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ABSTRACT. Deep level Deligne—Lusztig representations, which are nat-
ural analogues of classical Deligne-Lusztig representations, recently play
an important role in geometrization of irreducible supercuspidals of p-
adic groups. In this paper, we propose a construction of deep level
Deligne-Lusztig varieties/representations in the tamely ramified case,
extending previous constructions in the unramified case. As an applica-
tion, under a mild assumption on the residue field, we show that each
regular irreducible supercuspidal is the compact induction of a deep
level Deligne-Lusztig representation, and generally, each irreducible su-
percuspidal is a direct summand of the compact induction of the coho-
mology of a deep level Deligne-Lusztig variety.

1. INTRODUCTION

Classical Deligne—Lusztig theory [DL76] constructs varieties over the finite
field F, equipped with the action of the finite group of Lie type G(Fy).
The cohomology of these varieties allows a uniform parametrization of all
irreducible representations of such groups. Initiated by Lusztig [Lus79],
Deligne—Lusztig constructions associated to a reductive group G over a local
non-Archimedean field k£ have been intensively studied in the literature over
the past decade. We refer for example to the recent works [CS17, Cha20,
CI23, CS23, Cha24, CO23, Nie24, IN25b, CO25] (and references therein),
where the cohomology of deep level Deligne-Lusztig varieties (equipped with
the action of a parahoric subgroup of G(k)) is investigated, and to [Iva23]
and [CI23, §9], where p-adic Deligne-Lusztig spaces equipped with the action
of the whole p-adic group are constructed.

Any (classical or deep level or p-adic) Deligne-Lusztig construction is
attached to a rational maximal torus 7" C G. Due to its nature, in the
case of a local field k the construction so far only produced good output for
unramified tori T'.

In this article we propose a new Deligne—Lusztig type construction for
tamely ramified maximal tori T of GG, and prove that it realizes the expected
correspondence between smooth Howe factorizable characters of T'(k) and
smooth representations of G(k). More precisely, we show, under mild as-
sumptions on the residue field of k, that all the irreducible supercuspidals
constructed by J.-K. Yu and Kaletha [Yu01, Kall9] can be realized through
weight spaces of T'(k) in the cohomology of these varieties. We refer to
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[Stall, Ival8, Iva20] for previous attempts to produce a reasonable Deligne—
Lusztig construction for ramified tori. It would be interesting to compare
our construction with these existing approaches.

1.1. The construction and main result. We explain our results in more
detail now. Let k£ be as above and let [F, be the residue field of k. Denote by
k the completion of a maximal unramified extension of k, by F, the residue
field of l::, and by F' the Frobenius automorphism of k over k. Let G be a
reductive group over k. We will identify G with G(k) so that G(k) = GF.

Let s € Rxg. Let G5 := Gx,0/Gx,s+ be the sth Moy-Prasad quotient of
the parahoric subgroup Gxo C G. We regard G as a linear algebraic group
over F,. Using the positive loop functor, one can associated to any closed
subgroup M C G a closed subgroup M, of G, see §2.1.

Let T' C G be an elliptic maximal torus over k, which splits over a tamely

ramified extension. Fix r € Rsq and a smooth character ¢: T(k) — Q,

of depth < r. Suppose that p > 2 and ¢ admits a Howe factorization

(G, ¢:)%__| consisting of twisted Levi subgroups
T=G'ca’cGlc---cqi=a

and characters ¢; : Gi(k) — Q, in the sense of [Kall9, §3.6]. Motivated by
Yu’s construction of irreducible supercuspidals, we require that

(¥) T is a maximally unramified elliptic maximal torus of L := G°.

We will see that such pairs (T, ¢) are sufficient for our purpose to realize all
tame irreducible supercuspidals of G(k).
Following [YuO1, §3] one can associate to (T, ¢) a Yu-type subgroup
K c C:x,O
whose natural image in G, is denoted by /.. We construct a variety
Zpyr < Gr

equipped with a natural ICf X TTF -action. Let us give a few more details on
its construction. First, there is tower of normal subgroups

Gxyrt CECKT CHCK =HLxp,
and the short exact sequence
11— KT/ —H/E—H/KT —1

gives a central extension of the symplectic-type space H/Kt. On the other
hand, by () there exists a Borel subgroup B = TU C L over k with
unipotent radical U. We show that there exists a subgroup

ECLCH

such that £/€ is a section of a Lagrangian space in #/K* both normalized
by B;,. Then we put Z,, = UL, = L,.U, and define

Z¢,r = {g € /Cr;g_lF(g) € FIr}a
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which admits a natural action by K" x TF.

Remark 1.1. The construction of Zy4, extends that in [Nie24] for the un-
ramified case (see also [CS17, CS23] for the generic case). A similar con-
struction is first given in [CKZ]. The idea of using Lagrangian subspace was
communicated to the authors by Xinwen Zhu.

In practice, we put K = /&, and write T, L and Z for the natural images
of Tp, L, and Z,, in K respectively. The cohomology groups H!(Z,Qy)
inherit natural actions by K x T, and we denote by H(Z,Q,)[#] their
subspaces on which T acts via ¢. Let

Ri(¢) = HX(Z,Q)9] = Z(—l)iHi(Z7@e)[¢],

which is a virtual KF-module, or a virtual KF-module by inflation. Let
Wi, (T,) ={g € L,: gT,g~' = T,}/T,. Note that W, (T,) = W(T) is the
Weyl group of T in L. We will always denote this group by Wr(L).

Our first main result is the following Mackey type formula of R%((ﬁ).

Theorem 1.2. We have
(RE(9), RE(9))xr = t{w € WL(T)";“6lpr = dlpr}.

To compute R%(qﬁ), we introduce the following K¥-module of Yu-type

Ri(¢) = k® R (¢-1),
where

e 1 is the Weil-Heisenberg representation as in [Fin21a, §2.5] (see also [Yu01,
§4 and §11]) attached to the positive-depth part (GY, ¢;), of the Howe
factorization of ¢;

. R:I;g(qﬁ_l) is the classical Deligne-Lusztig representation of Lg attached
to the depth-zero part ¢_1 of ¢.

Our second result is the following.
Theorem 1.3. Suppose q is sufficiently large. Then
R (9) = (~1) "V RE(o7),

T 1—1
where d(¢) is an integer depending on ¢, ¢ = ¢-ep and ey = ngl eﬁGx/G
7 i—1
is a product of depth zero quadratic characters 6?X/G of the mazximal

bounded subgroup of TY as in [FKS23, Definition 3.1].

Remark 1.4. In the unramified case, Theorem 1.2 is proved in [Nie24,
Proposition 5.5], and Theorem 1.3 is proved in [LN25].
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1.2. The application. Now we discuss applications on irreducible super-
cuspidals of G(k).

Let (T, ¢) be a tame elliptic regular pair in the sense of [Kall9, Definition
3.7.5]. In particular, our assumption (x) is satisfied. Following [Kall9, §3.7],
one can associate to (7', ¢) an irreducible supercuspidal 7y 4) of G(k), which
is referred to as a regular irreducible supercuspidal.

On the other hand, by generalizing the geometric construction of 7(r 4)
in the depth zero case (see [Kall9, §3.4.3]), we can extend the X'-modules
H{(Z,Qy)[¢] to KETF-modules. Thus the alternating sum

RE(¢) == H:(Z,Qy)[¢]
is a virtual T -module.

Our first application is the following cohomoligical realization of regular
irreducible supercuspidals.

Theorem 1.5. Assume q is sufficiently large and p does not divide the order
of the Weyl group of G. Let (T, ¢) be a tame elliptic reqular pair. Then

. GF 5
T(r,8) = (—l)d(‘b)"‘m_rT c—1ndgFTp'R¥(¢T),
where rg and r7 are the splitting ranks of G and T respectively.

For general irreducible supercuspidals we have the following exhaustion
result.

Proposition 1.6. Assume q is sufficiently large. For each tame irreducible
supercuspidal m of G(k), there exits some pair (T, ¢) as in §1.1 and i € Z>g
such that 7 is direct summand of the compact induction

C-indgf‘G)F]CF H(Z;(Za @8) [¢] .

Here we extend the K -module H:(Z,Qy)[#] to a Z(G)F KF -module on which
Z(G)F acts via ¢.

Remark 1.7. In the unramified case, Theorem 1.5 and Proposition 1.6 are
proved in [CO25] and [Nie24, LN25] independently.

Note that by exhaustion results of Kim and Fintzen [Kim07, Fin21b],
any irreducible supercuspidal G(k)-representation is tame when p does not
divide the order of the absolute Weyl group of G.

1.3. The strategy. Now we discuss the ideas for the proofs of the main
results, which combine the methods/strategies from [Nie24], [IN25c| and
[CO25]. Let us explain in more details.

To establish the Mackey type formula in Theorem 1.3, we follow the proof
of [Nie24, Proposition 5.5] by reducing the problem to the computation of
the cohomology group H*(X*,Q,), where H C T} x T} is a torus and X is
a certain H-invariant subset of the intertwining variety. In the unramified
case, the fixed-point set X is a finite set and the computation follows
trivially. While in the tamely ramified case, X is no longer finite in general.
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To overcome this difficulty, we provide a detailed study of X and manage
to determine its cohomology based on an idea from [IN25¢c|.

To prove Theorem 1.3, we follow the strategy of [CO25]. It consists of
two steps. First we show that RE(¢) and (—1)¥®) RE(¢") have the same
expansion in terms of their associated Green functions respectively. This
step follows in a similar way as in [CO25]. The remaining task is to show
the compatibility between these two type of Green functions. As observed in
[CO25], by using Theorem 1.2 and the largeness assumption on g, it suffices
to show that

(b) RE(¢) = £k @ RE (¢! ,) if £RE(9) is irreducible.

In the unramified case, the proof of (b) is based on comparing the values
of sufficiently many regular elements for G, on both sides. However, in
our case, the set of regular elements is no longer large enough in general.
To handle this difficulty, we first note that RX(¢) = +x ® p for some ir-
reducible L{-module p. So it suffices to show p = j:R%?(gbil). To this
end, we establish a trace formula of RE¥(¢) on the set KI of semi-simple
elements of K¥'. This is built on a concentration theorem of the cohomology
of the positive-depth part of Z (see Proposition 5.3), which extends [Nie24,
Proposition 6.2] in the unramified case. Then by comparing it with the trace
formula of Kk ® p, we deduce that p and :l:R%J (d)il) coincide on KZ.. As ¢
is large enough, K%, has sufficiently many regular elements for Ly. Thanks

to [CO25, Theorem 1.2], the two irreducible characters p and j:R%g (gbil)
coincide with each other as desired.

1.4. The outline. The paper is organized as follows. In §2.1 we lay down
the basic set-up, and introduce subgroups attached to a Howe factorization
in Yu’s framework. In §3 we provide the construction of deep level Deligne—
Lusztig varieties/representations in tamely ramified case. In §4 we establish
the Mackey formula for the inner product of deep level Deligne-Lusztig
representations. In §5, we extend a concentration theorem from [Nie24] on
cohomology groups to the tamely ramified case, which play an essential role
in the proof of our main results. In §6 we prove a character formula for
R¥(¢) by following the approach of [DL76] and [CO25]. In §7 we introduce
and study another representation R%(¢!) as a counterpart of R¥(¢). In §8
we prove Theorem 1.3 and Theorem 1.5 by following a strategy of [CO25]
on Green functions of R¥(¢) and R¥(47). In the last section, we proved the
exhaustion result Proposition 1.6 on irreducible supercuspidals.
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for his kindly answering several technical questions. The first named author
gratefully acknowledges the support of the German Research Foundation
(DFG) via the Heisenberg program (grant nr. 462505253).
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2. PRELIMINARIES

We denote by k a local non-Archimedean field with residue field F, of
characteristic p. We write k for the completion of a maximal unramified
extension of k, and F for the Frobenius automorphism of k over k. We
denote by O and O, the integer rings of k and k respectively. Let @ be a
fixed uniformizer of k.

2.1. Positive loops. Let E/ k be a finite tamely ramified extension. It is
automatically Galois with cyclic Galois group Gal(E/k) = (7). Let Og
denote the integers of E. Note that £ and k have the same residue field
F,. Let Perqu denote the category of perfect Fy-schemes. Let X be an Op-
scheme. The positive loop functor (also called jet scheme) of X is defined
by

LiX: PerfX — Sets, R+ X(Wo,(R)),

q
where Wo, (R) = O ®f, R if char E > 0 and Wo,(R) = W(R) ®y Ok
otherwise (here, W(R) denote the p-typical Witt-vectors of R). We only
consider schemes X which are affine and of finite type over Og, in which
case LE% is representable by a affine scheme perfectly of finite presentation
over F,.
When E = k, we also write LTX for Lix.

2.2. Moy—Prasad quotients. Let G be a reductive group over k, which
splits over a tamely ramified extension of k. Let x be a point in the Bruhat-
Tits building of G over k. We denote by Gy the associated parahoric

Op-group model of G. For 0 < r € R:=R U {s+;s € R} let Gx, be the rth
Moy—Prasad subgroup of Gy . For any 0 < s <7 € R, L1 (Gy ry X0, Oy) C
Lt (Gx,s X0, Oy) is a subgroup. We put

G = L+(gx,s X0y, O%)/L+(QX,T+ X0y OE)’

which is a pfp perfectly smooth affine group scheme over F,. Note that
as I fixes x it acts naturally on G, equipping it with an [F,-rational
structure. Moreover, as LtGy,1 is connected, H'(k/k, LGy, 1) = 0 by
Lang’s theorem, and hence G, = Gy s(Ok)/Gx.r+(Ok).

More generally, for any E/ k as in §2land 0 < s <r e ]@, we also may
form the pfp perfectly smooth affine group scheme

EGs:r — LE‘(QX,S ><(’)/1C OE)/LE(gx,r—l- X(’)k OE);

over F,. Tt is equipped with a natural action of Gal(E/k) = (7). The (pro-
version of ) Lang—Steinberg theorem does not apply as the 7-fixed points are
not profinite, but we still have the following.

Lemma 2.1 (see page 32 of [PRO08]). We have H'(Gal(E/k), L}Gxr+) =0.
In particular, (¥Gg.,)™ = Ggr (as perfect F,-group schemes).
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Proof. As r+ > 0, the group LGy ,+(Fy) = Gx,+(Og) is an inverse limit
of groups which are iterated extensions of Og-modules. Since the order of 7
is coprime to p, the cohomology of each filtration step vanishes, and hence
HY(Gal(E/ I::),LEQ,(,H) = 0 by dévissage. The last claim of the lemma
follows from the exact sequence of non-abelian group cohomology and the
fact that a perfectly smooth affine group scheme is (as a variety) uniquely
determined by its F,-points. ([

Let H C G be a closed subgroup. Following [CI19, §2.5] one can con-
struct an Fq—rational closed subgroup H., C Gg. in a similar way. We put
H, = Hy.. for simplicity. If, moreover, H is a k-rational subgroup, then Hy.,
is defined over F,, and we still denote by F' the induced Frobenius automor-
phisms on H or H,.,.. Similarly, we have the groups ¥ Hy., and PH,. If H is
connected, then (P Hy.,.)” = H..

2.3. Tamely ramified tori. Let T be a k-rational maximal torus of G
which splits over a finite tamely ramified extension K/k. Let k¢/k be the
maximal unramified extension in K. We write [K : k] = ef, with e = [K :
k¢] the (prime to p) ramification index and f = [kf : k| the inertia degree
of K/k. There exist a € k¢ and a uniformizer = of K such that 7¢ = aw.
We write E = Kk for the maximal unramified extension of K. Then E/k
is Galois with cyclic Galois group of order e and we denote by 7 one of its
generators. Then 7(7) = (r for a primitive eth root of unity ¢ € k. We
write E* = OF, and for r > 0 we write E) =1+ mlerlOp,.

We write W = Ng(T')/T for the Weyl group of T', & = ®(Gg,Tk) for
the set of roots of T in Gg, PFG* C G for the root subgroup of «, and
b= x %Z U %Zzo for the set of affine roots. If f € & x %Z, we write
ay € ®, ny € %Z such that f = (ay,ny). The affine root subgroup of
fis Gl = (EGa)nf;nf. If « € @, we write aV: Gy g — Tk for the
corresponding coroot and for z € F X, a¥ @ x for the image of x under o".
If x € E) for some r € R>g, we also write a¥ @z for the image of x in ET .
(for some 7’/ > 7).

We fix a Chevalley system for (Gg,Tk). Recall from [BT84, §4.2] or
[Ad198, §1.2] that this includes a set of K-rational isomorphisms uq: Ga g —
G® for a € ® = ®(Gg, Tk) satisfying several properties. For an affine root
[ = (a,ny) with a € ®, we have the parametrization

(2.1) G, 7, = BGT, induced by 2 — ug (7 [x]),
where [z] = z if chark > 0, and [z] is the Teichmiiller lift otherwise.
Note that 7 acts on ® and on ®. We have the formula
T(ua(T)) = Ur(a)(aaT(T)) V€L
for some constant a, € K. Write a, = 7"#(9)a, with d, € OF-.

Lemma 2.2. Let f = (a,ny) be an affine root with o € ®, so that 7(f) =
(’T(O[), nT(f))
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(1) We have
(22) T(up(y)) = ur(5) (" aay) Yy € Fy
where Gy = aq mod 7O € qu = (O /mOK)*.
(2) We have a_o = a;' and a_, = a,* .
(3) Let f € ® and s = f(x). Supppose that for some N >0, 72N(f) = f and
2N acts trivially on FGS. Then ¢?¢Ns = 1.

Proof. (1) follows directly from (2.1) and the above formula for the action
of 7 on uy(z). For (2) note that us(x)u—_q(y)ue(z) lies in Ng(T')(E) if and
only if xy = —1. Applying 7 to this expression and noticing that 7 preserves
Ng(T)(E), one deduces aq - a—o = 1. The second claim follows from the
first by (1). To prove (3), first note that as x is 7-invariant, we have

(2:3) 25 = ™ (£)(x) + F() = A(x) 1y gy + (—a) (X) + g = ng 47,
as « is a linear function. Then we compute

ugp(y) = 7N (us(y))

N-1
=0

N

—1
N-1 . .
=ur (Ce =0 i PN () H (ari(a)a‘r”N(a)) ) y)

i=0

N—-1
e>ico Myi(p L ieN
=uy (( 0 Mri(p) TN () .y)

=uy (CQSeN . y)
where the first equation is by assumption, the second and the third are by
part (1) of the lemma, the fourth is by part (2) of the lemma, the fifth is by
(2.3). As this holds for any y € Fy, the claim follows. O

2.4. Subgroups attached to a torus character. We keep the setup of
§2.3 and assume additionally that T is elliptic in G. We assume that p > 2.
We fix an r € R>(, a smooth character

0: TF =T(k) — Q

of depth < r, and we denote the character induced by ¢ on T(fr by the same
letter. Moreover, we assume that

(2.4) ¢ admits a Howe factorization (Gj, 7, )%, as in [Kall9, §3.6].
Recall that this means that

d
¢ =1 ][] bilre,
i=0
where ¢_; is a character of T'(k) of depth zero, and A := (Gj, 7y, ¢i)e, is
generic datum defined by the following conditions:
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e T=G1'CG"CG'C---C GY= G are k-rational Levi subgroups of G;

e 0==r1<rg<---<rg1<rg<rifd>1and 0 <rgif d=0;

e ¢; : Gi(k) — Q, is a character of depth r;, and trivial on G (k) ! for
—-1<i<d;

e ¢; is of depth 7; and is (G*, G*!)-generic in the sense of [YuO1, §9] for
0<i<d-1

Remark 2.3. If p is neither a bad prime for G, nor divides |71 (Gqer)|, then
any character ¢ admits a Howe factorization by [Kall9, Proposition 3.6.7].

The role of the Levi subgroup G will be somewhat special, and we will
often denote

L=0G°
Moreover, for 0 <1 < d, we set
S; — E

Write T3, = G, NT. Following [Yu01] (see also [Nie24, §3.2] and [IN25a,
§4]), we associate to the generic datum A the following subgroups of G.

I%A:GO}Gl G

[x]“%,s0 X,8d—1
ICA = G?{,OG}c,so e G;ic,sd,l
,HA = G?{,OJrG)l(,so e Gi,sd,l
KX = Gg,0+G;O+ T Gi,sd,ﬁ

Ta = (T((i)er)x70+ (T&er)xﬂ‘()'i‘ T (Tciler)xard—l-F‘

Here [x] is the natural image of x in the reduced Bruhat-Tits building of G°
and G([)x] denotes the stabilizer of [x] in G°.

We define another subgroup &, as follows. First we put
E E E Ed E
Ep = ( Gger)x§0+70+( Géer)x§ro+730+ T ( Gder)x;rd—l-‘msdfl-ﬁ- GXJ“-H
where (ﬁGéerlx;”_hsi_l is the subgroup generated by (FG)ri y+ and FGY
for f € @i\ Pgi—1 such that f(x) > s;_1. Here ®: denotes the root system
of T in G% for 0 < i < d. Note that Eg\ is T-stable and we set
Ex= (P&,

which is a subgroup of ICX.

We put Ky, = Ko/Gxr+ and EICAW = EICA/EGX,H. Other subgroups
Kar, EICA,T and so on are defined in the same way. Notice that ICXT =
Enr - Tot+:r and hence ICKT/&\’T = Totr /T

n [Kall9, Definition 3.6.2], ¢; is only required to be trivial over G%. (k). However, the
proof of [Kall9, Lemma 3.6.9] shows that ¢; can be chosen to be trivial over Gg,, (k).
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Finally we record a lemma, that guarantees that the subgroups attached
to ¢ above —and hence also all constructions in the rest of the article— are
independent of the choice of the (tamely ramified) splitting field K/k of T.
This seems to be well-known to experts, but we could not find a reference
in the literature.

Lemma 2.4. Let K/k and K'/k be two finite tamely ramified extensions
splitting T. We can canonically identify ® = ®(Gk,Tx) = ®(Grr, Tk').
Then for each r € Rsq, we have

{a€®:gpoNgpoa'(K)X)=1}={a€®: poNgpoa'(KX) =1}

With other words, the set R, of [Kall9, Eq. (3.6.1)], and hence also all Levi
subgroups G*, are independent of the choice of the splitting field K/k of T

Proof. The compositum of K and K’ is still finite tame over k and splits
T. Thus, replacing K’ by this compositum, we may assume that K C K’.
Then, as a o Nmg,, g/ = Nmq g/ 0 oV, the statement follows from
the transitivity of norm maps and the fact that Ng/ x (K *) = KX. The
latter equality holds because r > 0 and K'/K is tamely ramified. Indeed, it
suffices to show this when K’/K is unramified resp. totally ramified. In the
first case, the claim follows from [Ser79, Cor. to Prop. 3 of Chap. V] and in
the second case it follows from [Ser79, Cor. 3 to Prop. 5 of Chap. V]. O

2.5. Reducing modulo &, ,. We introduce the following convenient no-
tation. By fixing r and a Howe factorization (¢_1,A) of ¢ as in §2.4, we
put

K=Ka,/Er, and PK=FKy,/PEn,.

We write K,H, L, T,T* (with 0 < s < r € I@) for the natural images of
Kar,Hars Lr, Ty, Ts.r in K. The subgroups EH, L, T and #T* are defined
in a similar way. Note that by Lemma 2.1 we have (¥?)7 =? for ? € {H, L, T,
T, ... }.

We note that H/K* and PH/FK" are linear F,-spaces and we denote
them by

V =H/K" and FV =FH/FKT.
It will also be convenient to write
V=H and FV=FH

indicating that we treat elements of H as lifts of V.

2.6. Summary of setup. Attached to the character ¢ we have the follow-
ing groups. The subgroup H C K is the unipotent radical of K, we have
K/H 2 Ly and K = LH. We also have a short exact sequence

(2.5) 0—Kr—V=H—V=HK"—0,

of Fy-groups, with Kt 2 T = T, /T, .. This is an extension of abelian
groups, so that the commutator pairing of H induces a K™-valued symplectic
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pairing on V. We study this pairing in §3 below. We also have a similar
situation, including sequence (2.5), for K and its respective subgroups.

3. DELIGNE-LUSZTIG CONSTRUCTION IN A HEISENBERG GROUP

We keep the setup from §2.3 - 2.6. The groups V = H and £V = FH
are non-canonically isomorphic to Heisenberg groups. We exhibit an ex-
plicit isomorphism by using Yu’s splitting of the sequence (2.5) for £V, and
proving that it is 7-equvariant. In §3.3 we define a Deligne-Lusztig type
subvariety for the group K.

3.1. An isomorphism of Heisenberg groups. Let

v — Py
denote the projection homomorphism. Note that £V is a linear space over
F,. The center of V is PK* = ETy /BT, .

Let a € @\ @r. We set 1 < iq < d such that @ € Pgi \ Pgi-1 and put
Ta = Ti,—1, where ®5i = ®(G'%,TE) is the root system of G for 0 < i <
d. We set (FKT), C PK' to be the natural image of o (E) ). Denote
by PV, C PV and Ey, C PV the subgroups generated by the natural
images of the affine root subgroups G/ such that a; = a and f(x) > ro/2

respectively (note that both are F,-vector spaces). Note that 7 restricts to
an isomorphism of linear spaces

BVa 2 PV,
which are both isomorphic to the linear space (GO‘)%Q :za of dimension < 1.
Notice that [FVi,PVs] = 64 _s(PKT), for any o, € @ (Kronecker
delta). Hence the map (z,y) +— [z,y] = zyz~'y~! induces a skew sym-
metric pairing
k: PV x BV — PR

It descends naturally to a pairing on ¥V, which we still denote by x. Then

we have
By o @ EVa, Ey o~ B+ H Ef/a7
acd acd

where the product is taken with respect to any fixed order.
Let

Byt =Py x PK*
be the Heisenberg group associated to (V, x), whose multiplication law is
given by

1
(2, 0)(y,b) = (v +y,a+ b+ Sh(x,y)), for (z,a), (y,b) €V x "K*.

Note that L, acts on V¥ by g : (2,a) > (ad(g)z,a) for g € L, and (z,a) €
Eyt,
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Let D C &~ ®;. We set

Vp=@P Ve and FVp =[] Ve
a€D aeD

where in the latter case we assume that D N —D = &, so that EVh is
commutative subgroup of ¥ V. Moreover, if D is 7-invariant, £V} is too,
and we set Vp = (¥Vp)7. We warn the reader that we do not yet define VD,
this will only happen in §3.3; moreover, Vp will not be equal to & VD)T.
Let P = LUp C G be a parabolic subgroup (defined over K) with Levi
subgroup L € G and unipotent radical Up. Denote by &y, C ® the set

of roots appearing in Up. Let W; = EV¢UP and Wy = EV_q)UP. Then
Wi N PKT = Wy N PKT = {0} and each element of £V has a unique
expression wywoz with wy; € Wi, wo € Wy and z € ER+.

Proposition 3.1. There is a both EL[X]—equivam'ant (with respect to the

adjoint actions) and Gal(E/k)-equivariant group isomorphism
7 By >, Eyt

given by wiwez — (m(wiws),z + %m(wl,wg)) for wy € W, wy € Wo and
z € PKT.

Proof. Tt is proved in [Yu01, Lemma 10.1 & 10.2] that j is an ¥ Liyj-equivariant
group homomorphism. We show j is Gal(E/k)-equivariant.

Let 7 € Gal(E/k), wy € Wi, wy € Wo and z € PK*. Noticing that
T(EVQ) = EVT(Q) for « € &\ Py, we have 7(w1) = x122 and 7(ws) = Y1y
for some z1,y1 € Wi and xo,y2 € Wy such that k(x1,22) = k(y1,y2) = 0.
Therefore,

(T122y1Y27(2))

J(T(wiwez)) = j
= j((z1y1)(z2y2)(7(2) + K(22,91)))
= (

r(eryrza), 7(2) + 5 (5(01,10) + (w2,10)

= (r(r(wiwa)), 7(2) + 5(m122,1132)

= (m(r(wiwa)), 7(2) + %R(T(wl)ﬁ(wz))

= (r(n{wwn)), 7(2) + 57 (s(un, w2)))
= 7(j (wrw2z)),

where the third equality follows from that x(x1,x2) = k(y1,y2) = 0; the
fourth follows from that x(z1,y1) = k(z2,y2) = 0 and the sixth follows from
that 7 commutes with 7 and k. The proof is finished. ([
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3.2. A Lagrangian subspace. In the rest of the paper, we assume further
that T' is a maximally unramified maximal torus of L in the sense of [Kall9,
§3.4.1]. (This is the case if (T,¢) is a tame elliptic regular pair in the
sense of [Kall9, Definition 3.7.5].) In particular, there exists a 7-fixed Borel
subgroup B = TU of L with unipotent radical U.

Recall that 7 is a generator of Gal(E/k) and that Kt = (FK+)7, V =
(EV)™ and V = (EV)7. Note that r: ZV x EV — FK* restricts to a pairing
V x V — KT, which we again denote by &.

Let C be the set of 7-orbits C' of ® \ &y, such that Vo # 0, where Vo =
(EVe)T. We have

ve@Pve, VK]V
ceC ceC

Lemma 3.2. Let C be a 7-orbit of ®\ ®;. We have
(1) dim Ve < 1;
(2) Vo # 0 if and only if EVe # 0 and 71€ acts on PV trivially;
(3) /{(VCaVC’) =0 ZfC # _C,;
(4) Ve =0if C=-C;
(5) Vo # 0 if and only if V_c # 0, and in this case, k(Vo,V_¢) # 0.

We note that on the F-invariant subspaces, Lemma 3.2(4) is proven in
[DS18, p.66].

Proof. Let o € C, so that C = {Ti(Oz)}‘C

z=|0_1' By (2.2) the action of 7 on £V
is given by (:cl-)ﬁlfl > (ci_lxi_l)lg'ofl where ¢; € F; is some constant. Parts
(1) and (2) follow directly from this description. For (3) it suffices to show
that x(FVe, FVer) = 0. We may assume that “Vio # 0 # FVer, otherwise
there is nothing to prove. It is enough to check that x(*V,,*V,) = 0 for
any a € C, o/ € C'. Let f (resp. f’) be the unique affine root over « (resp.
/) with f(x) = % (resp. f'(x) = %). Then the image of [FGF,EGY|
in ICX’T is contained in the natural image of £G/*f'. Hence its image in
ER+ = BTy, .. /E Ty, vanishes. This proves (3). To prove (4) assume Vg # 0
and C = —C. Let a € C. Write s = r,/2. By assumption there is a (unique)
affine root f = (a,ny) over a such that f(x) = s. Then there is some N > 0
such that 7V (a) = —a. As f(x) = s = ro/2, Lemma 2.2 implies (¢V" = 1.
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Now let = € Fy, so that 1+ 7%« € EX . . Then we compute in T}

ala*

= Z Ti(Oév ® 1+ 7x)
=0
N—-1 N—-1
=> 7’ el+rTr)+ Y NV @1+ 77)
1=0 =0
N-—1 N-—1

as (V¢7a = 1. With other words, N, a”(E)) = 1. From the factoriza-
tion Nmyc/, = Nmy /o Nmp i, we deduce that also

Ny 0 (E) = 1,

and hence also ¢ o Nmy;, o a¥(E) ) = 1, which contradicts the definition
of ro = ri,—1. This proves (4). The first part of (5) follows from (2),
the formula (2.2) and Lemma 2.2. For the second part of (5), suppose
Vo # 0 and let C = {Ti(a)}ﬁlo_l. Write s = r4/2. Let f = (a,ny), resp.
" = (—a,np) be the unique affine root with f(x) = s, resp. f'(x) = s.
Then “Vg ~ @ﬁ‘o_l EGT™ (1) is a product of root subgroups. As Vg # 0 by
assumption, Lemma 2.2(1) implies that under this isomorphism V¢ precisely
consists of tuples

—2
enys = e(me+n. ()= = 62'3'72” J £ a
X = (337 C Fagz, (N0 Aalr(Q)Ty ) ¢ =I=0 T H A7 () x)
J=0

with arbitrary « € F,. Moreover, by part (2) we see that

ICl-1
[Cl-1
(3.1) ¢2=0 "0 ] sy =1.
=0

Let Y € V_¢ is a similar tuple with = replaced by y and f by f’ everywhere.
Taking the product of (3.1) with the similar expression for o and using
Vo # 0 along with Lemma 2.2, we deduce ( eralCl — 1. Now, we compute in
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T,

a37'04:
cl-1 . i1
(X, Y] = Z ()" @ 1+ 7Toayc” 2g=0(ei () Fri(s1) H Uri(a)@—ri(a)
i=0 Jj=0
|C]—1
= Z Ti(a)\/ ® 1+ nTegy(iera,
=0

where the second equality follows from Lemma 2.2(2) and that n.;s) +

Nri(fy = Ta- It thus suffices to show that there exist some z,y € F, for
which this expression does not vanish in 75 .,,. By definition of r,, we have
¢ o Nmg o a(KX) # 1 and ¢ o Nmy, o ¥(K; ) = 1. Noting that
¢ o Nmp ;0 ¥ factors through Nmg ;. o a”, this implies that there exists
some z € F, with Zi;% ™V @1+ 72) £ 1in T, Put d := ﬁ We
compute in 7T,

aTa*
ala
e—1 |C]—1d—1
1+# ZT’\(QV R 1+ 7"z) = Z Z Ti+i/‘cl(ozv ® 14 72)
A=0 i=0 /=0
|C|-1 d—1
_ Z Ti(a\/ ® 1+ e Z CerQ\Cﬁ’Z)
i=0 i'=0
IC]—1
= Z (a¥ @1+ 7 dz2)
i=0
IC|—1
= Z (@)Y @1+ e dy
i=0
where the second equality follows from 7/¢l(«) = «, the third equality from
¢erelCl = 1, and the last equality is the action of 7 on the affine coroots.
Note that d is invertible in F, (as e is), and pick any z,y with xy = dz. This
finishes the proof of (5).
By the same computation as in (2.3) we have Nri(fy + Nri(pry = 25 = 1,
for any j. Thus

|1 |C|—1
[X, Y] _ Z a’®1+ Weraﬂffyf/ Z Ciera
i=0 i=0
where the second equation is by Lemma 2.2(2). O

Recall that C is the set of T-orbits C' in ® \ @, such that Vo # 0. Set
VU = Uy = UgeecC. Recall that B = TU C L is a Borel subgroup with
unipotent radical U.

Proposition 3.3. There exists a subset V. C W such that ¥V =¥, U—-V,,
U, N—-V, =3 and Vy, is normalized by By.
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Proof. By Lemma 3.2 (4), it suffices to construct inductively a sequence of
subsets & = Wo 1 C Wy 4 C - C Wep . C W such that W, 4 N W,_q 4 is
a T-orbit of ¥, W; , N —W; , = & and Vy, , is normalized by By C Lo for
1<i<|CGl/2.

Indeed, we put ¥y = & and suppose V; | is already constructed with
the desired properties. Suppose i < |C|/2 and we construct ¥;;; 4 as follows.
Let

VII,LZ_’Jr ={veVir,Vy,,) =0 =Vo v, ,,
where the second equality follows from Lemma 3.2. By induction, Vi, , is
Byp-invariant. Hence V\It,+ is also By-invariant.

Let <I>+ C @1, be the set of positive roots determined by B. For a, 8 € ®
we write a < 8 if §— « is a sum of roots in <I> . Let aj+1 be a maximal root
in U~ (¥; + U—¥; ) with respect to the partlal order <. Let Cjy; be the
T-orbit of cj41, and set Wi+ = ¥; . UCi4q. Consider the following set

Diy1:={a € ®;a >~ for some vy € Ciy1} = {a € &;7(a) > ;11 for some i € Z},

where the second equality follows from that ® ; is T-invariant. By the choice
of a1, we have
(N =V, )N Digy1 C Wiy 4
By definition,
Ad(Bo)(Ve

Thus Vi, , , is Bo-invariant, and the induction procedure is finished. [

1 FE _ E _
i+1) < V‘Ifi,+ N"Vpiy, = V‘I’\—‘I’i,+ N"Vpiy, = V(\I’\—‘I/i,+)ﬂD 1 © V‘II7.+1,+'

3.3. A Deligne—Lusztig type construction. Let notation be as in Sec-
tion 3.2. Let U, be as in Proposition 3.3.

Recall the isomorphism j from Prop0s1t10n 3.1. By taking 7-invariants,
it induces an isomorphism j: V 5 Vi Now, VI = V x Kt contains a
canonical copy V x {0} of V. For any T-equivariant subset D C & \ &, we
set Vp = § Y (Vp x {0}) C V. By Proposition 3.1 and Proposition 3.3, V\h
is a commutative group normalized by By = ToUy and hence the product

I:=UpVy, CK
is subgroup. Then the attached deep level Deligne—Lusztig variety is defined
by
Z=2Zxpv,r=1{9€K; g 'F(g) € FI}.

As I is normalized by T, the variety Z is endowed with a natural action of
TF given by ¢ : x — xt. Let

HA(Z,Qy)[¢] € Hy(Z,Qy)
be the subspace of the ith f-adic cohomology of Z on which T acts via the
character ¢.

Note that Z admits a second action of K given by ¢ : z — gz, which com-
mutes with previous action of T¥. Therefore, the weight spaces H:(Z, Q,)[¢]
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are natural representations of K. We define the following virtual K*'-
module
RE() = HZ(Z,Q)[0] := Y (~1)'HLUZ,Qy)[4].

By inflation, we also implicitly view RX(¢) as a virtual K{-module.

3.4. An extension. As T is elliptic in G, we have a natural adjoint action

of TF on K induced by s : x — sxzs~!. Moreover, this action preserves

subgroup I and hence the variety Z.

Following [Kall9, §3.4], we consider the action of Kf x TF on Z given
by g % z : x — gzaxz~!. This action commutes with the previous action of
T,f o on Z by right multiplication. Thus the weight spaces H.(Z,Q,)[4] are

natural representations of ICK x TF. Consider the tensor products

H(Z,Q0)[¢] ® ¢,

where ¢ is viewed as a character of ICIJLX7 x TF via the natural projection
ICK x TF — TF. As T C L is a maximally unramified maximal torus, we
have ICK NTE = Lio NTE = Tf,o- Then by definition the action z x 27! for
z€TY on H.(Z,Q,)[¢] ® ¢ is trivial. Therefore, H:(Z,Q;)[¢] ® ¢ descends
to a representation of ICK TF. We define

RE(¢) == H(Z,Qy)¢] ® ¢
as a virtual ICKTF—module. Note that 7@%(@!;@5 = R%W)

4. MACKEY FORMULA

Let the notation be as in §3.3. Recall that B = TU is a Borel subgroup
of L, and we write I, U and T for the natural images of L,, U, and T, in K
respectively. Let N,(T) = {z € L;*T = T} and Wy(T) = Np(T)/T. Then

L= UweWL(T)Uﬂ)TU,

where w is a lift of w in N (T).
Let ¥ = ¥, U —¥, be as in Proposition 3.3. Put ¥_ = —¥, and we
have

H=V=Vy, Vg T
Thus
K=HL= || UVWTU= || IVo_nuy_vTL
weWr(T) weWi(T)
Let C C W. In particular, Vo # 0. We set ic = i, (see §3.1) and r¢ = 74
for some/any a € C. Define
(KJF)C = KJ(Vc, V,c) C T7e,

which is a one dimensional F,-linear space by Lemma 3.2.
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4.1. Auxiliary results. Let Dy, Dy C ¥ be two 7-stable subsets such that
D;N—D; = @ for i = 1,2. Let @ € L¥ which normalizes T. The map
(y1,y2) — y1y2 gives an affine space fibration

v VDl X VDz — VD1VD2 = VDl \DQVDW
whose fibers are isomorphic to Vp,p,. Consider the following varieties
X = Xpy,pow = {(21, 22,91, 92, 2) € VDl X VDQ X VDI X VDQ X T;w@lﬂ?Z)L(Z) = y1y2};
Y =Yp, pow = {(z,2) € (VD,Vp,) x T;*(2) L(2) € Vi, VD, },

where L : T — T denotes the Lang’s map given by z + z~'F(z). Note that
TF x TF acts on X and Y respectively by

(s,t) : (x1,22,Y1,Y2,2) — (le,81:2,w(s)yl,w(s)yQ,w(s)zt)

(s,t) : (x,2) — (Pz,w(s)zt).
As 7 is an affine space fibration, so is the T x TF-equivariant map

X —Y, (x1,22,y1,Y2,2) — (T122, 2).
In particular, for another character ¢ of T we have an isomorphism
H (X, Q)[y R ¢] = HZ(Y,Qp)[¢ X g].
Set Dj = D; N™ (D1 U Dy) for i = 1,2. As “(D} U D}) C Dy U Dy,

we have “(Vp,Vp,) € Vp,Vp,T. Let pry : Vp,Vp, T — T be the natural
projection. We consider the map 6 : Vp, Vp, — T given by z pro(Yz).

Lemma 4.1. We have the following Cartesian diagram
Yy —2 5T
-
Vi Vo, =T,
where pry : Y — VD1VD2 and pry : Y — T are the projections given by
(z,7) — x and (x,T) — T respectively.

Proof. Let (z,7) € Y C (Vp,Vp,) x T. By taking the natural projection
w:V — V, we deduce by definition that

m(z) € Vw_l(DluDg) N Vp,up, = VD/1UDI2'

As 7 restricts to a bijection VDI VD2 = Vp,up,, We have x € VD'IVD;- Then
the statement follows by the definition of Y. O

We fix a linear order < on 7-orbits of D} U D) such that C; < Cq if
C1 C Di~ D) and Cy C Di. Then we have an isomorphism of varieties

X: HVC — VD;VD;7 (x¢)o — HSCC,
c c
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where C' ranges over T-orbits of D} U D), and the product is taken with
respect to =.
We recall the following result from [Boy12, Proposition 2.10].

Proposition 4.2. Let A be a connected commutative algebraic group and
L a multiplicative rank-one local system on A. Let Zy be a variety and let
£:7Z =271 x G, — A be a morphism of the form

(z,9) — n(z,9)C(2)
such that for any z € Zy the morphism n, : G, — A given by y — n(z,y) is
a group homomorphism. Then we have

HYZ\Z',€L) =0,
where Z' C Z is the closed subvariety consisting of points (z,y) € Z such
that ni L is trivial.
Proof. Let p: Z — Z; denote the natural projection. Then &*L ~ n*L ®
p*C*L, as L is multiplicative. By projection formula this implies Rpy(£*L) ~
Rpm*L @ ¢*L. Tt now suffices to show that Rpin*L restricted to Z1 \ p(Z')
is zero. Let p,: {z} X G, — {z} denote the fiber of p over z € Z. By proper
base change, Rpi(n*L), = Rp.i(niL), which is zero if z € Z \ Z’' by [Boy10,
Lemma 9.4]. O

Let D = (DQ N —Dl) N wil(Dl N —Dg).
Lemma 4.3. Using the isomorphism x above, the map ¢ : VD’IVD’Q — T is

given by

(@o)o — Y oy m0y),
Cy
where Cy ranges over T-orbits of D.

Proof. By definition and that [‘A/Di, ‘A/Di] =0 for ¢ = 1,2, we have

6((zc)c) = Z w[xcl,l‘CZ],

C1,C2

where C; and Cy range over 7-orbits of Dy \ Do and Dy respectively such
that w(C1) € Dy and w(C2) € Dy~ Dy. The statement then follows by
noticing that [z¢,, z¢,] = 0 unless C; = —Ch. O

Proposition 4.4. We have
dimg, H; (X, Q)¢ W ¢] = dimg, H (Y, Qo) [~ K ¢] = 5,1, .

Proof. First we consider the ¢-weight space HL(Y,Qy)[¢] of {1} x TF for
1 € Z. By Lemma 4.1 we have

HA(Y,Qp)[¢] = H§<VD1VD§, 6" L)
Let C be a 7-orbit of ¥ and u € V_¢, the map

6w : Vo 2 G, — T, v — [u, v]
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is a group homomorphism and the pull-back d; L4 is nontrivial if and only
if u = 0. By Proposition 4.2 and Lemma 4.3 we have

HAY \Y',Qp)[¢] & Hé((VD/IVD/Q) ~ VDQ N fDVD’de*Eqb) =0,

where Y/ = {(z,7) € Y;x € VD’l\—DVD’Q} = VD’l\—DVD’Q x TF. In particu-
lar,

dimg, H:(Y, Q)¢ K ¢] = dimg, H (Y, Q)" K g,

As the natural projection Y/ = V(D’luD’z)\—D x TF — TF is a TF x TF-
equivariant affine space fibration, we have

dlm@z H:(Ylv@é)[w_l I d)] = dlm@e H:(TFa@f)[w_l X ¢] = 5w*1¢’¢'
The proof is finished. ([

4.2. Inner product computation. Now we state Mackey formula for the
inner product of the virtual Kf-module

Theorem 4.5. We have
(RE(6), RE(6))r = tw € WL(T); " = o).
Here we identify ¢ with its restriction ¢|pr.
Proof. For w € W(T) we set
Yo = {(z,2',v,0,7,u) € FIx FIxIxVy_ Aoy xTxI; 2 F(vi7) = vinoTuz’}.

Write 3, = X, UY! | where X! and 3/ are defined by the conditions v # 0
and © = 0 respectively. Note that T x T acts on ,, by

(s5,t) : (z,2', 0,0, 7,u) —> (sxs™ b ta't ™1, svs, sts 1w (s)rt L, tut 1),

As in the proof of [Nie24, Proposition 5.5], it suffices to show that
dim H} (2], Q) [¢™" K ¢] = 0y p(uw) * w6

and dim H2 (%), By)[6~ K 6] = 0.

Let H = {(s,t) € T x T;s F~1(s) = wt ' F~1(¢)w~!}, which acts on
X by

(5,t) : (x, 2", 0,7, u) — (szs~ L ta't ™Y, svs, L (s)Tt L tut ).

Let H_ ; and T,.q be the reductive parts of the identity component of H°
and T respectively. As ITred =V with D = {a € ¥;a(Teq) = {1}}. It
follows that (X )Hrea # @ only if F(w) = w, and in this case we have

(D) Hrea = XD, FDw-1

as T x TF—Varieties, where XD7FD7w71 is as in §4.1. It follows from Proposi-
tion 4.4 that dim@é H (2 ) Hrea, Q) [0 M| = Swgp Hence dim HX (2", Q)¢ 'K
}] = 0w, F(w) - Owg,¢ as desired.



DEEP LEVEL DELIGNE-LUSZTIG INDUCTION FOR TAMELY RAMIFIED TORI 21

It remains to show H} (X! Q)¢ ! X ¢] = 0. Note that

Voiww_ = @ Ve
Ce(-C)N(—wC)
For v € Vg _rwy_ and C € (=C)N(="C) let vc € Ve such that o = Yoo vc.
We fix a total order < on (—C) N (=*C). Let V¥ ~uy  be the subset of
elements v such that v # 0 and v = 0 for all C' < C. Then we have

Voo {0} = ||V rug_.
C

The above decomposition induces a decomposition
/o 1,C
=, = |=C.
C

It remains to show H (3", Q,)[¢~ W ¢] = 0 for all C € (—C) N (=¥C).
Let C' € (—C)N(="*C). Consider the restricted action of T¥ = T¥ x {1} C
T x TF on Ei},c given by

1 1

s:(x, 20,0, 7,u) — (szs™ 2, svsL sosTH wl(s) T, w).

It suffices to show the ¢~ !-weight subspace H (X3, Qy)[¢!] is trivial.
Let v € V¥ uy . We fix an isomorphism

Ao Ve — (K)o, ¢ — w(0,0).
Consider the subgroup
H={scTs'F(s) e (K"}
For s € H we define an isomorphism f; : Zi,}c — ZL’,C by
fs: (z, 2" 0,0, 7,u) — (:xs,xlF((wT)ﬂC),svs*l,3173*1,wil(s)T, w)

with ¢ = A;1(sF~1(s)~!) such that
1

¢)-

The induced map of f; on each subspace Hé(E@C,@g) is trivial for each
s € NE"((KT)E"™) € H°. Here n € Zx; such that F"(C) = C, and NE" :
T7¢ — T7¢ is the map given by s + sF(s)--- F" 1(s). On the other hand,
we have

2 F(vir) = svvwrua’ F (7

v ang = Pio-tlgr oz

which is nontrivial since ¢;—1 is (G/¢~1, G*¢)-generic. Thus H} (ZZ,C, Qoo™
is trivial as desired. ]
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5. A CONCENTRATION THEOREM

In this section, we follow the approach in [Nie24, §5] to prove a concen-
tration theorem on the cohomology of the “positive-depth part” of Z in
the tamely ramified case. This will be a crucial ingredient in proving the
character formula of R¥(¢).

5.1. A variation of Boyarchenko—Weinstein’s calculation. Recall that
the natural map Gal(K/k) — Gal(ks/k) admits a splitting. Thus Gal(K/k)
is generated by 7 and a lift F' of Frobenius with Ff = 1. Note that 7¢ = aw
for some root of unity a € ky. Let 0 : G, — G4,z +— 27 be the Frobenius
map induced by F'.

Let C' C \IJ be a 7-orbit. In particular, Vo # 0 and C' # —C' by Lemma 3.2.
We identify £7, ., with the F,-linear space X.(T) ® F,m¢. For a € C
we define an isomorphism

IC|-1
0o : Gy — (KN, x+— Z ® gere grere

Let N be the minimal positive integer such that F¥(C) = C. Suppose
that N is even and FN/2(C) = —C. Let a € C and j € Z such that

FN2 673 (0) = —a.
In particular, for v = +a and = € F, we have
FN2(0,(2)) = 60—y (no™"? (),
where 7 is the natural image of FN/2(¢7)(F(rx)/m)¢ in F,. Let ¢ € T,
such that Co™N/2¢~! = noN/?2 € T, x (o). Then we have F’N( (7)) =

0o (Co™N¢Y(2)) for i € Z.
As FI =1 € Gal(K/k), for each x € F s we have

Oo() = F/(0a(x)) = 0a(Co? ¢ (),
which implies that ¢ = o/ (¢) and hence ¢ € Fgr

Lemma 5.1. Let C, N, a and ¢ be as above. Then we have

N-1
Nicjro @' (K%)= (D F') 0 0a((Fyn).
i=0
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Proof. Let x € F ;. We have
Nicpn(a¥ ® an7c)

f—1 . e—1
= (Z F’)(Z ™) (a" ® zrc)
=0 =0

—1 %—1
- F}(Z FOCY ) (F™N (8a(2)))
1= =0
N-1 £
- mg Fi( > 0a(Co™ (1))
e N—-1
_@(Z F')(0a(C trg o Fs N (CTh))).
=0

As ¢ € F s and that ﬁ is invertible in [F, we deduce that

N—1 N—1

Ng (0¥ @F ym¥7¢) = ZF )oba(Ctrg ,/k y (Fyr)) ZF’ )00 (CF ).
1=0 1=0

Hence the statement follows. O

Let H be a connected commutative algebraic group over a finite field Fg

of characteristic p. For any character x : H(Fg) — @Z we denote by L, the
associated rank-one local system over H.

Let ¢4 = ¢|('H‘O+)F.
Proposition 5.2. Let C, N, o and ¢ be as above. Then we have
N/2  iri_ 1.
: : q ifi=1;
dimz H.(Gy, 1" Ly,) =
Q (Ga o+) {O otherwise.
Here v : G, — T is given by x — Ga(Cqu/QH).

Proof. Let 9 : G, — EOJF be given by = +— 0,(Cz). Note that FNf,(x) =
00 (CoN¢12) for x € F,. Hence ¥ is an homomorphism of algebraic groups
over F n. Consider the following character
0\ F™ N EY 0P AN
Y :Fon —> (T — (T°T) Qe ,
where NE" : TOt — Tt is given by & — 2F(z) - -- FN=1(z). Then we have

Ewgﬂ*ﬁ LoNEN =~ * Ly,
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where the second isomorphism follows from that £ N = Ly, by [IN25c,

¢4oNfL
Lemma 5.8].
By Lemma 5.1 we set

N-1 N-1
Imep = ¢yo( Y F')(Imd) = ¢i—10(Y_ F)(Im¥) = ¢i. 10Ny poa’ (K7,) # {1},

=1 i=1

where the last inequality follows from that ¢;.—1 is (Gi¢~!, G'¢)-generic.
Thus ¢ is non-trivial. On the other hand, for z € F ~/» we have

NE"9(x) = NE fa(Ga)
N/2—-1
= ( Z F*)(0a(Cz) + FN/2004<<33))
i=0
N/2-1
= (Y F)(0alCz) +0-al(¢o™?(2)))
i=0
N/2-1
= (Y F)0al¢) +0-a(Cx))
i=0
=0.
In particular, ¢ is trivial over F n/2. Let f : Go — Gq be given by z
29"*+1, We have ¢ = 9 o f and hence
L*E¢+ = f*ﬁ*ﬁ(fur = Ly
Then the statement follows from [BW16, Proposition 6.6.1]. O
5.2. The concentration result. Let s € K. We denote by Ad(s) : K — K
the adjoint action induced by z — sxs~'. Let H be the quotient group of
two closed subgroups of K preserved by Ad(s). We denote by H® for the
group of Ad(s)-fixed points in H, and write H*° for the identity component
of H?.

We write T for the natural image of T in K. Let t € TF. We set
Ol = {y € ®;7(t) =1 € 7Og}, where t € T* is any lift of ¢. Define

d(¢,t) = |(¥ N ")/ Gal(E/k)],

where ¥ C @ is as in §3.2. Let ¢ denote the Weil-Heisenberg representation
of K! associated to generic datum A = (G%, ¢;)%_, in the sense of [Yu01, §4],
see also [Fin2la, §2]. We write d(¢,t) = d(¢) and ks = k if t = 1.

Proposition 5.3. Lett € TF. Then there exists an integer ng: such that
HYZNH,Qp)[p4] # 0 <= i = ng.
Moreover, dim H. > (Z NH, Qp)[¢4] = |(Vt)F|% and ngy = d(¢,t) mod 2.



DEEP LEVEL DELIGNE-LUSZTIG INDUCTION FOR TAMELY RAMIFIED TORI 25

Proof. Tt follows the same way as [LN25, Theorem 4.1] by using Proposi-
tion 5.2. 0

6. A CHARACTER FORMULA FOR 7%%(@%))

Keep the notation in previous sections. The main purpose of this section
is to established a character formula for RX(¢) and R¥(¢) by following
approaches in [DL76] and [CO25].

First we need two auxiliary lemmas.

Lemma 6.1. Fort € TF the conjugation action Ad(t) on K is semisimple
and has finite order prime to the characteristic of Fy.

Proof. The statement follows from that K is generated by T and one-dimensional
additive subgroups over I, which are preserved by Ad(s). ([

Lemma 6.2. Let s € KETY and x € T¥. The map (h,y) — hy induces a
bijection
0:{heK; shx =h} X geoyr (ZNK®?) =2 {g € Z;sgr = g}.

Proof. First note that map 6 is well defined. If 8(h,y) = 6(h',7’), then
W'h =gyt e (K*°)F and hence 0 is injective. It remains to show 6 is
surjective.

Let g € Z such that sgx = g. Then g~ 'F(g) € FI and

g ' F(g) =2 (s9) ' F(sg)F(x) =597 F(g)s,
which implies that g~'F(g) € (FT)* = FI*.

By Lemma 6.1, the conjugation action of x € T on K is semisimple, which
implies that I* is connected (this follows from [Bor91, Proposition 9.3] by
noting that z normalizes the unipotent group I) and hence FI* C K*°. By
Lang’s theorem, there exists y € K®° such that y ' F(y) = ¢ 'F(g) € FIL
Let h = gy~!'. Then we have h € K¥', g = hy and shx = sgy~ 'z = sgaxy™! =
gy~ ' = h as desired. Hence 6 is surjective and the proof is finished. ([l

Lemma 6.3. Let g € KFTY. Then there exist z € TV, uw € K and
s € KFTE such that g = su = us, u € K is unipotent and (sz71) x Ad(z) €
K % (Ad(2)) has finite order prime to p.

Moreover, if g € K we may take z = 1 and g = su = us is the Jordan
decomposition in K.

Proof. Assume g = ¢’z for some g € K and z € TF. By Lemma 6.1,
the semi-direct product K x (Ad(z)) is a linear algebraic group. Let x =
g x Ad(z) € K x (Ad(z)) and let * = x,25 be the usual Jordan decom-
position with z, unipotent and xs semisimple. As z € T, the Frobenius
automorphism of K extends trivially to an automorphism of Kx (Ad(z)). By
the uniqueness of the Jordan decomposition, we have z,, zs € K x (Ad(z)).
As the order of z, is a power of p, it follows from Lemma 6.1 that the im-
age of x, under the natural projection K x (Ad(z)) — (Ad(z)) is trivial,
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which means z, € K. Let u = z, and s = §z, where § € KI' such that
xs = d X Ad(z). Note that the order of =4 is prime to p. Hence the elements
z, u and s satisfy our requirements. O

Let Tyeq be the reductive part of T. We have the Jordan decomposition
TF =~ TE, x (T°")F. Recall that ¢ = | (ro+yr, and recall the virtual
TFKF-module RE(¢) = H*(Z,Qy)[¢] @ ¢ defined in §3.4.

Similarly as in [DL76, Chel8, CO25], we have the following character
formula.

Proposition 6.4. Let notation be as in Lemma 6.3. Assume that p {
(WL(T)F| if g € KFTF N KF. Then

1

T, .
redt heKF /(Ks:o)F, hseT

RE(¢)(g) o("s) tr(Mu; HE(Z N K"5°,Qp)[64)).
Proof. By definition we have

A~

RE(9)(9)
= ¢(2) tr((927") % Ad(2); HX(Z,Q0)[¢)])
= ¢(

z’mrlF\ S oY) tr((g2 1) % Ad(2), 1); H:(2,Q))

teTF

— 0 3 60 () H (2100,

teTF

where ¢ = t't" is the Jordan decomposition with #' € T,eq and t” € (TOH)F,
and

Z((sz_l)xAd(z),t’) — {g c Z;szfl(zngl)t/ _ ngilt/ _ g}
is the set of points in Z fixed by the action of ((sz™!) x Ad(z),t'). By

Lemma 6.2,

Z((sz_l)NAd(z),t’) _ |_| h—l(Z N Khs,O)‘
heKE /(Ks:0)F hg=zt/—1

If g € K and g = su is the Jordan decomposition, then "u € K"#° since K
is connected. Otherwise, as p { |[W(T)| (by assumption) and the order of
w is a power of p, we still have " € K"se. Thus,

tr((u,t”); H:(Z((sz—l)xAd(z),t’)7@6)) _ Z tr((hu,t"); H:(ZﬂKhs’oy@g))-
hG]KF/(KS’O)F,hs:zt’71
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Inserting this equality we have

7%%(917)( )
= ¢ |TF‘ Z Z (,b t t// Z tr((hu7 t//); H:(Z M Khs’(),@e))
t/GTF tlleTfmp hEKF/(KS7O)F,h8:Zt/_1
1 _
(2 )7‘ a > o) ez s) > tr((u, t"); H (Z N K'5°,Qy))
" €(Tunip) heKF /(Ks:°)F hseT
1 . hgo —=
= iTr > o("s) tr("us HX(Z NK*°,Qy)[9+]).
red! heKF /(Ks©)F hseT
The proof is finished. U

Let ®r,, be the set of roots of Ty in Ly. We say s € Tf;d is regular for L
if a(s) # 1 for all a € &y,

Corollary 6.5. Let s € Tf;d be reqular for Ly. Then

RE@)(s) = (~D)I@I|(vo)F[z 3 g(vs).

wEWL )
Proof. As s € ngd is regular for Ly, we have K%° = TH® and
{h € K/R*®;"s € T} = {h € L/L*°;"s € T} = W,(T)F.

Applying Proposition 6.4 we have

RE($)(s) = —» S el u(l HA(Z K", T)os)

‘ red hEKF/(KS o)F hSE']T

fd Z B0 1 B (Z 0K, Tl )

redt weWwr(

= ! Z o(vs)dim H( | | (2 0H"), Q6]
red! ewy (T)F ~eTE

= Y 6(Us)dimHI(ZNH", Qo]

weWp(T)F

= Y AU

weWp(T)F

= (DN WHF s N e(vs),

wEWL(T)F
where the third equality follows from that
ZNK"™° = || v(ZnH"),

VeTred
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the fifth follows from Proposition 5.3, the last one follows from that d(¢, s) =
d(¢,vs) and |(V*)F| = |(V"%)F|. The proof is finished. O

7. THE MODULE R¥(¢f)

In this section, we introduce and study another TFKF-module R%((JST),

which serves as a counterpart of ﬁ%(qb).
Consider the following 77K -module

Ri(¢) = klprir @ RE (1),

where R%‘; (¢—1) is the extended classical Deligne—Lusztig representation of

TFKFE constructed in [Kall9, §3.4.4].
Following [CO23], let

d

i/Gi—l

o =[x
i=1

where eﬁGi/ &' denotes the quadratic character of T in [FKS23, Definition

3.1] which factors through TF/T}fOJr. We put ¢f = €¢, - ¢. Then (¢N)T = ¢.
Let ¢>0 = H‘f:o ¢;. The following result is essentially proved in [CO25,
Proposition 7.4].

Proposition 7.1. Let notation be as in Lemma 6.3 and assume that s € TF .
Then

k(g) = (=) D7)k (w)ey, (s)ds0(s)-
In particular,

r(s) = (=1 "= (V) ey (5)d20(s).

Lemma 7.2. Let s € KT'F' such that the action Ad(s) on K has order prime
to p. Then the natural quotient map 7 : K — Lg induces a bijection

a:{heK/K*"s € TTF} = {z € Ly/Ly% "n(s) € TF /Ty, ).

Proof. First we show that « is injective. We may assume s € TTY. Then the
natural projection L*° — L is surjective. Let h € K such that hs e TTF
and m(h) € Ly°. We need to show that h € K®°. Let b’/ € L*° be a lift
of m(h) under this projection. By replacing h with hh’ _1, we can assume
that h € kerm, that is, h € H. Then the condition *s € T implies that
h € H® = H*°. Hence « is injective.

Now we show that « is surjective. We may assume s € HT'Y and = =
1 € Ly. Write s = 6t with 6 € H and ¢t € TT¥. As the action of Ad(t)
on H is a semisimple and [H], H] lies in the center of H, by replacing s with
a suitable H-conjugate, we may assume that s = §t = t6. Assume that
§ ¢ T. Let N be the order of Ad(s). We have sV = §VtV. As pt N by
assumption, 6 ¢ T. Hence the action of Ad(6™VtV) = Ad(sV) = Ad(s)V
on H is nontrivial, which is a contradiction. So é € T and « is surjective as
desired. (|
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We have the following character formula.

Proposition 7.3. Let notation be as in Lemma 6.3. Then
A hS
RE(6)(9) = (1)@ > (1)) Qn, 4, ("w)e("s).
heKF/(KS’O)F7hSETF

Proof. By definition we have

RE(sM)(g)
= k(g) R (6" 1)(g)
() 3 671 ("5) Qs 1, (")

gceLg/(Lf;"’)l‘“,ﬂ%r(s)eTF/Tfp+
h h h
w("9)9L 1 ("5)Q ne (")
heKF /(Ks:)F hscTF o

—d(¢ls
= > (=111 (Cu)pzo("s)eo, (")6L1 ("$)Q e (1)
heKF /(Ks-°)F hseTF

— (—1)%) 3 (D" ("0)Q e ("))

heKF /(Ks:0)F hscTF
- (_1)d(¢) Z (_1)d(¢,h8)Qh57¢+(hu)d)(hs)’
heKF /(Ks:o)F hscTF

where the third equality follows from Lemma 7.2, and the fourth follows
from Proposition 7.1. ([l

8. GREEN FUNCTIONS

In this section, we introduce Green functions associated to the K¥'-modules
R¥(¢) and R¥(¢), and prove Theorem 1.3 based on a strategy of [CO25].
For t € T we consider the following virtual (K%°)-modules
t,0 * o t,0 Lt’o
RE(¢) = HA(ZNK,Ql¢l,  Rp(¢) = st geeyr @ Ryl (9-1),

t,o
where Rég (¢—1) denotes the classical Deligne-Lusztig representation of

(L§°)F associated to the pair (Tp,¢). Following [DL76, §4] and [CO25,
§6-7], we consider for t € T* the following deep level Green functions

to t,0
Qror =RE (D)t v and Qurow = BT (O)lwts, yr-

Here Kiﬁip denotes the set of unipotent elements in K*°. Write Qip, = Lo

and Q¢ ¢, = Qg, if t = 1. By definition,

Qus =ik, - Qg
Here @ Lte.m denotes the classical Green function attached to the pair
(LE’O7 To) in the sense of [DL76].
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Proposition 8.1. Both Q4. and Qg, only depend on the positive-depth
part ¢4 of ¢.

Proof. Let u € KE .. By Proposition 6.4 we have

unip*
1
Qp, (u) = RE(¢) (1) = =5

‘Tred

which only depends on ¢4 as desired. The other statement follows from
that the classical Green function R%? (¢—1)l(ro)r . is independent of ¢_; by
unip

[DL76, Theorem 4.2]. O

tr(u; H(Z, Q) [¢+]),

Theorem 8.2. Let notation and assumption be as in Proposition 6.4. Then
5K h h
Rr(¢)(g) = > P("5)Qng g, ("u).
heKF /(Ks:o)F | hseTF
Proof. Applying Proposition 6.4 we have

RE(9)(9) = > o("s)

heKF J(Ks°)F | hseT

= > e(9uluH(Z0K"*,Q)e)

heKF /(Ks:©)F, hseT
= > $("5) Qg g, ("u).
heKF /(Ks°)F hseT
The proof is finished. ([l

We say ¢ is reqular for Lg if the stabilizer of ¢|rr in Wi (T)F = Wy, (T)¥
is trivial.

1 * hgo &
mTtr(hU; HI(ZNK *°,Qp)[é4])
red

Proposition 8.3. If ¢ is reqular for Lgy, then there exists an irreducible
L& -module p such that

+RE(¢) =k ® p.
In particular, £R%(¢) is an irreducible KI'-module.

Proof. By Theorem 4.5, iRHﬂg(qﬁ) is an irreducible Kf-module. By construc-
tion, (K*)¥" 2 (TO)¥ lies in the center of K and hence acts on £R%(¢) via
the character ¢. Hence the restriction 2R (¢)|gr is a sum of the Heisenberg
representations isomorphic to k|gr. In particular,

homyr (indf - klzr, £R% (9)) = hompr (g, £RE()[r ) # 0.

By the projection formula, indﬁ?f{h}p =R indﬁ?l and hence is a direct
sum of KF-modules of the form s & p, where p ranges over irreducible sum-
mands (with multiplicities) of indﬁi 1. The statement then follows form that
+RE(¢) is an irreducible KF-module. O

Proposition 8.4. Assume q is sufficiently large. Then Q; 4. = (—1)51(‘1””62,5,(15+
forteTF.
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Proof. Without loss of generality we may assume ¢ = 1. As ¢ is sufficiently
large, there exists a regular character ¢ : TF — @Z such that ¢y = ¢,. In
view of Proposition 8.1, by replacing ¢ with ¥ we may assume further that
¢ is regular.

By Proposition 8.3, there exists an irreducible Lg -module p such that
+RE(¢) 2 k@ p. Let s € TF which is regular for Lg. By Corollary 6.5 and
Proposition 7.3 we have

RE(0)(s) = ()M @ (V)T 2 ST (vs);
weWy(T)¥F
(k@ p)(s) = (~1)UOD=d@I| (V) F|3e, (5)d0(s)p(s).
Since ¢ = ¢_1¢>0 and £RX(¢) = k ® p we deduce that
tos) = > ()= Y ol (Us) = RE(sN))(s).

weW(T)F ’LUGWLO(T())F

On the other hand, as ¢ is regular, so are ¢_; and gf)il. Hence j:R%g (gbil)
is irreducible. As q is sufficiently large, it follows from [CO25, Theorem 3.2]
that p = iRIL}? (c;S]L_l) and hence

+RE(9) =k ® R (61,) = RE(o)).

By comparing traces on both sides, we deduce that R¥(¢) = (—1)%®) R (o)
as desired. g

Theorem 8.5. Assume q is sufficiently large. Then we have
RE(9) = (—1)%0) RE(1).
If, moreover, pt |Wi(T)F|, then ﬁ%(gé) = (—1)d(¢)R¥(¢T).
Proof. We only show the first statement. The second follows in the same

way. Let notation be as in Proposition 6.4. Combining Proposition 7.3,
Theorem 8.2 and Proposition 8.4 we have

RE(¢1)(g) = (=)@ > (=1 Qi g, ("u)e("s)

heKF /(Ks:°)F hseTF
= (-1)*@ > Qg g, ("u)p("s)
heKF/(KS‘O)F7hSET
= (-1 ORE(9)(9)-
The proof is finished. U
8.1. Regular supercuspidal representations. Following [Kall9, §3.7],

we assume further that (7, ¢) is a tame elliptic regular pair, and let 77 4)
denote Kaletha’s regular supercuspidal representation associated to (T, ¢).
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Corollary 8.6. Assume p 1 |WL(T)| and q is sufficiently large. Then
(—1) X +re=rrRE($) is an irreducible ngTF—module and

T(1,) = eindr e (~1) 7O+ RE (6T),

Here ri, and rp denote the split ranks of L and T respectively.

Proof. Note that (—1)"2="T R%(gf)) is an irreducible Kk T*-module. By [CO23,
Lemma 3.10] we have

T(T,¢) = € deFT D)™ RE(6).

(=
Note that (¢f)T = ¢ and d(¢) = d(¢"). The statement then follows from
Theorem 8.5 that RE(¢1) = (—1)%®) RE(¢). 0

9. SUPERCUSPIDAL REPRESENTATIONS

In this section, we show that all the irreducible supercuspidal representa-
tions of GF' can be realized by the cohomology of our varieties under mild
assumptions on p and gq.

First we recall that a Yu’s datum is a triple ¥ = (A, x, p) such that

A = (G, qﬁi,m)?:[) is a generic datum as in §2.4;
Z(G%)/Z(G) is anisotropic;

x € B(G, k) is a vertex;

e  is a cuspidal representation of (G?X] /Gxo)E.

We fix a Yu’s datum ¥ = (A, x, p) as above and put L = G° for simplicity.
Let

K:=KxC I%A =K
be the Yu-type subgroups associated to A, see §2.4. Let x be the Weil-
Heisenberg representation of X' in the sense of [Yu01].

Theorem 9.1 ([Yu01, Kim07, Fin21b]). Assume p does not divide the order
of the absolute Weyl group of G. Then the map

Yy = c-indg;/{ ®p
induces a bijection between equivalence classes of Yu’s data and isomorphism
classes irreducible supercuspidal representations of GF .
By assumption, the restriction p| Z(G)FLE, has an irreducible cuspidal
summand p. By [DL76], there exist an elliptic torus T C Ly and a character
0:TF — @, such that ,0|L)1?0 appears in the inflation of RIT‘O(H). By [Kall9,

Lemma 3.4.4], there exists a maximally unramified elliptic maximal torus T
of L such that x € A(T, k) and T 2 T. By inflation we view 6 as charac-
ter of T,f o- Let w be the central character of p. By construction, w and 6
coincide over Z(G)f' N T)f 0-

Since Z(L)/Z (@) is anisotropic, T is also elliptic in G. The following
lemma shows that the quotient TF/(Z(G)FTf’O) is a finite group.
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Lemma 9.2. For an elliptic torus T C G, the quotient TF/(Z(G)FT,ZJ) is
finite.

Proof. The Iwahori subgroup T,f o has finite index in the maximal bounded
subgroup T'(k);, of T'(k) by [KP23, Lemma 2.5.14]. So it suffices to show that
T(k)/(Z(G) (k)T (k)p) is finite. Let Tger = TN Gger- Then The, is anisotropic
and hence Tye; (k)p = Tger (k) by [KP23, Proposition 2.5.8]. Let D = G/Gger-
Taking Galois-fixed points of the short exact sequence Tger — T — D
and using that Tge (k) C T'(k), (by [KP23, Proposition 2.5.9]), and that
H(k, Tyer) is finite (by [Ser97, Chap.III, Theorem 4]), we see that it suffices
to show that the image of the composition Z(G)(k) — T(k) — D(k) has
finite index in D(k). But this follows by taking Galois cohomology of the
short exact sequence Z(G) N Gger — Z(G) — D from the finiteness of
H'(k, Z(G) N Gger). O

Let ¢_1 be a character of T'F which extends both w and 6. In particular,
¢_1 is of depth 0. Let

d
6 = o1 [ éilrr-
=0

Then (¢-1,A) is a Howe factorization of ¢. Let Z be the deep level Deligne—
Lusztig variety constructed in §3.3. We extend the KF-modules H!(Z, Q)[4
to Z(G)F KF-modules on which Z(G)F acts via ¢_; or w.

Theorem 9.3. Let notation be as above. Assume q is sufficiently large.
Then 7, is a summand of c—indng)F,CFHg(Z, Qy)[¢7] for some integer i €
Z)O.

Proof. Let H be a group and let M be a virtual H-module over Q,. Suppose
that M = ZX cyX, where ¢, € Z and x runs over isomorphism classes of
irreducible H-modules. We put [M| = >_, |cy|x, which is a genuine H-

module.
We view the virtual Lf’o—module R-LFO(H) as a natural Z(G)FKF-module

on which H{ acts trivially and Z(G)F acts via ¢_1. By construction we
have

. RF ~
homg (1nd’§(G)F,CF,0, p) = homygyricr(p, p) # 0.
As p appears in RIfO(Q), it follows that k ® p appears in

K@IndY g rycr | BY(0)] 2 ind g rycr v @ |RY(0)] 2 ind% () rper 6@ RE(6)].

On the other hand, by Theorem 8.5 we have +x ® R-Lr0 (0) = HX(Z,Q,)[¢].
In particular, there exists ¢ € Zxo such that k ® p is a direct summand of
indng) rrer HI(Z,Qy)[¢7]. Therefore, T, = c—ind%in@ﬁis a direct summand
of
. GF. KF iy = ~ . JGF iy =
C_lnd%F lndg(G)FlcFHé(Zv Qﬁ) [QST} = C_lndg(G)F]CF Hz(Zv @K) [QST]
The proof is finished. O
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