,,T = lir + n?—s)—l— +n_,.
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Note that p* =~ (gr/ns,)" with ng, = ng, + 0s4.,. Consider the follow-

S,—T
Psr
\
gr
/

ing Cartesian diagram
gr/ns,ra

(%)

A

where all the morphisms are defined in the natural way. Then can define
the induction functor for Lie algebras:

pInd§’ = Avfr joiop’o fl;*" : Dy, (1) — D, (g)-

Similarly, we can define

gx,
pIndp*

—s5,—71

A Ps * *
= Avg;T! oqoj™o Infl,>" : D, (I*,) — D¢, (g~,)
by using the following diagram dual to (x)

() -

'J/ &
KJ /
As (%) is Cartesian, so is (¥x).

Lemma 9.3. We have T,ﬁopIndi{ZﬁT = pIndg’ oTy[—2dim N, |(— dim N ;).
Proof. By Proposition 9.2 and the proper base change theorem for (xx), we
have

pInd§r o Ty
= AVP;,J ofop*o Inﬂf‘j’r o Ty

Gr . * PS,T
= AVPS,T! oiyop oTyolnfl;”

G - / Ps,’r‘
= Avp' jouoTyop olnfl,”

= AVG 0Ty 0d" o pj o Infl;*" [2dim N, ] (dim N,,,)

/

7" [2dim Ny, ] (dim N;,.)

=Ty oAVg:T! oi'" op oInfl;
=Tyo AVIGD:T! ogloj o Inﬂfi”" [2dim N; ;] (dim Ny )

= TyopInd®”  [2dim N,,](dim Ny,

=T
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where the fifth identity follows from Proposition 9.1 and that T3, commutes
with the right adjoint Forgsrr to Avg:T!. The proof is finished. O
Recall that [ = L;., = 1y /15 4.

Lemma 9.4. Let X € 1*, such that X| € * is (L,G)-generic. Then
pIndy."  (6r,.x) = g, x[2dim Ny, ].

—r

Proof. Let
g%, = {(z,hPs;) € g%, x Gp/Ppsh™ - € pr, )
g, ={(z,h)eg", xGh - xc P )

Then we have natural maps

n:g, —1I,, (z,h) — p(h™ ! 2);
a:g, — g, (z,h) — (@, hPs;);
Tig, — g, (x,hPs,) — .

As in Lemma 3.1, by forgetting the equivariant structure we have

pIndiz:: (6LT~X) = 7T!77*6LT~X[2 dim N57T].

—-r

Thus it suffices to show that n=!(Z) & P, for each Z € L,-X. This follows
from the assumption that Z| is (L, G)-generic. O

9.4. Let (g )nilp and (G, )unip be the sets of nilpotent elements and unipo-
tent elements in g, and G, respectively. Assume that p is sufficiently large.
By [DR09] and [BC24], there is an F-equivariant and Gy-equivariant bijec-
tion

IOg : (Gr)unip 1—1> (gr)nilp-
The inverse of log is denoted by exp : (& )nilp — (G7)unip-

Let T, ¢, 7, (G%, ¢i, 1) _1<icd, B=UT and I, = Zy,ur be as in Section 4.
Let t, g’ and z’ be the Lie algebras of T', G* and Z(G") respectively. Their
dual spaces are denoted by t*, (g")* and (z')* respectively.

Assume ¢ is sufficiently large. Then there exists a regular element X €
(t*,)f (that is, the centralizer of X in G, is T}) such that

BX,Y)) = dlexp(Y)), VY eth,.
Choose X; € ((z%)*,.)" such that
P((X3,Y)) = di(exp(Y)), VY €tf,,, 0<i<d.
Then X = X_; + Z?:o X; for some X_; € (t)F which is regular for GY.

Let 0x, be the constant sheaf over {X;}. Let £; = Tf Sors (0x,), which is a

rank one local system on g;Z Put £ = ®f:71 q*q L1, where g1 : t, — gfqi
is the natural projection.
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For F € D(G%) we will write exp* F = exp* (Fligiyamip) € D((g")nitp) for
simplicity. Then we have
(exp* £¢)|(t7‘)nilp = £|(tr)nilp'
Here L, is the rank one multiplicative local system on T, associated to the

character ¢.

Theorem 9.5. There is a natural isomorphism
gir 1
exp* pInd$" (Ly) = Ty (66, )| (g, )uay [2M5](5M),
where My = Zgzo(dim GiL_ —dimGil).

Proof. Let pIndig: be the Lie algebra version of pInd% as in Section 4,
where i, denotes the Lie algebra of Z.. As (exp* £¢)|(tr)nup = 2|(tr)nupa by
the proper base change theorem and Lie algebra version of Proposition 4.5
we have

exp” pInd{” (Ly) = pInd§ (£)|(g,),, = Va ""1’1‘1’0(2—1)\<gr)nup7

where U; : D(gi1) — D(gl ) is given by § — £ ® €} pInd St F with

51 1:7—1
€ : 8, — &, the natural projection. Set §; = W;--- W1 ¥o(L_1). It
suffices to show

(g )i
3i = "0, -x ;) [2ni](ni/2).
Here X¢; = ZE, | Xjand n; = Z; o(dimGL _ —dimGL1) = 22}’ OdlmNSll LT
We argue by induction on ¢. If { = —1, the statement follows by definition

that £_; =T, " (0x_,). We assume the statement holds for ¢ > —1. Then

1+1
SiJrl =g 1,+1 & 51+1p1ndpz+1 i

g (g")*_ri
= Li1 ® epapInd Gy Ty™ "0 x,)[2n](ni/2)
(8", (8",
=L ®enTy, PInd iy Oy x )i +nil(ni/2)

(gz+1)* -
= Sz—i—l ® €z+1T v

-~ &,
2Ln® T¢ (56”“ )[2n1+1](n2+1/2)

o & e
= z/; o (5Xi+1)®T¢
( i+1

(s x ) 2nis1](ni51/2)

—Tig1 (56”“ )[2m+1](nz+1/2)

",
=T, T 0ginx,, )R] (ni1/2),

where the second is by induction hypothesis, the third follows from Lemma 9.3,
the fourth follows from Lemma 9.4 and the fifth follows from Proposition 9.2.
The induction procedure is finished. O
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Let C((g*,)F) and C(g!’, be the spaces of functions on (g*,) and g’

respectively. Let Ti_r 1 C((g*,)F) — C(gl) denotes the classical Fourier
transformation of functions given by

T, ()= > [X)W(ZY)).
Ze(gx, )
Note that for any Weil sheaf F in D%(g*,) we have X8, = Ti*’” (xF)-
P

Corollary 9.6. Assume p and q are sufficiently large and T is elliptic, for
any u € (gr)fﬂp we have

1 g,
¢z - RE7 (9)(exp(w)) = Ty, " (1gr.x) (u)-
Here 1gr.x is the characteristic function for GI'- X.

Proof. As q > 0, we can replace ¢_; with another depth zreo character ¢’ ;
which is regular for G°. This yields a regular character

d)reg = gbl_l : H ¢1|TTF
0<i<d
which gives a local system Lo, on T, such that ﬁreg|(Tr)unip = £¢’(TT)unip'
By the proper base change theorem and Theorem 9.5 we have

exp” pIndy" (Lreg) = exp® pIndg™ (L) =2 Tf " (6a,-x) (e

nilp [

2My) (5 My).
By taking Frobenius trace we have
RE" (¢)(exp(w)) = R (¢reg) (exp(u))
= XptnaG (£, (©XP()) = 3 T (Lo x) (W),

where the first equality is due to [Nie24, Theorem 1.6] and [DL76, The-
orem 4.2] (see also [CO25, Theorem 6.5]), and the second one is due to
Theorem 8.6 and that Ny = 2dimZ, — dim G,.. The proof is finished. ([l

9.5. Relation to Kirillov’s orbit method. As a further application we
observe that Springer’s hypothesis (Corollary 9.6) implies a relation between
(deep level) Deligne-Lusztig induction and Kirillov’s orbit method, as con-
jectured in [IN25b, Conjecture 8.4]. In the relevant setting, the orbit method
parametrizes the set T of irreducible I'-representations, for a sufficiently nice
pro-p-group I', in terms of coadjoint orbits in the dual Lie algebra:

Theorem 9.7 (Theorem 2.6 in [BS08]). Assume p > 2 and I' is either a
uniform pro-p-group or a p-group of nilpotence class <p. Then there exists
a bijection Q <> pq between T'-orbits Q C (Lie T')* and T, characterized by

1

tr(g, pa) = m : %f(log(g)).
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Fix 0+ <r < co. Assume that T is elliptic. Let go4. (resp. to4.-) denote
the Lie algebra of G (resp. To4:00). For a locally profinite group I, write

[* = Homeont (T, @, ). Recall from [IN25b, §8], that (a minor variation of)
Deligne—Lusztig induction gives a map

RlOg: (tg—i-:r)* loﬁ (TO}:-T‘)* — G(})?—s—:r’
where the second map is given by x + (—1)*xH:*(Y, Q,)[x], where Y, is the
preimage of (UNFU )4 under the Lang map g — ¢ 1 F(g): Gorr — Goyor-
(In [IN25b], this map is only defined for T' Coxeter, but by [IN25a, Theorem
1.6] this extends to all elliptic tori T'.) On the other hand, whenever the
assumptions of Theorem 9.7 apply to Gg > the orbit method induces the
map

po 6" (tg+:r)* i) (gg+:r)* _p» GOF—i-:r?
where the first map is the dual of the natural projection §: gt N 174 s
the second map is the natural projection, and the third map is given by
Theorem 9.7. Now we can prove [IN25b, Conjecture 8.4]:

Corollary 9.8. Suppose p > 2, q is sufficiently large and Gé’lﬂ s either
uniform or has nilpotence class < p. Then Rjog = pod*.

Proof. Let X € (t},..)* with image ¢ = log{(a): T{,., — Q. As ¢ >0,
there exists a lift ¢: TF — @, of ¢, such that ¢_; is regular. As Gl e
representations we have for any i > 0,

HIX) gz~ HXe N T Gopn)Bllgr, = Hi(Y)[4),

where the first isomorphism follows from [IN25a, Corollary 1.5] and the
second from [IN25b, Lemma 4.3]. As by [IN25a, Theorem 1.6], the coho-
mology of Y. is concentrated in the single degree sy ., we deduce that for
any Y e g(})?—i-:r with 9= eXp(Y) S Gg—i-:r:
tr(g, Riog (X)) = tr(g, H (Y, Q)[¢))
= tr(g, H:(Xr, Q) [¢))
= Ry (9)(9)
_1 .
=q 2T (1gr.x)(Y)
_1
=g 2™ 3" f(Y)
feGE.x
_1 1
=q 2o (GF - X)2 “tr(9, par.x),
where the fourth equation is by Corollary 9.6, the fifth equation follows from
the fact that taking Frobenius trace commute with the Fourier transform (cf.
[CO25, §9.1.3]), and the last equation follows from Theorem 9.7. Now the

result follows from Rjog(X) and pgr.x both being irreducible GF'-modules.
O
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10. PROOF OF THEOREM 3.3

In this section, we prove Theorem 3.3 by following the ideas of [BC24].
Let notation be as in Section 2 and Section 3.

Lemma 10.1 ([BC24, Lemma 4.7]). The following statements holds:
(1) Ly is a multiplicative local system on ;

(2) Each F € D%r (Lr) is (I, Ly)-equivariant. In particular, if F is com-
plex of direct sums of L.

Proposition 10.2. The induction restrict to funtors:

pIndIGDS’:T!, pIndg:’r* : D%r (Ly) — DZT(GT)'

Proof. Let F € D%T(LT). By duality it suffices to show M := pIndg;T,]: €
D¢, (G.).

We view the natural quotient map ¢ : G, — G,./g as a vector bundle over
G,/g. Let U C G,/g be any open subset such that ¢ }(U) =2 U x g. It
suffices to show that FT, (M|;-1(y)) has support in U x =G, - Xy.

Consider the following diagram

Oél

= w’ ; PT2 ,
SN R R

Z
ﬁll Ii'lJ/ prll

Lr ! @r - 4 ér = Gra

where G/ denotes the dual vector bundle of ¢ : G, — G, /g and the two
squares are Cartesian. We view U C G, as the zero section of ¢ and let

U=n"'U), U=a Y(0).
As r >0, we have g C Ps, and hence
Z2Uxgxg, Z~=Uxgxg.
By the proper base change theorem and the projection formula we have

(i) FTo(M)|g-1 ) = (prQ)gprf(pIndg;T!f) ® K*L)

I

(pro)y(primn™M @ K*L)

(pro)i (7' )pri M © K*L)
=~ (pry o ) (Pri* M @ (ko ') *L).

1

Consider the Cartesian diagram

(ii) 77— 7

ﬁl?,l J{ﬁrw

-~ 'xid =~
Uxgt 225U x g,
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where pry3 and prigdenote the natural projections.

Note that pry o’ = 7 o pry 3, where v : U x g* — G} be given by
(2,hPsy, X) = (2,X). In view of (i) and (ii), to show FT(M|s-1(1)
vanishes outside U x —G,. - Xy, it suffices to show

(7 x id)"(pryg)i(prin* M @ (ko m')*L)
vanishes outside U x —G, - Xy. By the the proper base change theorem for
(ii) we have
(7 % id)* (B (BFin* M ® (ko ') L)
>~ (prig) ((prl oa')* 17*.7: ®(kon'o o/)*£>
= (pryg)t (a0 Br) 0" F @ (o o))
>~ (pryg) (pA « 17*]-"®(/§o7r oa)* E)
=~ (pryg) (P11 F @ (ko7 0a’)"L)
= (prig) (nopry)" F @ (ko' 0a)"L).

Now we fix a point £ = (z,h, X) € U x g* with X ¢ —G,(Xy). Identify

the fiber p1r1_21 (&) with g. Put
= (10511 i) 0 — Ly, Y = p(h™!-Y);

b:=(kor od)] 1¢) 8 — G, Y — w(Y, Xy).

pris
It remains to show

RT (" F ®@b"L) =
By Proposition 6.9 we may assume F|; = L. Thus
A" F b L=0"Ly,

where 0 : g — G, is defined by Y — k(Y. h - Xy + X). As X ¢ -G, - Xy,
the map 6 is nontrivial. It follows that RI'.(a*F ® b*L) =2 RT'.(0 x L) =0
as desired. The proof is finished. ([

10.1. By abuse of notation let ¢ : p — g and p : p — [ be the natural
inclusion and projection respectively. Define

pﬁnbﬁ;rl = AVIGD:W! ofhop*o InﬂILDi’T : D, (1) — Dg, (g).
Similarly, we introduce the varieties

0:={(9,hPs,) € g x G./Ps, : h~'gh € p},
§:={(9,h) €gx G, : h 'gh € p},
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together with the morphisms

n:g—1 (9,h) — p(h ™' gh);
a:g—9, (g,h) — (g, hPs,);
W:§—>g7 (gyhPs,r)'_>g'

Similar to Lemma 3.1, for F € Dy, ([) we have

—

pINRG (F) = m(n* F[2dim(G,/Py,)] for F € Dp,(1).
Proposition 10.3. We have pIndp" \(Ly[dim []) = Fy[dim g].

Proof. By [BC24, Remark 3.9] we have pJndp’ | = pjnbgé’ol. Then state-
ment then follows by [BC24, Lemma 4.5]. O

10.2.  We adopt the notation in Section 3.1. For f, f’ € Tt we write f~rf
if f'(x) = f(x) and oy —ay € Z® . This defines an equivalence relation on

<AIS+, and we denote by [f] the equivalence class of f. Note that the linear
order < (attached to the fixed Borel subgroup TU = B C P) induces a

linear order on ®+ / ~1, which we still denote by <.
Let ¥ C ®T be the set of affine roots appearing in p~!(I) = Ng,[. For
f €W with f <r we set pil([)>[f] = Hfleqh[f]g[f,] G{f and define

G ={(9,h) € Gy x Gp3h ' gh € p~ ()7}
é?m = {(ga hPs,r) € GT’ X (GT’/PS,T’); hilgh € pil([)%f]};
YW = {(g,hL, G2 1) € G, x (G, /L, G20~ hlgh € p~ (1211,

Let G2V = g2 g2 gz = g2f oW ana vzl = v2rf Ly UL
Note that a_l(é?m) = @?[ﬁ. Let By : é?[ﬁ,* — }Zf’* be the natural pro-
jection. Put ny = n|zz1n.- and mp = 7| 51,4

Lemma 10.4. Let f € ¥ such that f < r. Then (ﬂf)m}}" =0 for F €
DY (Ly).

Proof. By Lemma 10.1 we may assume F = Ly ,, and it suffices to show
(B Lyr = 0. Let € = (g9,hL, G771y € Y27, Then

B = {(g, hLGZI T/ Py )} 2 G,

where Dy is the set of affine roots appearing in L,«G?[T_f]/PS,T. Denote by
J: B;l(é) = {(g,thl«)f)} <+ G be the natural embedding. Consider the
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Cartesian diagram

Bhe) —— G

|
{5} S ﬁ?[f]7*7
where 7¢ and Zg are natural embeddings. Note that a0 j :75. Thus

((B)miLyr)le = RT(igniLys) = RT(5 0" 0Ly s) = RT(5 0} Lyr)-

Assume that h='gh = () pey. By definition zp = 0 if [f/] < [f] and
xy # 0 for some f’ € [f]. Then we have

npoj: B = APT — 1 (yp)pep, — Y af(l+ @ cpzpyp),
frelf]
where ¢y € Og with f" € [f] are constants. Hence 7y o j is a non-trivial
linear map. Since ap € ® \ @y, and Xy, is (L, G)-generic, we have RI'.((nyo
J)*Lyr) = 0 as desired. The proof is finished. O

Proposition 10.5. We have pIndIGDS’"T(£¢7T[dim () = Fyr[dimg].

Proof. Let G'. = G, N~ 1(1) and GL = a(GL). Then o (GL) = G'. Since
the support of Ly, is contained in [, we have

pIndGr Ly, = (mlg vl g )* Loy
Note that
gogty || @
[r]>[flev/~L
Notice that p~1(1)>I1 = p, and hence G7 "} coincides with g defined in
Section 10.1. Thanks to Lemma 10.4 we have (W’é?[f],*)!(n|ém£w7r =0
for r > f € U. Hence

pIndg;r (El/)ﬂ”[dim []) = (W|C~:?M )! (77|ér>[r] )*E%T [dim [] = pﬁnbpgrﬁlm[dim [] = .Fw [dim g],

where the second isomorphism follows from C:’f i g, and the last one
follows from Proposition 10.3. The proof is finished. O

10.3. Let T'C P’ = L'N’ be anathor parabolic subgroup, where T C L'
is a Levi subgroup and N’ C P’ is the unipotent radical. One can defined
subgroups Py, = L, N, in a similar way.

Lemma 10.6. Let notation be as above. Then

e dim Ny, = dim NV,

e dimL. =dimL.NL, +dim L. NN, +dim L, N Ns,;

o dim N, = dim N, N L, +dim Ng . V" Ny +#{f; f(X) = 5,05 € Pryw)-
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Here N denotes the opposite of N.
Corollary 10.7. We have
dim Ps’m N Ny, + dim P;r/(PS’m N Ps,) = dim L N Ny, + dim N ..

Proof. Applying Lemma 10.6 we have

dim Ps'ﬂ, N Ng, + dim P;r/(P;’T N Ps,) — dim L) N N, — dim N;
=dim L] + dimNg’T —dim L, N L, — dimN;’r N L, —dim L. N N, — dim N,
=dim L. N Nsm + dim N;,T — dim N;T N L, —dim Ny,
= (dim Ny, — dim Ny, N L) — (dim Ny, — dim L}, N N;,)
= tt{fv f(X) = §,Qrf S (I)N/mﬁ} - ﬁ{fa f(X) = S,Qf € (I)Nﬂﬁl}
=0,
where N denotes the opposite of N'. The proof is finished. O

Let Js, = Ng.[l, L] C Ps, and denote by p : Ps, — Ps,/Js, = L, /I, L;]
the natural quotient map.

Lemma 10.8. Let h € G \ P; , Ng,(T;.)Ps . There exists « € @\ &1, and
a group embedding ¢ : G, — h_lNgﬂuh N Py, such that (po () = t*. In
particular, RTo(Ggq, (po ¢)*F) =0 for any F € D%T.(Lr).

Proof. We adopt the notation in Section 3.1. Fix a Borel subgroup T" C
B’ C P’ and let >’ be an associated linear order on ®. Let

D' ={f € & f(x) = ;05 € Dy~ w(@p)
D={fe® f(x)=0,a5€dy~w (D)}

By replacing h with some suitable element in L)AL, we may assume that
h € WwuGo, ., where w € Ng, (T}), ' € GP' and u € GP, see Section 3.1.

First we assume that u # 1. Let f € D such that pry(u) # 0 and
pry(u) = 0 for all f > f" € D. Note that —oy,s) € ®n7. Define

(:Gq — Gy, 20— B M up iy (2)u’ "
Then u’er(f)u'fl C Ny, € N¢, and

hilu’G:*w(f)u’_lh = 'G" Ty =17 mod N,,.

Hence ( satisfies our requirements.
Second we assume u = 1. If u’ # 1. Let f € D' such that pry(u’) # 0 and
pry(u') =0 for all f > f" € D'. Define

C:Gy, — Gy 2+ hilur,f(z)h.
Then Gy 7/ C N, and

hG T h = w W T G e = ) mod N+ 1[I, L.
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Hence ¢ meets our requirements.
Finally we assume u = v/ = 1. Then h € wv with v € Goy.. Let
O(Ps;) (resp. ®(P;,)) be the set of affine roots in ® which appears in P,

(resp. P!.). Again we may assume that there exists f € 3N (EIVD(PS,T) U

s,T

wL(®(P.,)) such that pry(v) # 0 and prp(v) = 0 for all f > f' €

O~ (D(Ps;) Uw ™ (D(PL,)). Define
(: Gy — Gy, z+— hflu,,,w(f)(z)h.
Then Gy “Y) € NI, (since w(f) ¢ ®(PL,)) and

WG Dh = v Gl v = ty-1(,,) mod Ny,

ar)
Hence ¢ meets our requirements, and the proof is finished. ([
Proposition 10.9. Let notation be as above. For M € D%T(Lr) we have

pReSIGDSZT!pInd]GD’;T! (M) = @ plndg:mwPS,T!pReS;;L,:meT! (M),

weW,, \We, /Wi,
where “ M denotes the pull-back of M under ad(w)™! : YL, — L,.
Proof. We follow the idea of [BC24, Proposition 5.9]. Let
Y ={(g,hPs;) € P., x Gy /Ps,sh ' gh € Py} C G,
Set Y = a1(Y), ny = nlg, ay = alp and 1y = 7|5, Then we have
pResIGJZT!pIndIGD;r!(M) = 7Ty1’l’]/;:/\]/\4[2 dim N ,].

Note that

Y =Y'uvy”,
where Y = pry (P:,Ng,(T;)Ps ) and pry denote the projection to the sec-
ond item. Let Y/ = a~1(Y"), Y = a1 (Y"), Ny = nylg, Ny = nylp, and

Ty = Ty |3, and 7y = 7y|5,. The first step is to show that 7y, (1} )* M = 0.
This follows from the arguments of loc. cit. by using Lemma 10.8. Then it
remains to show

N . ~ L. wr,
Ty (1y)* M[2 dim Ny ] = @ PIndLimeS,r!pReSPS’L;nwLT!(wM)'
wEWL; \WGT /WLT
This follows in the same way as in loc. cit. by using Corollary 10.7. ([

10.4. Let ¢ : G — G,/Ns, be the natural quotient map. Consider the
following two functors

10 Forggr, ©x O ForJGDSTT : D¢, (Gy) — Dp, . (Gr/Ns,),

which we denote by ¢ and ¢, for simplicity.
Similar as in [BC24, §5.1], we have the following two general lemmas.
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Lemma 10.10. The functors ¢y (resp. ¢«) is monoidal with respect to %

(resp. *x).
Lemma 10.11. Let M € Dy (L,) and N € Dg, (G,) such that M x o\ N
is supported on L, = Py, /Ng,. we have

pInd§" (M % ¢ N) = pInd§r (M) N.

»!
Let Js,r = s,r[[u Lr] c Ps,r-

Lemma 10.12. Let h € G\ Ps,. Then there exists a € &\ Py, and
g € L, such that

gt*g  h C {Js,zhz M s 2 € LY.

Proof. Write h = «w/wud, where w € Ng (1)), u,v' € U, and § € Gy
Note that there exists root subsystem ¥ C &(Gg,Tp) such that (the natural
image of) w is an elliptic element of the Weyl group of ¥. In particular,
t%h C {zwzY 2 € t) for all « € U.

Assume w ¢ L,. Then there exists o € ¥\ ®y. Let z € t such that
2wzt = zw with « € t*. Then

-1 1

zhz ™t = (2,0 v 2wz tuu™t, 2]6 € wi/ zwudu = uzhu.

Hence xh C uzhz~'u and t®h C {uzhz'u; z € t} as desired.
Assume that w € L,. Let
D = {f € ®; cither f(x)>0or f(x) =0 and ap €PN oL}
Then we can write h = mv, where m € L, and v € GP. Let f € D such
that pre(u) # 0 and pry(u) = 0 for all f > f' € D. Note that f ¢ ®(N;,)
since h ¢ Ps,. Then G;_f € Ng,. Let y € G;_f. Then [v,y] = J, 2 with
x € 1%, Then
hy = myly~ !, v]v C Ng,mdJsav C Jgpxh.
Hence zh € Jg,hNs, and t*/h € Js .t*7hNg, as desired. O

Proposition 10.13. Let N € DgT(GT). Then
Loy *1 1N = Ly %1 pReSIGD;T!N

is supported on Ps /Ny, = L, and is direct summand of o1N. Similar state-
ment also holds by replacing 1, *1 and pResIGD:T! with ¢, and %, pResp’ |
respectively.

Proof. The proof follows the same argument as in [BC24, Proposition 5.10].
For completeness, we include the details here and clarify why Lemma 10.12
is essential in our setting. Observe that ¢/ N and Ly, are P, -equivariant
under conjugation. Hence so is Ly, %1 ¢iN. Since Ly, %1 1N is ([, Ly ,)-
equivariant and Xy, is (L, G)-generic, this implies Ly, is equivariant under
the right multiplication action of M := [L,,[]. Consider the following map

fiMxPsp x M xG,[/Ng, — G/Ng,
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/ -1 /
(mapv m, th,r) ” (mphp Ns,rm )
The equivariant properties yield an isomorphism of sheaves:

(10.1) f*(Lyr % AN Mx Py x M {hNs s} = OMx Py pxm B Ly %1 01N |,
For any h € G, \ P;,. Lemma 10.12 shows that

fMXPy p x Mx{gNs,}) = {mnzhzfln’m/;m,m' e M,n,n’ € Ny,,z € L, }/Ng,

contains gt®g~'h for some ® \ &7, and g € L,. On the other hand, Ly rx1o1 N
is (I, Ly )-equivariant and the generic condition ensures that the restriction
Ly r|gtag—1j, Temains nontrivial. Combining this with the constancy condi-
tion from Equation (10.1), we necessarily obtain Ly, . x1 ¢1N|pn,, = 0.

Since Ly, x1 @1.N is supported on Py, /Ny, = L,, we obtain the natural
identification Ly, x1 1N = Ly %17 N via the inclusion i : L, < G /N,
On the other hand, by the proper base change theorem for the Cartesian
square

Ps,r 4>Gr

| ]

L, — Gr/Ns,r

we have pResp” (V) = i*pN. it follows that Ly, % pResg:T!(N) = Loy *
oI N. ([l

Corollary 10.14. The functor Ly, * pResIGD:r! on Dgr (Gy) is monoidal

with respect to the % -convolution product. An analogous statement holds for
*.

Proof. By Lemma 10.10, ¢ is monoidal hence so is Ly, x1 @1 = Ly, %
pResp’ | O

Lemma 10.15. For N € Dgr(Gr) we have
o N = @ oIN * plndé:ﬂwPs,r!pReS;S%:meT!(w£¢»”)
weW\W/ W,

Proof. The argument in Proposition 10.13 establishes that for any N
D¢, (Gy) such that ¢N is supported on Ps,/Ng, = L,, we have o N
pResg:T!(N ). As Fy is supported on g C P; ., this implies that

- m

o1 Fy = pResg;T!(Fw).
Applying Proposition 10.5 and Proposition 10.9, we deduce the decomposi-
tion:

~ L, wr,
o1 Fy = @ pIndmePS,T!PReSPS,mwLT!(w£¢,r)-
wEWL\W/WL
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Now, for any N € DgT(GT), the isomorphism N = N x F;, holds. By the
monoidal property in Lemma 10.10, we obtain:

O1(N %1 Fy) = N %1 o1 Fy,.
The desired result follows from this identification. O

Theorem 10.16. The following statements hold:

o The two functors Ly, * pResg:T! and pIndg;T! are inverse equivalences
between D%r (L;) and DgT(GT); and sz’milar’ for Ly, % pRes]G;:T* and
pIndg; K |

o Loy pResgs’"r! > Lyr*«pResp’ | on Dgr (Gy) and pIndIG;:T! = pIndg:T*
on D%T(LT);
° pIndg:T! s t-exact on D%T (Ly). In particularly, pIndg:T! sends simple

perverse sheaves lying in D%T(LT) to simple perverse sheaves lying in
Dg (Gy).

Proof. The statement follows in the same way as [BC24, Proposition 5.15]
by using Proposition 10.2, Proposition 10.5, Proposition 10.9, Lemma 10.11,
Proposition 10.13, Corollary 10.14, Lemma 10.15 and Artin’s theorem. [J
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