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ABSTRACT. In this article we study the cohomology of deep level Deligne—
Lusztig varieties of Coxeter type, attached to a reductive group over a
local non-archimedean field, which splits over an unramified extension.
This allows to construct some new irreducible representations of para-
horic subgroups of p-adic groups. Moreover, in the quasi-split case we
prove that these compactly induce to finite direct sums of irreducible su-
percuspidal representations of the p-adic group. This extends previous
results of [DI24], [CI23].

1. INTRODUCTION

Let k be a non-Archimedean local field with residue characteristic p > 0,
integers O, uniformizer @ and residue field IF,. Let k be the completion of
the maximal unramified extension of k, let Oy denote the integers of k. Let

F denote the Frobenius automorphism of k over k.

Let G be a reductive group over k, which splits over k. Let T C B
be a maximal torus and a Borel subgroup of G, such that T splits and B
becomes rational over k. Denote by W the Weyl group of T"in GG. Denote by
U resp. U~ the unipotent radicals of B resp. the opposite Borel subgroup
and assume that (7', U) is a Coxeter pair (see §2.1). Attached to (7, U) there
is a p-adic Deligne—Lusztig space, on geometric points given by

Xry={g€Gk): g"'F(g) € (U™ NFU)(k)}.
It admits a continuous action of G(k) x T'(k) given by (g,t): x — gxt. See

[Iva23a, §7 and §11] (and §5.2 below). Let 6: T(k) — Q, be a smooth char-
acter. The 0-isotypic component R% (0) of the homology of X7 is an object
in the (derived) category of smooth G(k)-representations, cf. [IM]. The goal
of this article is to further investigate properties of R%(6), extending and
generalizing results from [DI24, CI23].

To describe our results we need more notation. The apartment of T' in
the reduced Bruhat—Tits building of G consists of one point. Bruhat—Tits
theory attaches to this point a (connected) parahoric Og-model G of G. By
[Iva23b, Nie24], X1y admits a decomposition X7 = HvEG(k)/g((’)k) 'yX%U,
where

X§, ={9€0(0;): g7'Flg) € U™ NFU)(Oy)}

is an affine Fy-scheme (here U denotes the closure of U in G).
1
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Fix some r < co. We can regard G(Oy/w") = G(F,) as the geometric
points of a perfect Fy-scheme G = G,. This is done via the (truncated, if
7 < 00) positive loop functor, see e.g. [Zhul7, §1.1] (or [DI24, §2]) for details.
For a subscheme H C G, we denote by H its closure in G and by H C G the
corresponding subscheme of G. We denote by F the geometric Frobenius of
G, so that GI" = G(F,). Then qu ¢ 1s isomorphic to the inverse limit over r
of its truncations in each G,.. Each of these truncations is a perfectly smooth
perfect F,-scheme, and up to an A"-bundle (not affecting the cohomology),
it equals

(1.1) X=X{, ={zeG:a'F(x) € FU},

Note that X is equipped with the action of the finite group G x T given
by (g,t): z — gut.

By these geometric considerations (+¢), R% () admits the following more
explicit description (which might, for the purposes of this article, also be
considered as a definition). Let Z C G denote the center of G. For any
TF-module M, let M[x] denote the x-isotypic subspace. Then, if 070,
factors through a character x of TF, then

G(k *
R%(Q) = Clndg((o)k)z(k)Hc (X)[x]s

where H}(X)[0] = Y,c, HL(X,Q,)[0] is the f-adic equivariant Euler char-
acteristic of X (regarded as a virtual G'-module), inflated to a G(Oy)-
representation, and extended to G(Ok)Z (k) in the unique way such that
Z(k) acts by 0|z(y). Our first main result concerns the representations in
the cohomology of X.

Theorem 1.1. Suppose that q satisfies condition (2.1) (this is always true
when q > 5). Then there exists a Coxeter pair (T,U) such that

dimg, Homer (H; (X)), H: (X)[X]) = ¢ {w € Ww(x) = X'}

for any two smooth characters x, X' of T¥, where W, denotes the Weyl group
of the special fiber of T in the reductive quotient of the special fiber of G.

In particular, if {w € W1 w(x) = x} = {1}, then H*(X)[x] is up to sign

an irreducible G¥-representation. Note that Theorem 1.1 generalizes [DI124,
Theorem 3.2.3] and [CI23, Theorem 4.1].

Remark 1.2. Recently, under a mild condition on p, Chan [Cha24] shows
by a different approach that the inner product formula holds in a much more
general case, which in particular includes the case that T is elliptic.

Our second main result concerns the cuspidality of the compactly induced
G (k)-representation R%(6). It generalizes [CI23, Theorem 6.1].

Theorem 1.3. Assume that G is unramified and that q satisfies condition

2.1). Let 0: T(k) — @X be smooth with trivial stabilizer in W¥. Then
{
Rg(@) is up to sign a finite direct sum of irreducible supercuspidal represen-

tations of G(k).
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Some comments on our results are in order. First, we explain why “it suf-
fices” to establish Theorem 1.1 for a single Coxeter pair (7, U). Ultimately,
we are interested in the smooth G(k)-representation R%(#). By [Iva23a,
Corollary 7.25, Lemma 11.3], X7 are mutually G(k) x T'(k)-equivariantly
isomorphic, when (7', U) varies through all Coxeter pairs (7', U) with a fixed
T.! Thus, R¥(0) is independent of the choice of U. So, it suffices to know
the statement of Theorem 1.1 for at least one Coxeter pair. In fact, our
proof shows that for many groups G Theorem 1.1 holds for all pairs (T, U),
see Remark 2.4.

Next, we explain why the condition on ¢ in Theorems 1.1 and 1.3 is very
mild, so that the theorems even gives rise to new supercuspidal representa-
tions of G(k). Recall that by the work of Yu and Kaletha [Yu01, Kall9],
one can attach a supercuspidal irreducible G (k)-representation (g g) to any
regular elliptic pair (5, 6) consisting of a maximal elliptic torus S C G and

a sufficiently nice smooth character 0: S(k) — Q,. A crucial point for
this to work is the existence of a Howe factorization of 6, cf. [Kall9, §3.6].
However, not all characters admit a Howe factorization, when the residue
characteristic p is small and G is not an inner form of GL,,.

For instance, if p € {2, 3,5}, there exist many examples of pairs (7', 0) with
T unramified Coxeter (hence covered by Theorem 1.1 when ¢ satisfied condi-
tion (2.1) — in particular, whenever g > 5) such that Staby,r(0) = {1}, but
f does not admit a Howe factorization. For examples of (T',6) not admitting
a Howe factorization we refer to the forthcoming work of Fintzen—Schwein
[F'S], where an algebraic approach to the extension of Yu’s construction is
pursued. As mentioned in [CO23], since Stabyyr(0) = {1} one should expect
an irreducible supercuspidal G(k)-representation attached to (7, 6), but Yu’s
construction does not apply as there is no Howe factorization. The point
is now that our cohomological construction does not require any condition
on p, but only a mild one on ¢. In particular, there are many examples of
k,G,T,0 such that +HX(X)[0|7(0,)] is an irreducible G(Oy)-representation,
which does not appear in Yu’s construction. Moreover, Theorem 1.3 implies
that its induction to G(k) is supercuspidal.

Acknowledgements. The first author is grateful to Jessica Fintzen and
David Schwein for explaining their results on characters without Howe de-
composition. The first author gratefully acknowledges the support of the
German Research Foundation (DFG) via the Heisenberg program (grant nr.
462505253).

2. PREPARATIONS

2.1. More notation. We use the notation from the introduction. More-
over, we denote by Ng(T') the normalizer of T} in Gy, so that W = Ng(T)/T

IThis is not clear for the schemes Xr,u,r at least if G is not quasi-split (for the quasi-
split case, see [DI24, Corollary 4.1.4]).
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is the Weyl group of T, by X*(T') (resp. X.(T)) the group of characters
(resp. cocharacters) of T} and by (-,-): X*(T) x X.(T) — Z the natural
pairing. We write ® for the root system of T} in Gy, & for the subset of
positive roots determined by B, and A C ®* for the subset of positive simple
roots. We write S C W for the corresponding set of simple reflections.

Let ¢ € W be the unique element such that F'B = ¢B. Then for any lift
¢ of ¢, Ad(¢)" ' o F : G(k) — G(k) fixes the pinning (T, B), hence defines
automorphisms, denoted by o, of the based root system A C & and of the
Coxeter system (W, S). Note that o does not depend on the choice of the
lift ¢. We call (T, B) (or (T,U)) a Cozeter pair if ¢ is a o-Coxeter element in
the Coxeter triple (W, S, o), that is, if a(ny) reduced expression of ¢ contains
precisely one element from each g-orbit on S. Moreover, we assume until
the end of §4 that c is o-Cozeter, and hence (T,U) is a Cozeter pair.

Except for G, G and their subgroups (which are defined over k,k resp.
Ok, Oy), all schemes appearing below are perfect schemes perfectly of finite
presentation and perfectly smooth over F,. For a review of perfect geome-
try we refer to [Zhul7, Appendix A]. We freely make use of the 6-functor
formalism of étale cohomology for such schemes with Q,-coefficients. More-
over, we fix a prime number ¢ # p, and for a perfect F,-scheme we denote
by H*(Y) = H*(Y,Qy) its f-adic étale cohomology with compact support.

2.2. Pinning. We may express the action of the Frobenius F' on X, (T)q as
F = pco: x+— p+ co(zx) for some p € X, (T). There is a unique point e €
Q@Y such that F(e) € e+ X.(Z)q, or equivalently, p+co(e) —e € X.(Z)g.
Let
O, = {a € P;(a,e) € Z}.

We denote by A, the set of simple roots of ®F = &, Nd+. Let W, C W be
the Weyl group of ®.. Note that G from the introduction is the parahoric
model attached to the image of e in the reduced building of G, and that &,
(resp. We) is the root system (resp. Weyl group) of the reductive quotient
of the special fiber of G.

Also, note that the action of F' on W agrees with Ad(c) o o; we denote
it by ' = co: W — W. This action stabilizes W, C W. Finally, for an
element w € W, we denote by @ € G(F,) an arbitrary (fixed) lift of w.

2.3. A condition on q. Let w, denotes the fundamental coweight of o € A.
For a o-orbit O C A of simple roots, we set w), = Y, cowWa, Where w
denotes the fundamental coweight of & € A. We prove our main result

under the following condition on g:
(2.1) g > M = max{(y,w);7 € B*,0 € A/(0)}.

Note that M only depends on the (relative) Dynkin diagram A of the quasi-
split inner form of G over k. If A is connected then M takes the following
values: M = 1 for type A,; M = 2 for types B, Cyn, Dp,%A,,?D,; M =3
for types Ga, Fg,3Dy; M = 4 for types Fy, E7,2Eg; M = 6 for type Eg. If
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the quasi-split inner form of G is split, then M is the same as in [D124, §2.7],
and it differs otherwise. Just as in [DI124, §2.7], for arbitrary G the constant
M equals the maximum of the values of M over all connected components
of the Dynkin diagram of G}, (equipped with the smallest power of o fixing
the connected component). In particular, (2.1) holds whenever g > 5.

2.4. A Coxeter element in W,. It turns out that ¢ determines a (twisted)
Coxeter element of W,. Write ¢ = sS4, - - Sq,., where {a1,...,a,} C Aisa
set of representatives of o-orbits of A.

Let I = (i1 <i2 < -+ < iy) be a subsequence of [r] := (1 <2< -+ <),
and let I’ = (j1 < jr < -+ < jr—m) be the complement sequence of I in [r].
We define

Ol,c = Say, Sa;, """ Say, 03
1 2 m

CI - Sﬁjl SﬁjQ a .Sﬁjrfm;
Are={Bj;1 <I<r—m}

)

where (3, = Sa, Sa, =" Sas, (cy,) with 1 <t < m—1 such that i; < jj < i41.
By definition, co = croy .

Theorem 2.1. Let ¢, p and e = e, be as in §2.2. Then there exist a
sequence I =1, . of 1 <2 < --- <r such that

(1) o1.(Ac) = Ae;

(2) Ar. C Ac is a representative set of oy c-orbits of Ac;

(3) a?c =1 if and only if U%C fizes each root of Ae.
In particular, ¢y is a o1 .-Cozeter element of We.

This theorem is proven in §4.

2.5. Support. For a € ® we denote by supp(a) C A the minimal subset
whose linear span contains «. For a subset C' C ® we set supp(C) =
Uaec supp(a). For w € W we denote by supp(w) the set of simple reflections
which appear in some/any reduced expression of w.

Lemma 2.2. Let C C ® be a co-orbit. Then supp(C) is o-stable.

Proof. Let ¢ = sq, + -+ Sq, be as in §2.4. Let o € supp(7y) for some v € C. It
suffices to show that the o-orbit O of « is contained in supp(C). Set § = fO.
Let 1 < j < r be the unique integer such that o € O. Let 0 <49 <6 -1
such that

01,0'_1(04)’ oo aUl_iO(OZ) 7’5 o7 and O‘_io(a) = aj.

Then one checks that (co)~% = o~ %w for some w € W such that supp(w) C
A — {a}. Hence a € supp(w(y)) and o; = o0 (a) € supp(oc2w(y)) =
supp((co)~®(v)). So we can assume that o = ;. Let 0 <i < 6 — 1. Note
that (co)? = u;0® for some u; € W with supp(u;) € A — {o*(a;)}. It follows
that o'(a) € supp((ca)’(7)). So the statement follows. O
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Proposition 2.3. Let C be a co-orbit of ®. Then supp(C) = Uezo'(H),
where H is a connected component of A.

Proof. Without loss of generality we may assume that A = U;ezo'(H). We
argue by induction on §A. Assume the statement is false. Let ¢ = 54, - - - Sq,
be as in §2.4. By Lemma 2.2 there exists 1 < j < r such that C C &g,
where K = A — (O and O is the o-orbit of aj. By replacing ¢ with its Wg-o-
conjugate sq; -+ 80,0 (Sa; *** Sa;_, ), We can assume that j = 1 and a1 € O.
Let ¢ = sq,¢, which is a o-Coxeter element of Wx. As C C @y, C is also
a c'o-orbit of ® . By induction hypothesis we have supp(C) = U;czo*(D),
where D is a connected component of H — {a1}. As H is connected, there
exists v € C and 8 € supp(y) such that

0> (a1, 8Y) = (a1,7").

Then we have o~ !(ay) € supp((co)~'(7)), contradicting that C C ®g. The
proof is finished. O

2.6. A condition on the c-Coxeter element. Letc, p,e=¢,., I = 1,,
cr, or = ore and Ay = Ay, C A, be as in Theorem 2.1. Denote by
0: W — Z>o (resp. L. : We — Zxo) the length function associated to the
set A (resp. A.) of simple roots. Let wg and w, be the longest elements
of W and W, respectively. We consider the following condition on ¢, or,

equivalently, on the pair (7, U):
()  There exists N € Zs such that (co) = woo™, NL(c) = £(wy).

Remark 2.4. If A is connected, then there always exists a o-Coxeter ele-
ment ¢ € W satisfying (), see [Bou68, Chap. V, Prop. 6.2]. Moreover, if
the Coxeter number of GG is even, then any c satisfies this condition.

)N

Lemma 2.5. Suppose c satisfies condition (). Then (ciop)™ = weoX and

Nile(cr) = Le(we).

Proof. By Theorem 2.1, cjor = co and o7(Ac) = Ae. As (crop)N = wool,
it follows that (cyor)Y sends ®} to —®/, that is, (cjo)Y = weol.

It remains to show £ ((cror)™) = Le((cror)t) +Le(cror) for 1 <i < N—1.
Indeed, this is equivalent to that for any a € ®F with (c;o7) () < 0 we

have (c]aj)i(a) > 0. This statement follows from that cjo; = co and
((co) ) = £((co)?) + l(co) for 1 <i < N — 1. O

For w € W we denote by supp(w) the set of simple reflections in A that
appears in some/any reduced expression of w. For u € W,, we can define
suppa, (u) € A in a similar way.

Corollary 2.6. Suppose c satisfies condition (x). Let K C A, be a proper
or-stable subset. Then there exists a proper o-stable subset J C A such that
or € Wyo and w.Wx C woWy.
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Proof. Let notation be as in §2.4. As Ay = {f;;7 € I'} with I' = [r] — I
is a representative set of A., there exists ¢ € I’ such that 8; ¢ K. Let
J = A — O;, where O; is the o-orbit of ;. By construction, supp(s) C J
for s € K and supp(c7o~') C J. By Lemma 2.5 we have

we = (cron)No YN = (co)No N =woeNo N CweWy.
Thus w.Wg C woW; as desired. O

Lemma 2.7. Let K1,Ky C A, be two oy-stable subsets. Let ¢1 and cy be
two or-Coxeter elements of Wi, and Wy, respectively. Let w € W, such
that cior(w) = weg. Then there exists x € Kiw. K2 such that *Ke = K,
and w € xWk,.

Proof. By symmetry we may assume #K; < #Ky. Let x € K1, such
that w € Wi, . Then there exists ¢, < c¢p such that xzco € Wk, zc), and
xchy € K1W,. Hence we have o;(x) = zc,. Note that ¢ is a partial ;-
Coxeter element, which is of minimal length (in the sense of ¢.) in its o7-
conjugacy class. Thus ¢, = 1, = o7(x) and z(suppa,(c2)) € Ki, which
implies that x(K2) C Kj. Hence xz(K3) = K since K1 < §K5. Thus
x € FrW, K2 a5 desired. O

3. COHOMOLOGY OF X
Recall the scheme X from (1.1) equipped with G x T*-action.

3.1. The schemes %!. Let i € Z. We define
Y = {(x,2',y) € FU x F'U x G;zF(y) = ya'}.
Let pry : ¥* — G be the natural projection. There is a locally closed
decomposition
s- | s

’UJGWe
where ¥, = pry ' (UwTG! F'U).
The group T x TF acts on ¥¥ and on each of the pieces X%, by
() (z, 2, y) — (bt~ 2ttt ™).
As in [DL76, p.137] there is a T x TF -equivariant isomorphism X x X/G* 5
%0, and for characters x, x’ of T we have

dimg, Homgr (Hy (X)X}, Ho(X)[x]) = dim Ha(2%),0 -1,

where H,(X%),/ , is the corresponding isotropic subspace of H}(X9).

Let Z C G denote the centre of G and consider the embedding z —
(2,27Y): Z — T x T. Then the above T x TF-action on X¢ factors through
an action of the quotient T xZ" TF This latter action extends to the action
of TF xZ" TF C (T xZ T)F on &' (and Xi, for w € W,) given by the same
formula. By the discussion in [DI24, §4.2] which applies in our more general
setting, Theorem 1.1 follows from the next result.
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Theorem 3.1. Suppose that q satisfies condition (2.1). Then there exists a
Cozeter pair (T,U) such that

H,(s0) — {

as virtual (T x% T)F -modules.

H, ((wT)®“) ifwe W,
{0} otherwise.

As a first step towards the proof of Theorem 3.1 we observe that the whole
discussion of [DI24, §4.3] applies mutatis mutandis in our setting. Thus it
suffices to prove Theorem 3.1 in the case that A is connected. In particular,
there exists some c satisfying condition (*), cf. Remark 2.4. Now Theorem
3.1 follows from Corollary 3.7 and Proposition 3.12 below.

3.2. An extension of action. Let w € W,. We set K, ; = v - AFiU-.
Define

SU={(2, &, y1, 7, 2, ) € FUXFi+1UXUX'LiJTXK111]7iXFiU;.i‘F(TZ) = y172y27 }.
We define an action of TF x T on ¢ by

() (&, & 1,7 2, y0) — (3T EET tyyt et

—1

At et ).

Then there is an T x TF-equivariant affine space bundle
Trfu : i;u — 221}7 (j:?j/a Y1, T, 2,92) — (i‘F(yl)il)i’/F(yQ)a leZy?)‘
Let x € Xi(T') which centralizes K, ;. Define
Hyy = {(t,t) e Tx T;0 "t 'F(t)w =t F(') € Im(x)}.
Then H, , acts on EA]Z) by
F(t)

~ ~ - N —1 ¢ ’
(tat/) : (:Eax/aylaTaZ?yQ) — ( :L,’F(t )xlvF(t)ylatTt/ at ZaF(t )y2)

Lemma 3.2. Let w € W, \ W such that %I, # 0. Then there exists a
proper subset K = o7(K) C A, such that U}(C[O'])i(f[_l € w Wk

Proof. Let w; = ’U)(C]O'[)ia'l_i € W,. By assumption we have
coBw(co) BG (co) ™"t N Bw(co)' BG coB(co) ™71 # 0.
As cjor = co, this implies that
croBrw(cror)' By N Elw(cl(f[)iBlcjaj # 0,
that is,

crBior(wy) By NBwBy(07) (c1) # 0.
In particular there are o;-Coxeter elements v’ <. ¢; and v <. (o7)*(cs) of
some o-stable subsets K’ and K of A, respectively (one of which is a proper

subset of A, since w € W, \ W) such that v'or(w;) = w;v and

(a) Biw;B1(o7)" (er) N Brw;vBy # 0.

Applying Lemma 2.7, there exist z = o(z) € K'W.K such that K’ = *K
and w; € xWg. Moreover, it follows from (a) that for any simple reflection
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s € suppy, (di(cr)) \ K we have zs € Wiz or xs <, . The former is
impossible since s ¢ Wy = Wz~ !. So we have xs <. x. Moreover, as
xsr! ¢ Wi we have wirrs <, wgrx = rwg, where wx and wgs are the
maximal elements of W and wg- respectively. As xwg is oj-stable, we have
Twis <. rwg for all s € A, that is, zwg = we. Hence w; € w.Wi. O

Let Ny € Z>¢ be the order of co € W x (o). Define
NE® T — T, t—tF(t)-- FNo ().

Lemma 3.3. Let x € X, (T) and let C be a co-orbit of . Assume x is non-

central on C and |{x, B)| < q for p € C. Then Z'ZVOO Ly, (co)i(x)) # 0 for
v € C. In particular, the action of Gy, on Uy for v € C, via the morphism

N, . .
Ng %oy, is nontrivial.

Proof. By assumption, [(v, (co) (x))| = [{(co)™"(7),x)| < ¢ for 0 < i <
Ny — 1, and there exists 0 < i9p < Np — 1 such that ((co)™*(v),x) # 0.
Hence the statement follows. (]

Let G,, C Og be the Teichmiiller lift of the quotient map (’)g — F; .
Assume that r € Z>;.

Lemma 3.4. Consider the homomorphism
fux s Gm — Tx T, 2 (NF (@), NE (x(2)).
Then Im(fuw,y) C Hy,
Proof. By definition. FNo(A(z)) = A(z7"°) for z € k. Hence
Nrp(x(2)) ' F(NF(x(2))) = x(2) T FY (x(2)) = x(z 7 o™ (x)).

So the statement follows. O

3.3. Handling %0 for w € W, \ W. Let i € Z. Following [DI24, §5] we
define an isomorphism of varieties

o X — XL (z 2 y) — (z, F(2), y2).
For w,u € W, we define
You = S N () (S
Zigha = ai(25,) N E = ai(Yy )
Let Yy, = (m,) 7 (Vi) and Z;,, = ()71 (Zi5).
Lemma 3.5. Let w,u € We. Let x,pu € X.(T') which centralizes K, ; and
Ku,ir1 respectively. Then Hy, , and H, , preserve Yu’}u and Z}UJQ} respectively.

Proof. This is proved in [DI124, §5]. O
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Proposition 3.6. Suppose that condition (x) holds and that q satisfies con-
dition (2.1). Let i € Z. Then

H.(Y,,,) = H(Y,,) = Hi(Z})) = H(Z,f) = 0
if w or u belongs to We \ WE°.

Proof. Without loss of generality we can assume that w € W, \ W7 and
Yli,u # (. In particular, 3¢ # (. By Lemma 3.2 and Corollary 2.6, there
are subsets K = o7(K) C A, and J = o(J) C A such that

w(co)' € w Wi (o7)! C wWyot = weWo'.

Thus

Kw,i C w1 (U_ N w(co)zU—) C w’lwoM(h
where M is the Levi subgroup generated by 7" and U, for v € ®;. Let
O € A\ J be a g-orbit. Then W; fixes wz,/), and K, C w_leMJ is centralized
by

1 V V

w(co) o (wh) = (co) (wo).
Moreover, w(x) = wool¥ (wh) = (co)™ (wy).

Let fuy : Gy — Hy, be the as in Lemma 3.4. In view of Lemma 3.5,
via fy,y the action of Hy on Yy , induces an action of G, on Y ,, which

X = w  wo(wh) = w™

commutes with action of T x TF. Hence
* * (V1 *v1t \Gm
Hc (Y'LU,U) = Hc (YJJ,u) - Hc ((Yulj,u> )7

it suffices to show (fﬁf),u)Gm = (). To this end, we can assume that A =

Usezo' (H) for some /any connected component H of A. Then by Proposition
2.3, x,w(x) € {(co)'(wy);i € Z} are non-central on each co-orbit of ®. As
q > M, it follows from Lemma 3.3 that

(Vi) € {1} x {1} x {1} x T x {1} x {1}.
As w e W, \ W7, we deduce that (}Aﬂf,,u)Gm = () as desired. O

Corollary 3.7. Leti € Z and w € W,. If w € W, \ W< then H.(3%,) = 0.
Otherwise,

H ()= ) H(Yy.)= Y HdZ)= ) HY).

ueWge ueWge ueWge

Proof. Note that ¥, = Uyew, Yy, = Uuew.Z},, and Z, , = Y71, Then

u7
the statement follows from Proposition 3.6. O

3.4. Handling Y0 for w € W.

Lemma 3.8. Suppose that Condition (x) holds. Leti € Z and w,u € Wg7
such that Yy, , # 0. Then w = u if either o1 # 1 or o7 = 1 and wc} # we.
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Proof. By assumption, we have
Blw(CIO'[)iﬁlc[U[El (C[o'l)*ifl N BlU(CIUI)ZLFlIBl(CIUI)iiil ?é @7

that is, Blw(cjaj)iﬁlcfalﬁlﬂBlu(cfaj)i+1B1 # (). Thus there exists v <. ¢y
such that w(cjor)ivor = u(eror)™. Note that w,u € W C (cror). We

have
)i+1 1

vor = (cror) " 'w M u(croy =w u(croy) € {croy).

In particular, it follows from Lemma 2.5 that £.(v) is divided by £.(cp).
Assume that either o; # 1 or o7 = 1 and wc} # we. If v # 1, then
le(v) = Le(cy) since 1 # v < ¢7. Hence we have v = ¢; and w = u as desired.
Suppose v = 1. Then ¢; = v lw € W, which means that o;(c;) = c;.
Hence o7y = 1 by Theorem 2.1 (3). By assumption we have oy = 1 and
wo' # we. As v =1, we have wcis < we} for all s € suppa, (cr) = A, that
is, wcé = w,, a contradiction. O

Theorem 3.9 ([IN24], Theorem 3.1). The map (u1,u2) + uj ‘ugF(u;)
gives an isomorphism

¢: (FUNU) x (FUNU™) 2 FU.

In particular, ¢ restricts to an isomorphism
(FU'NU) x (FUNU") 2 UYFUNT").
For i € Z and w € W, we define

sl ={(z,2,y) € (FUNUT) x F{(FUNU") x (BuG'F'B); 2F(y) = ya'}.
Lemma 3.10. The map (z,2',y) v (v2, 2%, ;yF*(z]) ™1, 21, 7)) gives an
TF x TF -equivariant isomorphism

i 2%« (FUNU) x (FUNTU),
where (z1,12) = ¢~ () and (2}, 25) = ¢~ 1(2'). In particular, H}(3¢,) =
H; (°S,).
Proof. Tt follows by definition and Theorem 3.9. O

Lemma 3.11. Suppose that ¢ satisfies condition (). Let w = (co)™ € W
for some m € Z. Then we have Hy(SN-™) = H,(wTF) = H,¥2N-m) =
H, (X2N-m),

Proof. The first equality is proved in [DI24]. We show the last two equalities.
Let (z,2/,y) € *X2N=™_ By definition,

y € G'Bur(co )N "B(co)™ Y = UTU L.

So we may write y = y;Tysw uniquely with y; € U, 7 € T and y, € UL
Then the equality zF(y) = yz’ is equivalent to

Ty F (g F(1) = yowd' v ' F(yy 1) = yoa"Fys ),

where 2" =¥z’ € FUN U™ since w = (co)™.
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By Theorem 3.9, the map (g1, g2) — gflggF(gl) gives isomorphisms
Ux (FUNU") 2U(FUNDU);
U™l x (FUNU™) = (FUNUT)FUL
So we can make changes of variables (x,z”,y1,y2) — (21, 22, 23, 24), Where
(21,22,23,24) €EUx FUNU~ x UDY{(FUNU™) x FU'NU
such that yl_ler(yl) = 2129 and 22" F(y2) ! = 2324. Then we have
T_lzleF(T) = T_lzlL(T)F(T)_le = 2324,
where L(7) = 771F (7). As z4 € U! we can have
P 59271 = hyhoh_ € UTU™,
where hy € Ul, hg € T and h_ € (FUNU~)U—! = F(UU—')NU~. Hence
T A D L(r)hoh— = 2.
It follows that z; = (WA !, L(r) = hy' and 23 = h_. Therefore,

—1

PBINTM = {(1, 29, 24) € TX(FUNUT)x (FU™!NU); L(7) = pro(F™ ™ 202711,
where pry : U'TU~ — T is the natural projection.

Note that (t,') € TFxTF acts on*X%, by (7, 20, 24) > (trw(t) 1, Lz, * () 2y).
Now we define and action of s € T on "X by (7, 22, 24) ~ (7,22, %21). Then

the actions of T and T x T commutes with each other. Thus, by Lemma
3.10 we have

(52N = HL OS2V ™) = H(C22Y )T = B (")
as desired. O

Proposition 3.12. Suppose that Condition (x) holds and that A is con-
nected. Then H*(X0) = H(wTF) for w € We.

Proof. Let w € WE°. As A is connected, we may write w = (co)™ for some
m € Z. By Corollary 3.7 we have

() H(Z)= Y HYi, H(S)= Y H(YiL).
ueEWee ueEWee
First we assume o7 # 1. By Lemma 3.8 for any w',u' € W we have
Yy # 0 if and only if w' = /. Tt follows by (a) that
HL(S) = HL(V),) = H(S50).

By Lemma 3.11 we have H,(X0) = H.(2) ™) = H,(wTF) as desired.

Now we assume o7 = 1. Let notation be as in Lemma 2.5. We can assume
that w = " with 0 < m < 2N —1. If 0 < m < N, it follows from (a),
Lemma 3.8 and Lemma 3.11 that

HA(S0) = Ho(ZL) = - = H(SY ™) = H(T").
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IEN+1<m<2N — 1, similarly we have
HL(59) = Ha(S) = -+ = H (52N ™) = H, ("),

So the statement follows. O

4. PROOF OF THEOREM 2.1

In this section, we fill in the proof for Theorem 2.1. First we show that
it suffices to consider one particular Coxeter element.

Lemma 4.1. Let a € {a1,07 (a,)} such that ¢ = syco(ss). Suppose
Theorem 2.1 holds for (u,c). Then it also holds for (sq(p),c’).

Proof. Let p,e,I be as in Theorem 2.1. Let ¢’ = e, (4« = sa(e) and
D = 54(Pc). Assume that I = (iy < -+ < iy,). Without loss of generality
we can assume a = o '(q,) and ¢ = SalSal """ Saq With o} = a, and
o = a1 for 2<i<r.

First we assume that r € I. Then r = i,, and o7 .(a) < 0, which means
that o ¢ Ac = o7(Ac). Thus @, = s,(®) since a € A is a simple root.
In particular, Ay = s4(A.). We take

I/:(1<i1+1<i2+1<'~<im_1+1).

Then o1 ¢ = $a07,c5q, C; = SaCr1Sq and the statement follows.
Now we assume that » ¢ I. Then o7 (o) € A1 € Ae = 07,(A¢). Thus
a€ A, and Ay = A.. We take

I'=(i1+1<ig4+1<- <ip+1).
Then op o = 071, ¢ = 5a€107,(Sa) and the statement also follows. O

To finish the proof, we will take a particular o-Coxeter element ¢ such that
and verify the statement directly. Moreover, we can assume A is connected.

Let P be the coweight lattice of ®. If 4 =0 € P/(1—co)P, then A, = A
and the statement is trivial. So we may assume that P/(1 — ¢)P # {0},
which excludes the types 24,1 (n odd), 2D,,, 3Dy, Es, >Eg, Fy, Go. Then
we will take a case-by-case analysis for the remaining types.

We adopt the labelling of Dynkin diagrams by positive integers as in
[Hum72]. For i € Zz;. let s; and w, denote the corresponding simple
reflection and fundamental coweight, respectively.

Case (1): A is of type A,_1. Take ¢ = s189---s,—1. Then we have
P/(1 = co)P = {0,w),wy,...wy_1}. Assume p = w) with k € Z. Let
m = ged(k,n) € Z=1. Then we take I to be the complement of the sequence
I' = (n/m,2n/m,--- ,(m —1)n/m).

Case (2): A is of type 2A,,_1 with n > 4 even. Take ¢ = 5152~ “Sp)2
Then P/(1 — co)P = {0,wy}. Assume p = w). Then we take I = (n/2).
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Case (3): A is of type B, with n > 2. Take ¢ = s182---S,. Then
P/(1—co)P ={0,w)}. Assume p = wy. Then we take I = (n).

Case (4): A'is of type C), with n > 3. Take ¢ = s1s2- - s,. Then P/(1 —
co)P ={0,w,/}. Assume pu = w,’. Then we take I = (1,3, R (_1)%)

Case (5): A is of type D, with n > 4. Take ¢ = s$189---5,. Then

P/(1 —co)P = {0,w),w)_{,w’}. If p = w, take I = (n—1,n). It
remains to handle the case p = w,/_; by symmetry If n is even, take
I=(1,3,. 34)1f4\nand[ (1,3,.. —3,n—1)if44n. Ifnis
odd, take I = (1 3,. —4,...,n—2,n).

Case (6): A is of type Fg. Take ¢ = s183845258586. Then P/(1 —co)P =
{0,wy,wy }. By symmetry we can assume pu = wy. Then take I = (1,3,5,6).

Case (7): A is of type Er. Take ¢ = $78655584828351. Then P/(1—co)P =
{0,wy}. If p=wy, take I = (7,5,2).

5. QUOTIENTS OF THE COXETER VARIETY

The goal of the rest of the article is to prove Theorem 1.3. Therefore,
mainly following [Lus76a, §2], we investigate quotients of p-adic Deligne—
Lusztig spaces of Coxeter type by the unipotent radical of a rational Borel
subgroup resp. of a maximal parabolic subgroup. We apply this at the end
of §6 to deduce a proof of Theorem 1.3.

5.1. Notation. We keep the notation from the introduction and §2.1, ex-
cept for the following important change: from now on we assume that G is
unramified and that the Borel subgroup B C G is k-rational. We denote by
wo € W the longest element (relative to S). If v € W is given, then by © we
mean an arbitrary lift of v to Ng(T)(k).

For b € G(k) and a subgroup H C G we denote by Hy(k) the F-centralizer
of bin H(k), that is Hy(k) = {h € H: h"'bF(h) = b}.

We use the setup from [Iva23a]. In particular, we denote by Perf the
category of perfect F,-algebras. For a k-scheme X we write LX for the loop
space of X, i.e., the functor LX : Perf — Sets, R+ X(W(R)[w™!]), where
W(R) is the unique w-adically complete and separated O-algebra in which
w is not a zero divisor and which satisfies W(R)/@wW(R) = R (see [Iva23a,
page 6] for details).

5.2. Recollections on p-adic Deligne—Lusztig spaces. To w € W and
b e G(]UC), [Iva23a, Definition 7.3] attaches a p-adic Deligne-Lusztig space
Xw(b) equipped with a continuous Gy(k)-action (Gy(k) is locally profinite
and equals the group of k-points of an inner form of a Levi subgroup of
G). The definition of X,,(b) parallels the classical Deligne-Lusztig variety
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from [DL76]. Formally, X,,(b) is an arc-sheaf on the category of perfect F,-
algebras; it is known to be ind-representatble in many cases. Moreover, for
a lift v € Ng(T)(k) one has a pro-étale T),(k)-torsor Xy (b) over a clopen
subset of X, (b) [Iva23a, §10], where T, is the k-split form of the torus T
given by twisting the Frobenius F' by Ad(w).

To relate this with the previous part of the article, consider the case
w = ¢ is a o-Coxeter element and a lift ¢ € Ng(T)(k). If " C B' C G is
a k-rational torus unramified and of type ¢ and a Borel subgroup (rational
over k), such that B, F(B') are in relative position ¢, then there is an
Gi(k) x T.(k) = Ge(k) x T'(k)-equivariant isomorphism X7v 7 = Xe(é),
where U’ is the unipotent radical of B’.

5.3. Embedding into the big cell. Let s1,s9,...,s, be a sequence of
pairwise distinct elements in S. Let w = s182...5, € W. Let a; € A C T
be the simple root corresponding to s;. Fix an isomorphism v;: U,, = G,
of the corresponding root subgroup with the additive group. We have the
open subscheme G, C G, and we put U;, := w;l(Gm).

Lemma 5.1 (Proposition 2.2 of [Lus76a]). Let 7 € T(k). As locally closed
subvarieties of G, we have

(tUT)NBwB = {1v1v2...v5: v; € (U_y,)" for 1 <i<mn}.
In particular, U~ N BwB = [, Gy,.

Proof. As BwB is stable under left multiplication by 7, we may assume
that 7 = 1. In this case the proof of [Lus76a, Prop. 2.2] for reductive groups
over F, carries over to the present situation, using the geometric Bruhat
decomposition for the split group Gj. O

Lemma 5.2 (Lemma 2.3 of [Lus76a]). Suppose any o-orbit on S contains at
most one s;. Fiz an algebraically closed field f O F,, and let f = W(f)[1/w].
Let v € W, such that

o7 P (0) = B(fuB(H) = (BuB)(),
for some u € U(f). Then F(v) =v and v(ag) € @~ for 1 <i < n.
Proof. The proofs of [Lus76a, Lemmas 2.3 and 2.4] carry over verbatim. O

For each v € W, UN"U~ — BvB/B, u +— u0B is an isomorphism of
k-schemes. In particular, L(BvB/B) = L(U N*U~) is an ind-scheme. We
can now show the analogue of [Lus76a, Cor. 2.5].

v

Proposition 5.3. Suppose b € T(k), and w is a o-Coxeter element. The
natural inclusion X,,(b) — L(G/B) factors through the big cell L(BwyB/B) C
L(G/B).

Proof. Let g € X,(b)(R) C L(G/B)(R). We must show that g € L(BwoB/B)(R).
By [Iva23a, Corollary 8.4], we may replace R by an arc-cover. Hence, by
[Iva23a, Corollary 6.4] we may assume that g lifts to some § € LG(R). It
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suffices to show that ¢g: Spec R — LG factors through L(BwyB) C LG.
Since LG, L(BwyB) are perfect (hence reduced) ind-schemes, it suffices to
do this on geometric points. Hence we may assume R = § is an algebrically
closed field; let f = W(f)[1/w]. Note that we have g~'bo () € L(BwB)(f) =
(BwB)(f). We may argue as in the proof of [Lus76a, Corollary 2.5]: as f
is a field, and G is split over ?, G (f) admits a Bruhat decomposition. Thus
there is some v € W such that ¢ = uo\ for some A € B(f), u € U(f). By the
preceding paragraph we deduce o~ u" 0 F (u)F(0) = ¢~ bF(g) € (BwB)(f).
By assumption b € T(k), and we deduce o~ 'u/F(0) € (BwB)(f), where
u' = (u’)"'F(u) € U(f). Thus we may apply Lemma 5.2 (in the same way
as in the proof of [Lus76a, Corollary 2.5]) to deduce that v = wp. This
shows our claim. ]

5.4. Up(k)-quotient of X,,(b). We now show the analogue of [Lus76a, The-
orem 2.6 and Corollary 2.7]. Suppose w = s1...s, is a o-Cozxeter element

v

and let b € T'(k). Consider the morphism
U yo(an) X UZ

—wo —wo(az) X X ino(an) — bU, (Ui)?:l — bvivs ... Up,

with image the locally closed subscheme b-[ ;" ; Uj’LUO(Oéi) C bU. The product
depends on the order of the factors. Define X,,(b)’ by the Cartesian diagram

(5.1) X —— (0TI U7 ) == Ty LU®

J u—su " b F (u) ‘L

v Ty L,

where the lower map is well-defined as b normalizes LU. Note that By(k)
acts on Xy, (b)’ by left multiplication.

v

Lemma 5.4. Let b € T(k). Then u + u='bF(u): LU — b- LU is Uy(k)-
torsor for the pro-étale topology. The upper map in (5.1) is a pro-étale Uy (k)-
torsor. Moreover, Ub(/vc) is the group gemerated by all Ua(%) with o € ®T,
orde (a(b)) = 0.

Proof. The second claim follows from the first. For the first claim, it is
enough to show surjectivity of Lay: LU — LU, u + (u?)"'F(u) for the
pro-étale topology. Let the hight of a root o € ®T be the smallest integer
ht(a) > 1, such that « can be written as a sum of ht(«) simple roots. For
i > 1, let U<; be the quotient of LU by the subsheaf generated by all LU,
with o € ®T, ht(«) > 4. Let U—; be the subsheaf of U<; generated by LU,
with ht(«) = 4. Then U-; = ker(U<; — U<;_1) is central in U<;. Using
this and induction on ¢, it suffices to show that La; induces a surjection
U-; = U=;. But U; = [],. ht(a)=i LG,, Lay stabilize all factors, and the
result follows from Lemma 5.5 below. O
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Lemma 5.5. Let B € k*. Consider the map Lag,: LG, — LGy, v
Br—@(x). If ord(B) # 0, Lag,, is an isomorphism. If ord(3) = 0, Lag ,
is a pro-étale torsor under the locally profinite group k.

Proof. 1t suffices to show that if R € Perqu is strictly henselian, and

x € W(R)[1/w], then there exists an (unique if ordg(8) # 0) element
y € W(R)[1/w] with By — ¢(y) = x. This reduces to an explicit com-
putation, using the (uniquely determined) ww-adic expansions x =} [z;]=’,
y = 2ilyilw" in W(R)[1/w]. O

Proposition 5.6. Suppose that b € T(lvc) and w is a o-Coxeter element.
Then

Xw(b) — Xp(b), ur— wigB

is an By(k)-equivariant isomorphism. Moreover, it induces a T'(k)-equivariant
isomorphism

Xuw(®)/Us(k) = [ LU 4y 0
=1

Proof. By Proposition 5.3, we have the inclusion X, (b) < L(BinB/B) <
LU, where the second isomorphism is u + wuwgy. This realizes X, (b) as a
subsheaf of LU. To show that it agrees with X, (b)’, we compute for any
R € Perfy and any u € LU(R):

wigLB € X,y (b)(R) & g 'u'0F (u)F (i) € L(b"™° - U~ xg BwB)(R) =

Lm.:5.1 pwo . LU*

2o (R)
i=1
n n
& u b (u) € wpb™ - | [ LUZ, (R)wg 't =0 [ | LU 1y (0 (R),
i=1 i=1
where we use that L commutes with finite products. The By (k)-equivariance
is immediate, and the last claim is immediate from (5.1). (]

We mention the following special case of Proposition 5.6, which is new
to the p-adic setting due to the presence of regular o-conjugacy classes.
Recall that a o-conjugacy class [b] C G(k) is called regular, if there is some
€ X, (T) with [b] = [ow#] and (o, ) # 0. If b is regular, then Gy = B, =T
and Uy = 1 (the latter also follows from Lemma 5.4).

v

Corollary 5.7. Assume b € T(k) is reqular. Then the map in (5.1) induces
a Gy(k) = T(k)-equivariant isomorphism X,,(b) = [}, LU” ()

In particular, X,,(b) is a disjoint union of affine schemes, there is a T'(k)-
equivariant isomorphism mo(Xw (b)) = X«(Taq) and any connected compo-

nent of X, (b) is isomorphic to LTG,,.
Proof. This follows from Proposition 5.6 as U, =1 and G, = B, =T O
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5.5. Uy(k)-quotient of X,;(b). Now we deduce an analogue of Proposition
5.6 for the spaces X (b). Let W = Ng(T)(l::)/T(OE) be the extended affine
Weyl group and let

F, = fiber of Ng(T) — W over w and F,, = fiber of W — W over w

We regard F), as a trivial T-torsor over k and F,, as a trivial X, (T)-torsor
over F, (in particular, mo(LF,) = Fy). Recall from [Iva23a, §10] that

we have maps ky: LT — X, (T) i X.(T)(g,), where 0 = ¢ 'F is the
automorphism of X,(7T), and o, = Ad(w) o o and that we have a nat-
ural map ay,p: Xo(b) — LF,/ker&, so that for any w € LF,/kerR&,,
Xw(b)e = a~(w) is clopen (possibly empty) Gp(k)-stable subset of X, (b)
and X (b) = Xy (b)g is a pro-étale T, (k)-torsor for any lift w of o.

For a root a € ®, let s, € W denote the corresponding reflection. As in
[BT72, 6.1.2(2)] we have the k-subscheme M2 C F,_ and an isomorphism

m=mg: U*, — M3 u+—s m(u),

where for u € U_4(k), m(u) is the unique element of F,,(k) such that u €
Ua(B)m(u)Uq (k).

Lemma 5.8. Let w = s7 ... sy, be as in the beginning of §5.53. Letw € Fw(/;:)

v

For 7 € T'(k) we have

(5.2) TU" NUwU =71 - {ﬁ v; € ﬁ UZ,,: ﬁm(vz) = T—lw} .
i=1 i=1 i=1

Proof. Multiplying both sides by 7! and using that 7! normalizes U, we
may assume that 7 = 1. For better readability, we write U for U(k) in
the proof. As v; € Um(v;)U by construction of m(-), and as Uy UgpU =
Ug192U whenever yi,ys € W and ¢; € F,, with £(y1) + £(y2) = L(y1y2),
the right side of (5.2) is contained in the left side. For the converse, if
x € U NUWU, then by Lemma 5.1, z = [[;_; v; with v; € U*,. and
if T[7, m(v;) = W' for some W' € F,, the above argument shows that
x € U NUWU, so we must have u' = . O

FT’OT):L now on assume that w = s1...8, 1s a o-Coxeter element and that
b € T(k). Consider the closed sub-ind-scheme of LT x [[;", LUZ o (ao)

Z(b) = {w, (W) € LT x [ LU 0,y miior (7)™ = (67°) - Hm(v»} .

i=1 =1
The map

n Prop.5.6 L
Zo®) — 0 [ LU ey = Xu®)/Ts(k), (701, 00) — 0] [ v
i=1 =1

realizes Z,;(b) as a pro-étale T, (k)-torsor over a clopen subset of the target.
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Proposition 5.9. Let w be a o-Cozeter element and b € T(k). Then
X (b)/Uy(k) = Zy(b) and there is a cartesian diagram

X (b) ——— Zy (b)

lTw(k) lTw(k)

X (b) —— Xu(b)/Us(k)

With other words, X;(b) is By (k) x Ty, (k)-equivariantly isomorphic to the
set of all (1,u) € LT x LU for which u™tbo(u) = b-T[I, vi € [T, LU* o)

and Two (1)1 = b%0 - [T, m(vi).

Proof. As o(wy) = wp, we may (using Lang’s theorem) choose a lift wy €
Ne(T) (k) with o(ig) = . By Proposition 5.3, X, (b) < L(G/U) fac-
tors through the preimage L(UwoB/U) C L(G/U) of L(UwoB/B). Now,
wibgTLU € L(UnB/U) lies in X (b) if and only if (uig7) ‘oo (utiyt) €
L(UwU), or equivalently, if and only if (u~tbo(u))? € L(Urwo(T)"1U).
As (u~'bo(u))¥ € b0 - LU, the last condition is equivalent to

(u_lba(u))wo €L (waU_ N UTu')U(T)_lU)
which by Lemma 5.8 is equivalent to
) n R
(u_lba(u))wo € b . {H v; € HLUfai: Hm(vi) = (bwo)_lTu')J(T)_l} ,
7 i=1 =1
Conjugating both sides by 1, and renaming the variable “0v; € LijO (
to v;, we obtain the proposition.

;)

As a corollary we obtain a description of the map vy, from [Iva23a, §10]
in this case. Denote by ¢ the map [, LUy, — Fu, (vi)ie; — [Tim, m(vi).

Lemma 5.10. Let w = s1...8, be o-Cozeter. The image of the composed
map

n n
) HLUﬁai v, LF, — LF,/ker Ry, (v;)i, — Hm(vl)
i=1 i=1

is equal to im(LF,, /| ker&¢ — LF,/ker&,), where (-)* denote the object
() for the simply connected cover of the derived group of G.

Proof. We may assume that G is semisimple and simply connected. Then
it suffices to show that []", LM; — LF, — LF,/kerk, is surjective.
For any coroot a¥ € ®V, let T,,v C T denote its image. For each i choose
some $; € Mg, (k), so that Mg, = T,vs;. Then t := $18;... 5, € Fy. For
0<i<mnletf; =s1...5(a+1) (we have {0; ;‘;01 =0 ﬁ“rl(I)_, cf. [Bou68,
p. 158]). Trivializing all torsors reduces us to showing that the natural map

LTyy x LTyy x -+ x LTyy  — LT/ ker fiy 2 X, (T) 5,
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is surjective. It suffices to show that the composition
¢
Xo(Tpy) % Xul(Tpy) % - % Xo(Tpy ) -2 Xo(T) = Xo(T) )
is surjective As G = G, we have X, (T) = Z®" and the claim follows. [

Note that each Xy (b)g is Gy(k)-stable, X,,(b)/Uy(k) is the disjoint union
of the clopen pieces Xy, (b)w/Upy(k). Let 1) be as in Lemma 5.10.

v

Corollary 5.11. Let w be a o-Coxeter element and b € T(k). Let w €
LF,,/kerRy. Under the isomorphism from Proposition 5.6, X, (b)g/Us(k)
corresponds to the subset of T[], LU* ) cut out by the equation w =

—wo (o

K (D)Y([T, m(v;)) € LFy/ ker Ky In particular,
im(av, p) = R (D) - im(LF,, / ker B — LF,,/ ker &y).

w

Proof. Passing to LF,/ker k,, the equation in the definition of Z;(b) be-
comes W = Ry (b)Y(I]; m(vs)). By Proposition 5.9 all claims follow from this
and Lemma 5.10. O

5.6. Quotients by the unipotent radical of a parabolic. Let I C S/(o)
be a subset, let S; C S be its preimage in .S, W; C W be the corresponding
parabolic subgroup; Pr the unique parabolic subgroup of G containing B
and U_, for all a € I; Uy the unipotent radical of Pr; G the unique Levi
subgroup of Py containing 7. Then Pr,U;, Gy are k-rational. Let G} =
Pr/U;r and denote the natural projection by m: P — G; the composition
Gr—>pP 5 G} is an isomorphism. Note that m(B) is a Borel subgroup of
G';. Let II; C II be the set of simple roots a corresponding to elements of
Sr. Put ®; = ZII; N ® and &7 = &; N &+

Write n = |S/(o)| and assume that |[I[| =n—1. Let w = s1...s, € W be
a 0-Coxeter element. Then there is a unique index j, such that “°s; & S7.
Let w{ denotes the longest element of W;. Then wywog; ¢ S for all i #J.
Thus

— wéwo(

wr S1 ...Sj_18j+1...8n)

is a o0-Coxeter element of W;. Denote by XS} (b) the corresponding p-adic
Deligne-Lusztig space for the group G/.

Lemma 5.12.

(1) We have a well-defined map G/B O BwyB/B — G’/n(B) defined by
sending by B to m(by)wir(B).

(ii) Let b € T(k). The restriction of the map from (i) to X, (b) defines a

Py (k)-equivariant map X,,(b) — Xg} (b), where Pry(k) acts on Xg{(b)
via its quotient in Gy(k). This induces a G (k)-equivariant map

7 Xo(b)/Us (k) — XSI (b).
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(iii) There exists a map a: X, (b) — LUwa(a],), such that ™" xa: Xy (b)/Ur (k) —
XS;’ (b) x LinO(aj) is an isomorphism.
Proof. (i) is an immediate computation. Then (ii) follows from Proposition
5.6. The proof of (iii) is the same as that of the first claim of [Lus76a,
Corollary 2.10]. O

We explicate the isomorphism of Lemma 5.12(iii). By Proposition 5.6,
X (D) identifies with the set of all u € LU satisfying u™ i F(u) = bt H LU
with u; € LUwa(ai). There is a unique writing v = v/'v” with v/ € Uy
and v’ € U N Gy. Then v '0F(u) = v lbgF(u") where v/ + g =
b=t/ 7IbF(u'): LU — LU defines a pro-étale Uy ;(k)-torsor. Thus X, (b)/U; (k)
identifies with the set of all (u”, g) such that

(5.3) W' lb F 1_[11,Z with u; € LinO(ai).

Applying 7 and noting that it induces an isomorphism G; — G, we see

that all u; for i # j are uniquely determined by u” and that v’ € Xﬁ;f (b)

(under the identification of Proposition 5.6). It follows then that those

g € Uy for which (5.3) holds, are in bijection with all u; € LinO(O@_)7 SO

that (u”,g) — (u”,u; ) is an isomorphism as claimed in Lemma 5.12(iii).
Now we describe the quotient Xy (b)/Uy (k). Consider

Z]@(b) = {(T,u",u]') e LT x L(U N G]) X LU_wO(%)

L F (T waHm (u;), v 'bF (u HquHLU*

i=1 1#]
7]

" as above, and the last equality

where u; (i # j) are determined by u
takes place in Gj. Then Zj,;(b) is a pro-étale Ty, (k)-torsor over Xg} (b) x
LU

—wo(ayj)

Lemma 5.13. There is an T(k)-equivariant isomorphism X (b)/Uy (k) =
Zr,0(b), and Zg 4(b) fits into the diagram with cartesian squares,

Xw(b) — Z[’u',(b) _— Zw(b)
Xw(b) —— Xuw(b)/Urp(k) —— Xw(b)/Us(k)

where the outer square is as in Proposition 5.9, and all vertical maps are
pro-étale Ty, (k)-torsors.

Proof. It is clear from the definitions, that the right square is cartesian. This
implies that there is a natural map X;(b) — Zr;(b). As the outer square
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is cartesian by Proposition 5.9, the left square has to be cartesian too. This
implies the first claim of the lemma, and the T, (k)-equivariance is clear. [J

6. QUOTIENTS ON THE INTEGRAL/FINITE LEVEL

We investigate the analogues of the results from §5 for deep level Deligne—
Lusztig varieties. We assume that b = 1 (only possibility with b € T'(k) and
basic). Let G be a hyperspecial model of G over Oy. Let w =s1...5, € W
be o-Coxeter element and let w € G(Oy) be a lift of w. Let G = G,(= L}G)
with r < 0o be as in the introduction. We have the Deligne-Lusztig variety
Xy = Xy, € G/B and the T -torsor Xy = Xm,r C G/U over it (as in
[DI24, Definition 4.1.1]). Note that by [DI24, Lemma 4.1.2] there is an
GF x TF-equivariant isomorphism

(6.1) Xpr2X={geG: g 'F(9) e UnFU}.
Let m: G — Gy denote the natural projection map.
Lemma 6.1. We have X,,, C BuwgB.

Proof. m(Xy,) € Xy and X1 C ByuwgBg by [Lus76a, Cor. 2.5]. Thus
Xur C 71 (B11ioB1) = BB, the last equality being true since wq is the
longest element of W. (]

Lemma 6.2. Let v,v' € W with £(vv") = £(v) + £(v"). Then BoBY'B =
Bov'B.

Proof. Let a € ®* be the simple root corresponding to s. For part (i), we
are reduced by induction to the case that v' = s € S and £(vs) = £(v) + 1.
Then we have v(a) € T. It follows that BoBsB = BoU,$B = BosB, where
in the first step we move all Ug with 8 # « into the right B, and in the
second step we move U, into the left B, using v(a) € ®F. O

For oo € @, we write U}, for the open complement of Ué in U,. We have
the following analogue of [Lus76b, Proposition 2.2].

Lemma 6.3. We have
U NBuB ={v;...vp: v; € (U_y,)*},

Proof. Let v; € Uiai. Then we claim that v; € Bs;B. Indeed, let G,, C
G be the subgroup generated by U,,,U_q,,T, and let G,, € G be the
corresponding subgroup. Then v; € G,,, and it suffices to show the claim
for G,, instead of G, which reduces to an explicit computation in L; SLo,
which uses the assumption that v; ¢ Uéi. Using the claim,

v=[]vi € B&Bss ... 4p_1Bs,B = BuB,
i
by Lemma 6.2. This shows one inclusion. For the converse, assume that
x € U™ N BwB. Then just as in [Lus76a, Proof of (2.2)], we may write
T = U151U252 ... UpSpb with u; € Uy, and b € B. Suppose that u; € U}ll.
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Then consider the image T € U, N BjwB; of x under 7: G — Gy, which
is again of the form Z = @1$1U282 ... UpSyb, with 41 # 1 in (U,,)1. As in
loc. cit. this gives a contradiction. Thus we must have u; € Uy, . Similar as
in loc. cit., a computation in the group G,, shows that there exist u} € Uy,,
vy € (Ug,)", t € T with u; = viu)té;. Using this, we see that

vy = ujtsiugda . . undnb = Uitugse .. upsnb € BsoB ... 5, B = By ... $,B.
Thus vl_la: e U™ NBsy...s,B, and we are done by induction. ([

Note that Lemma 6.3 does not follow directly from [Lus76a, Prop. 2.2]
as both sides of the equation are not equal to the preimages of their images
under 7: G — G;. Now we can generalize [Lus76a, Theorem 2.6].

Proposition 6.4. We have the following isomorphisms:
(i) {fu € U: u tF(u) = uy ... up: u; € U e V1< < n} S Xyr, U

UUJOB
(i) U*,,, (ay) X0 X U* " wo(an) 5 Xy /U
Proof. This follows from Lemmas 6.1 and 6.3. O

Let a € ®. The map m = my: UX, — Mg from §5.5 induces an isomor-
phism
Mo : U, — M2,
where M, is the preimage of w in G. Then just as in §5.5 we have the
scheme with B x TZ-action

Zu’),r {(T (Ul)z 1 €T x HU wo (o) T’wO' Hm vl
i=1

equipped with the BY-equivariant map (7, (v;);) = (vi)i: Zwr — Xwr/UE.
With notation as in §5.6 we also have the scheme

Z[,u',,r(b) = {(T,u”ﬂ‘j) eTx (UNGy) x U—wo(cx]-):

T (T —bWOHmuz u""'OF (u HuzGHU*
A
and just as in §5.6 we have the following consequence of Proposition 6.4.
Corollary 6.5.
(1) There is BY -equivariant isomorphism
X /UF =5 Zy
and Xy = Xow,r X Xyp.p JUF Lijy -
(2) There is T -equivariant isomorphism
Xy /U] =5 Zraig

and Xu';,r = Xw,r XXM,T/Uf Z]ﬂbﬂn



24 ALEXANDER B. IVANOV, SIAN NIE, AND PANJUN TAN

6.1. Extension of action. Let the notation be as in §5.6. Let u € X, (T)
be be such that (ay, 1) # 0 (such p exists). Put p' = (a;, p) - *1%-1(a)) €
X(T). As wo — 1: X, (T%°)g — X.(T%%)q is bijective, we may (after re-
placing p by an integral multiple, if necessary) assume that there is some
A € X, (T%%) with p/ = wo(\) — .

Lemma 6.6. With notation as above, there is an action of Gy, on Z.»
given by the formula

x: (7, u",uj) — (\(2)T, u”,“(w)uj)

for any x € G,,,. Moreover, this G,,-action commutes with the action of TL
and Z%7 = @.

JRTIRG

Proof. Let (1,u",u;) € Z14w, and let u; € U_yy(q,) (for i # j) be deter-
mined by u” as above. The first sentence of the lemma follows from the
computation

(A@)m) o F(Mx)T) = (@)~ 0 F (1)

where the last equality follows from a property of the map m(-), which can
be checked by an explicit calculation after reducing to SLs. The last sentence
of the lemma is immediate. (|

Proof of Theorem 1.53. By [DI24, Corollary 1.0.1] (or Theorem 1.1) and (6.1)
we know that H*(X)[x] = H}(Xu.,)[x] is up to sign an irreducible G*-
representation. Thus, exploiting a theorem of Bushnell [Bus90, Theorem 1]
as in the proof of [CI23, Theorem 6.1, Proposition 6.2], it suffices to show
that for any maximal proper subset I C S/(o), the virtual Q,-vector space
H (Xgﬂ" JUE Q) vanishes. But this follows directly from Lemma 6.6, as

H; (XS, /UT, Qo = H; (Z1i0: Qoo = Hi (2773, Qp)g = 0,
where the last equality follows from [DM91, 10.15]. O
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