AFFINE DELIGNE-LUSZTIG VARIETIES AT INFINITE LEVEL

CHARLOTTE CHAN AND ALEXANDER IVANOV

ABSTRACT. We initiate the study of affine Deligne-Lusztig varieties with arbitrarily deep level
structure for general reductive groups over local fields. We prove that for GL,, and its inner
forms, Lusztig’s semi-infinite Deligne—Lusztig construction is isomorphic to an affine Deligne—
Lusztig variety at infinite level. We prove that their homology groups give geometric realizations
of the local Langlands and Jacquet-Langlands correspondences in the setting that the Weil
parameter is induced from a character of an unramified field extension. In particular, we resolve
Lusztig’s 1979 conjecture in this setting for minimal admissible characters.
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2 CHARLOTTE CHAN AND ALEXANDER IVANOV

1. INTRODUCTION

In their fundamental paper [DL76], Deligne and Lusztig gave a powerful geometric approach
to the construction of representations of finite reductive groups. To a reductive group G over
a finite field Iy, and a maximal F,-torus 7' C G, they attach a variety given by the set of Borel
subgroups of G lying in a fixed relative position (depending on T') to their Frobenius translate.
This variety has a T-torsor called the Deligne—Lusztig variety. The Deligne-Lusztig variety has
commuting actions of G and T', and its f-adic étale cohomology realizes a natural correspondence
between characters of T'(F,) and representations of G(F,).

Two possible ways of generalizing this construction to reductive groups over local fields are to
consider subsets cut out by Deligne-Lusztig conditions in the semi-infinite flag manifold (in the
sense of Feigin-Frenkel [FF90]) or in affine flag manifolds of increasing level. The first approach is
driven by an outstanding conjecture of Lusztig |[Lus79| that the semi-infinite Deligne-Lusztig set
has an algebro-geometric structure, one can define its ¢-adic homology groups, and the resulting
representations should be irreducible supercuspidal. This conjecture was studied in detail in the
case of division algebras by Boyarchenko and the first named author in |[Boy12, Chal6,/Chalg],
and ultimately resolved in this setting in [Chal9|. Prior to the present paper, Lusztig’s conjecture
was completely open outside the setting of division algebras.

The second approach is based on Rapoport’s affine Deligne-Lusztig varieties [Rap05|, which
are closely related to the reduction of (integral models of) Shimura varieties. Affine Deligne—
Lusztig varieties for arbitrarily deep level structure were introduced and then studied in detail
for GLg by the second named author in [Ival6lIval8,Ival9], where it was shown that their /-adic
cohomology realizes many irreducible supercuspidal representations for this group.

The goals of the present paper are to show that these constructions

(A) are isomorphic for all inner forms of GL,, and their maximal unramified elliptic torus
(B) realize the local Langlands and Jacquet—Langlands correspondences for supercuspidal rep-
resentations coming from unramified field extensions

The first goal is achieved by computing both sides and defining an explicit isomorphism
between Lusztig’s semi-infinite construction and an inverse limit of coverings of affine Deligne-
Lusztig varieties. In particular, this allows us to use the known scheme structure of affine
Deligne—Lusztig varieties to define a natural scheme structure on the semi-infinite side, which
was previously only known in the case of division algebras. This resolves the algebro-geometric
conjectures of [Lus79| for all inner forms of GL,,.

To attain the second goal, we study the cohomology of this infinite-dimensional variety using
a wide range of techniques. To show irreducibility of certain eigenspaces under the torus action,
we generalize a method of Lusztig [Lus04,/Sta09] to quotients of parahoric subgroups which do
not come from reductive groups over finite rings. We study the geometry and its behavior under
certain group actions to prove an analogue of cuspidality for representations of such quotients.
To obtain a comparison to the local Langlands correspondence, we use the Deligne—Lusztig
fixed-point formula to determine the character on the maximal unramified elliptic torus and
use characterizations of automorphic induction due to Henniart [Hen92,Hen93|. In particu-
lar, for minimal admissible characters, we resolve the remaining part of Lusztig’s conjecture
(supercuspidality) for all inner forms of GL,,.

We now give a more detailed overview. Let K be a non-archimedean local field with finite
residue field [Fy, let K be the completion of the maximal unramified extension of K and let o
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denote the Frobenius automorphism of K /K. For any algebro-geometric object X over K, we
write X := X (K) for the set of its K-points. Let G be a connected reductive group over K. For
simplicity assume that G is split. For b € G, let J, be the o-stabilizer of b

Jp(R) :={g € G(R®K K): g~ 'ba(g) = b}

for any K-algebra R. Then Jj is an inner form of a Levi subgroup of G, and if b is basic, J; is
an inner form of G. Let T be a maximal split torus in G. For an element w in the Weyl group
of (G, T), let
Tw(R) :={t € T(R®K K): t tio(t) = w}
for any K-algebra R, where w is a lift of w to g.
The semi-infinite Deligne-Lusztig set X2 (b) is the set of all Borel subgroups of G in relative
position w to their bo-translate. It has a cover

XPL(b) = {gU € G/U : g "bo(g) € UwU} C G/U
with a natural action by J,(K) x T, (K), and this set coincides with Lusztig’s construction

[Lus79]. On the other hand, for arbitrarily deep congruence subgroups J C é, one can define
affine Deligne-Lusztig sets of higher level J,

X (b) :={gJ €G/J: g ba(g) € JxJ} C G/J,
where z is a J-double coset in G. Under some technical conditions on x, we prove that these
sets can be endowed with a structure of an F,-scheme (Theorem . We remark that when K
has mixed characteristic, G/J is a ind-(perfect scheme), so X7 (b) will also carry the structure
of a perfect scheme.

We now specialize to the following setting. Consider ¢ = GL,(K) and G = Jy(K) for some
basic b € GL,(K) so that G is an inner form of GL,(K). Let w be a Coxeter element so
that T' := T,,(K) = L* for the degree-n unramified extension L of K. Let Gp be a maximal
compact subgroup of G and let To = T N Gp = OF. We consider a particular tower of affine
Deligne—Lusztig varieties X{]}T (b) for congruence subgroups of G indexed by m, where the image
of each 1, in the Weyl group is w. We form the inverse limit X°(b) = @r>m20 X{IZ (b), which
carries a natural action of G x T

Theorem (6.9)). There is a (G x T)-equivariant map of sets
X H(b) = X3 (0).
In particular, this gives XPL(b) the structure of a scheme over F,.
We completely determine the higher level affine Deligne-Lusztig varieties X i (b). They are
(O /p )% torsors over the schemes Xy (b), which are interesting in their own right. In

particular, ngr(b) provide examples of explicitly described Iwahori-level affine Deligne-Lusztig
varieties. We prove the following.

Theorem (6.17). The scheme X7' (b) is a disjoint union, indeved by G /Go, of classical Deligne—
Lusztig varieties for the reductive quotient of Go X Ty times finite-dimensional affine space.

The disjoint union decomposition is deduced from Viehmann [Vie08]. We point out the
similarity between the Iwahori level varieties Xg-}r(b) and those considered by Goértz and He
[GH15| e.g. Proposition 2.2.1], though in our setting, the elements ), can have arbitrarily large
length in the extended affine Weyl group.
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One of the key insights throughout our paper is the flexibility of working with different
representatives b of a o-conjugacy class. For example, when G = GL, (K), switching between
b =1 and b being a Coxeter element allows us to use techniques that are otherwise inaccessible.

Having established the isomorphism X% (b) = X°(b), the main objective in the rest of the
paper is to study the virtual G-representation

RE(0) = 2 (~1) Hi (X7 (), Q) 0]
(2
for smooth characters 6: T — @ZX , where [0] denotes the subspace where T" acts by 6. We write
|RG(0)| to denote the genuine representation when one of +£R%(f) is genuine.

One could try to calculate Rg (0) by calculating the cohomology of the affine Deligne-Lusztig
varieties X;’i (b). These finite-level varieties have somewhat strange descriptions (see the equiv-
alence relation ~, , , in Section , though it is conceivable that one could use the results of
Part [4] to study the cohomology of these higher-level affine Deligne-Lusztig varieties.

Instead of passing through affine Deligne-Lusztig varieties, we approximate our infinite-level
object Xg L(b) by using an analogue of Deligne-Lusztig varieties for parahoric subgroups, which
are easier to explicitly describe than affine Deligne-Lusztig varieties. Using the decomposition
of Xgo(b) into G-translates of Gp-stable components (as in Theorem , the computation
of the cohomology of XI‘)’O (b) reduces to the computation for one such component, which can
in turn be written as an inverse limit l'&lh X, of finite-dimensional varieties X}, each endowed

with an action of level-h quotients Gy, x T}, of Go x T. We write R:CF’Z‘ (0) for the virtual G-

representation corresponding to 6: T, — @Z . We note that X; is a classical Deligne-Lusztig
variety for the reductive subquotient of Ty in the reductive quotient of Go.

However, the infinite-level object X{ZO (b) has a very natural description, so we proceed by
defining another tower of finite-dimensional objects X}, which are analogues of Deligne-Lusztig
varieties for parahoric subgroups. Using the Deligne-Lusztig fixed-point formula, we compute
(part of) the character of R%i‘ (0) on T}, which when combined with Henniart’s characterizations
[Hen92,Hen93| of automorphic induction yields:

Theorem ((11.3)). Let 0: T — @EX be a smooth character. If |Rg(0)| 18 trreducible supercuspidal,
then the assignment 0 — |RE(0)| is a geometric realization of automorphic induction and the
Jacquet—Langlands correspondence.

Proving that |R%(6)| is irreducible supercuspidal involves two main steps: proving that
|R§:(9)\ is irreducible and proving its induction to G (after extending by the center) is irre-

ducible. In [Lus04], Lusztig studies the irreducibility of R%i‘ (0) for reductive groups over finite
rings under a regularity assumption on 6. In our setting, this regularity assumption corresponds
to 0 being minimal admissible. We extend Lusztig’s arguments to the non-reductive setting to
handle the non-quasi-split inner forms of GL,,(K) and prove that R%:‘ (0) is irreducible under the
same regularity assumption on 6 (Theorem . In this context, we prove a cuspidality result
(Theorem for ]R%f (0)|, which allows us to emulate the arguments from [MP96, Proposition
6.6] that inducing classical Deligne-Lusztig representations gives (depth zero) irreducible super-
cuspidal representations of p-adic groups. This approach was carried out in the GLo case for
arbitrary depth in [Ival6, Propositions 4.10, 4.22]. Note that the |R%(6)| can have arbitrarily
large depth, depending on the level of the smooth character 6.
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Theorem 1' If0: T — Q, is minimal admissible, then |RG.(0)| is irreducible supercuspidal.

1.1. Outline. This paper is divided into four parts. The first part of the article is devoted to
purely geometric properties of the Deligne—Lusztig constructions for arbitrary reductive groups
over local fields. In Sections and [4 we define and recall the two types of Deligne-Lusztig
constructions. The main result of this part is Theorem where we prove that, under a
technical hypothesis, affine Deligne—Lusztig sets of arbitrarily deep level can be endowed with a
scheme structure. After Part (I, we work only in the context of the inner forms of GL,,(K).

We begin Part [2] with a discussion of the group-theoretic constructions we will use at length
throughout the rest of the paper (Section . We emphasize the importance of the seemingly
innocuous Section where we define two representatives b for each basic o-conjugacy class
of GL,(K). In Section @ we define the affine Deligne-Lusztig varieties XZ}T (b), construct an
isomorphism between X{l’f (b) and X£ L(b) using the isocrystal (Iu( " bo), and explicate the scheme
structure of X2°(b). In Section |7, we introduce a family of smooth finite-type schemes X}, whose
limit is a component of X{f,o(b) corresponding to Gp and study its geometry. This plays the role
of a Deligne-Lusztig variety for subquotients of G (see Proposition .

In Part (3] we calculate the cohomology R%f (f) under a certain regularity assumption on
0. We prove irreducibility (Theorem using a generalization of [Lus04,Sta09] discussed
in Section We prove a result about the restriction of Rg:(ﬁ) to the “deepest part” of
unipotent subgroups (Theorem which can be viewed as an analogue of cuspidality for Gp-
representations. This is a long calculation using fixed-point formulas.

Finally, in Part [d we combine the results of the preceding two parts to deduce our main
theorems about R% (), the homology of the affine Deligne-Lusztig variety at infinite level X(b).
We review the methods of Henniart [Hen92,|Hen93| in Section define and discuss some first
properties of the homology of X&O(b) in Section and prove the irreducible supercuspidality
of R$(6) for minimal admissible ¢ in Section
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2. NOTATION

Throughout the paper we will use the following notation. Let K be a non-archimedean local
field with residue field F, of prime characteristic p, and let K denote the completion of a maximal
unramified extension of K. We denote by Ok, px (resp. O, p) the integers and the maximal
ideal of K (resp. of K ). The residue field of K is an algebraic closure F, of F;. We write o
for the Frobenius automorphism of K, which is the unique K-automorphism of K, lifting the
F,-automorphism = — z? of F,. Finally, we denote by w a uniformizer of K (and hence of K )
and by ord = ord ;. the valuation of K, normalized such that ord(zww) = 1.

If K has positive characteristic, we let W denote the ring scheme over F, where for any
[F,-algebra A, W(A) = A[n]. If K has mixed characteristic, we let W denote the K-ramified
Witt ring scheme over F, so that W(F,) = Ox and W(F,) = O. Let W, = W/V*W be the
truncated ring scheme, where V: W — W is the Verschiebung morphism. For any 1 < r < h,
we write W} to denote the kernel of the natural projection Wj;, — W,.. As the Witt vectors are
only well behaved on perfect Fy-algebras, algebro-geometric considerations when K has mixed
characteristic are taken up to perfection. We fix the following convention.

Convention. If K has mixed characteristic, whenever we speak of a scheme (resp. ind-scheme)
over its residue field Fy, we mean a perfect scheme (resp. ind-(perfect scheme)), that is a set-
valued functor on perfect Fy-algebras, representable by the perfection of a scheme (resp. ind-
scheme).

For results on perfect schemes we refer to [Zhul7,BS17]. Note that passing to perfection does
not affect the f-adic étale cohomology; thus for purposes of this paper, we could in principle
pass to perfection in all cases. However, in the equal characteristic case working on non-perfect
rings does not introduce complications, and we prefer to work in this slightly greater generality.

Fix a prime ¢ # p and an algebraic closure Q, of Q,. The field of coefficients of all repre-
sentations is assumed to be @, and all cohomology groups throughout are compactly supported
f-adic étale cohomology groups.

2.1. List of terminology. Our paper introduces some notions for a general group G (Part
and then studies these notions for G an inner form of GL,, (Parts[2|through[4)). The investigations
for G an inner form of GL,, involve many different methods. For the reader’s reference, we give
a brief summary of the most important notation introduced and used in Parts [2] through [4

L the degree-n unramified extension of K. Its ring of integers Or, has a unique max-
imal ideal pr and its residue field is Or/pp = Fgn. For any h > 1, we write
Uh=1+ph

[b] fixed basic o-conjugacy class of GL, (K). Typically we take representatives b of [b]
to be either the Coxeter-type or special representative (Section

K KGL, ([0]), where kgL, is the Kottwitz map. We assume that 0 < x < n —1 and set
n' = ged(n, k), no =n/n’, kg = k/n’

F twisted Frobenius morphism F: GL,(K) — GL,(K) given by F(g) = bo(g)b~"

G = Jy(K) = GLp(K)F = GLy (Dyy/ny), where Dy /. is the division algebra with

Hasse invariant ko /ng
T = L™, an unramified elliptic torus in G
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(n x n)-matrix whose ith column is o~ L=1ko/n0) (h5)i=1(2) with 2 € V (Equation

(6.5))

a semi-infinite Deligne-Lusztig variety, with a natural action of G x T' (Section

an affine Deligne—Lusztig variety with a natural action of G x T' (Section

= lim X[L’}T(b) = V;”dm’ram’q“b0 = V})adm’rat = {z € VIm : det gy(z) € K*} an affine
r>m

Deli>gne—Lusztig variety at the infinite level, with a natural G x Oj -action (Corollary

6.18))

= .,%Oafm’rat’wo =% 2m’rat = {z € %: detgi®d(x) € O} is the union of connected
components of X2°(b) associated to the lattice %y (Definition

= Gu(Fy) = (éx,o/éx,(h—1)+)F where F(g) = bo(g)b~! for b the Coxeter-type or
special representative. Gy, is a subquotient of G (Section

= Tx(Fq) = OZ/UE

a quotient of Xglr(b)go for any r > m > 0 (Section . It has a (G}, x Ty)-action
and is a finite-ring analogue of a Deligne—Lusztig variety (Proposition

= > (=1 Hi(Xp, Qp)[0], where H!(Xp,Q,)[0] C Hi(Xp, Q) is the subspace where
Ty, acts by 0: Ty, — @EX

= (D) H(XF(0),Q)[0] = (=1 Hi(X7"(b),Q,)[f], where the homology
groups of the scheme X2°(b) are defined in Section [11] and where [f] denotes the
subspace where T" acts by 6: T — @Z

the set of all smooth characters of L* that are in general position; i.e., they have
trivial stabilizer in Gal(L/K) (Part

the set of all characters of L* that are minimal admissible (Section )

The action of G x T on each of the schemes X;.)”T(b), X2°(b), XPL(b) is given by x +— gat. These
actions descend to an action of G, x T}, on Xj,.
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Part 1. Deligne—Lusztig constructions for p-adic groups

In this part we discuss two analogues of Deligne—Lusztig constructions attached to a reductive
group over K: semi-infinite Deligne-Lusztig sets and affine Deligne-Lusztig varieties at higher
level. We begin by fixing some notation.

Let G be a connected reductive group over K. Let S be a maximal Iv(—split torus in G.
By [BT72, 5.1.12] it can be chosen to be defined over K. Let T' = Z5(S) and A5 (S) be the
centralizer and normalizer of S, respectively. By Steinberg’s theorem, G, is quasi-split, hence
T is a maximal torus. The Weyl group W of S in G is the quotient W = A5(S)/T of the
normalizer of S by its centralizer. By [Bor91, Theorem 21.2], every connected component of
Ne(S) meets G, so W = A5(S)(K)/T. In particular, the action of the absolute Galois group
of K on W factors through a Gal(K /K )-action.

For a scheme X over K, the loop space LX of X is the functor on F,-algebras given by
LX(R) = X(W(R)[ww™!]). For a scheme X over O, the space of positive loops LTX of X is the
functor on Fg-algebras given by LTX(R) = X(W(R)), and the functor L} of truncated positive
loops is given by L} X(R) = X(W,(R)).

For any algebro-geometric object X over K, we write X for the set of its K-rational points.

3. SEMI-INFINITE DELIGNE-LUSZTIG SETS IN G/B

Assume that G is quasi-split. Pick a K-rational Borel B C G containing T and let U be
the unipotent radical of B. We have the following direct analogue of classical Deligne-Lusztig
varieties [DL76].

Definition 3.1. Let w € W, w € N6(S)(K) alift of w, and b € G. The semi-infinite Deligne—
Lusztig sets XPT(b), XDL(b) are

XD (b) ={g € G/B: g "bo(g) € BuB},

XPLb)y ={g e G/U : g tbo(g) € UwlU}.
There is a natural map X2 (b) — XPL(b), gU +— gB.

For b € é, we denote by J, the o-stabilizer of b, which is the K-group defined by
Jy(R) == {9 € G(R@k K) : g~"bo(g) = b}

for any K-algebra R (cf. [RZ96| 1.12]). Then J; is an inner form of the centralizer of the Newton
point b (which is a Levi subgroup of GG). In particular, if b is basic, i.e., the Newton point of b is
central, then J, is an inner form of G. Let w € W and let @ € A5(S)(K) be a lift. We denote
by T, the o-stabilizer of w in T, which is the K-group defined by

Tw(R) = {t e T(R®x K) : t Lo(t) = w}.
for any K-algebra R. As T is commutative, this only depends on w, not on .

Lemma 3.2. Let b € G and let w € W with lift w € A5(S)(K).
(i) Let g € G. The map B — gz B defines a bijection XP*(b) = XD (g bo(g)).

(ii) Letg € G andt € T. The map zU > gatU defines a bijection X2*(b) & XPL (g b (g)).

t—Lwo(t)
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(iii) There are actions of Jy(K) on XDL(b) given by (g, xB) — gzB and of Jy(K) x Ty(K)
on XPL(b) given by (g,t,2U) — gatU. They are compatible with XP*(b) — XD (b),
and if this map is surjective, then XPL(b) is a right Ty, (K)-torsor over X2 (b).

Proof. (i) and (ii) follow from the definitions by immediate computations. (iii) follows from (i)
and (ii). O

Remark 3.3.

(i) Whereas the classical Deligne-Lusztig varieties are always non-empty, X.2%(b) is non-
empty if and only if the o-conjugacy class [b] of b in G(K V) intersects the double coset
BwB. For example, if G = GL,, (n > 2) and b is superbasic, then XL (b) = @, as was
observed by E. Viehmann.

(ii) L. Fargues pointed out the following way to endow the semi-infinite Deligne-Lusztig set
XDPL(1) (and XPE(b) if Ty, is elliptic) with a scheme structure: assume that G (and B)
come from a reductive group over Ok (again denoted G), such that G/B is a projective
Og-scheme. Then

(G/B)(K) = (G/B)(0) = lim(G/B)(O/p").
T

Now (G/B)(O/p") = L} (G/B)(F,) is a finite dimensional Fy-scheme via L. For a
given element w in the finite Weyl group, the corresponding Deligne-Lusztig condition
is given by a finite set of open and closed conditions in G/B which involve o. The closed
conditions cut a closed, hence projective, subscheme of G/B, and replacing G/ B by this
closed subscheme Z, we may assume that there are only open conditions. These define
an open subscheme Y, in each L} Z. Set XD (1), := pr;}(Y,), where pr,: LYZ — L} Z
is the projection. This gives XP¥(1), the structure of an open subscheme of L*Z
and X,(1) = U2, XDE(1), is now an (ascending) union of open subschemes of L*Z.
Note that since the transition morphisms are not closed immersions, this union does not
define an ind-scheme. Now if w is such that T}, is elliptic, then T, (K) is compact modulo
Z(K), where Z is the center of G, and X2 (1)—being a T,,(K)-torsor over XX (1)—is
a scheme.

However, this scheme structure appears to be the “correct” one only on the subscheme
XDE(1)1, as the action of G(K) = J1(K) on XP*(1) cannot in general be an action by
algebraic morphisms (whereas the action of G(Ok) on XPL(1); is). This will become
clear from the SLp-example discussed in Section below. O

Finally we investigate the relation of X DL (p) with Lusztig’s constructions from [Lus79Lus04.
In fact, consider the map F: G — G, g — bo(g)b~'. Assuming that (w,b) satisfies wB = bo(B),
so that wBb~! = F(B),

XPLhy ={gB e G/B: g 'bo(g) € BuB}
={9B € G/B:g 'F(g) € BF(B)}
={geG:g 'F(g) € F(B)}/(BNF(B))
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Similarly, assuming that (u,b) satisfies wU = bo (U), so that wUb~! = F(U),
XPH0) ={geG: g7 F(g) € F(U)}/(UnNF(U)).

This is precisely the definition of the semi-infinite Deligne—Lusztig set in |[Lus79]. It was studied
by Boyarchenko |[Boyl2| and the first named author |[Chal6, Chal8 /Chal9| in the case when
G = GL, and b superbasic, i.e., J,(K) are the units of a division algebra over K, where it
admits an ad hoc scheme structure.

In the setting of Part 2 of this paper (see Theorem , it will turn out that X2 (b) = {g €
G:g 'F(9) € F(O)}/(TF(UNF(U))) = XPL(b)/TF. This is quite nontrivial. In the finite field
setting [DL76, Definition 1.17(i)], this is true because the Lang map g + g~ ' F(g) is surjective.
In the setting of p-adic groups (even in our GL,, setting), the Lang map is no longer surjective.
However, a corollary of Theorem [6.5 H is that for any 2 € X% (b), there exists a representative
g € G such that g 'F(g) = tu € F(B) with t in the image of the Lang map on T.

4. AFFINE DELIGNE-LUSZTIG VARIETIES AND COVERS

Let the notation be as in the beginning of part |1} In this section we recall from [Ival6] the
definition of affine Deligne—Lusztig varieties of higher level, and prove that they are locally closed
in the affine Grassmannian (Theorem and Corollary [4.10]).

4.1. Affine Grassmannian. We will use representability results on affine Grassmannians at-
tached to G, which were proven by Pappas—Rapoport [PRO8|] in the equal characterisic case,
and by Zhu |Zhul7] and Bhatt-Scholze |[BS17| in the mixed characteristic case. Let G be a
smooth affine Og-scheme with generic fiber G and with connected special fiber. The functor
L*G is represented by an (infinite-dimensional) affine group scheme over F,. The functor LG
is represented by a strict ind-scheme of ind-finite type; that is, LG can be written as a direct
limit of schemes of finite type, with transition morphisms being closed immersions.

The affine Grassmannian associated with G is the fpqc-sheaf LG/L™G, which is the sheafifi-
cation for the fpqc-topology of the functor on F,-algebras given by

R+ LG(R)/LTG(R).
It possesses the following representability properties.

Theorem 4.1. (c¢f. [PR0OS, Theorem 1.4/, (Zhull, Theorem 1.4] and [BS17, Corollary 9.6])
The fpqc-sheaf LG/L*TG on Fy-algebras is represented by a strict ind-scheme. The quotient
morphism LG — LG /LT G has sections locally for the étale topology (i.e., Spec(R) Xra/LrglG =
Spec(R) Xspec(r,) LG for each point of LG/L*G with values in a strictly henselian ring R).

Moreover, if G is parahoric, then LG/L"G is ind-proper, but we will not use this in the
following. In general, the affine Grassmannian is not reduced. We have LG/L*TG(F,) = G/G(O).

4.2. Level subgroups. Let ® = ®(G, S) denote the set of roots of S in G and let U, denote
the root subgroup for a € ®. Put Uy :=1T.

Let x be a point in the apartment of S inside the Bruhat—Tits building of the adjoint group
of G over K. Attached to it, there is a valuation of the root datum of G in the sense of Bruhat—
Tits [BT72]. In particular, for each o € @, it induces a descending filtration Uy, on U, with
r € R, where R := RU {r+: r € R} U {oc} is the ordered monoid as in [BT72, 6.4.1]. Further,
a choice of an admissible schematic filtration on tori (in the sense of [Yul5, §4]) also defines a
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descending filtration (vfo,r = (V]w on Up. (If G is either simply connected or adjoint, or split over
a tamely ramified extension, this filtration coincides with the Moy—Prasad filtration, and hence
is independent on the choice.) For any concave function f: ®U{0} — ]lizo < {00}, let G ¢ denote
the subgroup of G (depending on x) generated by Ua,f(a) (@ € @U{0}). In [Yul5, Theorem
8.3] it is shown that there exists a smooth affine group scheme G ¢ over O with generic fiber
G, satisfying G¢(O) = G f- Moreover, assume that x is stable under the action of ¢ on the
adjoint building. Then G; descends to a smooth affine group scheme over Ok, again denoted
G; [Yuls, §9.1].

Proposition 4.2. Let f,g: PU{0} — @20 ~ {oo} be two concave functions with g > f.
(i) LtGy is a closed subgroup scheme of L*Gy.
Assume that G, is normal in Gy, and that L*Qg is pro-unipotent.
(ii) The fpgc quotient sheaf LYGy/LtG, is representable by a smooth affine Fq-group scheme.
The morphism LTGy — LGy /L*G, splits Zariski-locally on the target.
(iii) The fpgc sheaf morphism LG/LtG, — LG /Lt Gy is represented in the category of ind-
schemes. It is thus an LTGy/LTGy-torsor in the category of ind-schemes. It admits
sections locally for the étale topology on LG/L*Gy.

Proof. When G, Gy are parahoric models of G, part (i) is shown in [PROS8, Proposition 8.7(a)]. In
the general case, (i) follows by the same argument. To see (ii), first observe that LTG, < LGy
is a monomorphism of sheaves (although G, — Gy is not an immersion if f # g), as G, is
obtained from Gy by a series of dilatations (see [BLR90, §3]) of closed subschemes in the special

fiber. Put Q}O) =Gy and for h > 1, let g}”) be the dilatation of g}h‘” along the unit section
of the special fiber. Then L+g}h) = ker(L*Gy — L Gy) (cf. [Zhul7, p. 414]). We can find an
h > 1, such that the natural morphism Q](ch) — Gy factors through G, — G;. This gives closed

immersions L+g§£h) — L*tG, < LTG;. Applying the natural morphism of functors L™ — LZ to
the arrow G, — Gy, and using that LT — LZ is surjective when evaluated at a flat Og-scheme,
we thus obtain the following commutative diagram of fpqgc-sheaves on Fg-algebras, with exact
rows and columns:

I+ gj(ch)

-

0 —— LYG, — L*Gy — LYG;/L*G, —— 0

} | !

LiG, —— LGy —— LfGs/im(a) —— 0

Now a diagram chase shows that the right vertical map is a monomorphism. Hence it is an
isomorphism. We have presented LTG [ / L*gg as a quotient of two finite dimensional smooth
affine group schemes. The last claim of (ii) follows as in the proof of [PRO8, Proposition 8.7(b)].

Finally, we prove (iii). It is clear that the morphism of fpqc sheaves p: LG/L*G, — LG/L* Gy
is an LTGy/LTGy-torsor. A (sheaf-)torsor under an affine group scheme is always relatively
representable, so we deduce from (ii) that for any scheme 7" and any morphism ¢: T'— LG /L1 Gy,
the pullback p;: T X LG/L+G; LG/L*Gy, — T is a morphism of schemes. This implies that
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LG/ L+Qg — LG/ L+Qf is a morphism of ind-schemes. The last claim follows from Theorem
41l O

4.3. Affine Deligne—Lusztig varieties of higher level. Until the end of Section [d] we fix a
o-stable x as above, and a o-stable Iwahori subgroup I C é, whose corresponding alcove in the
building contains x. There is a function f7: ® U{0} — Rsq ~ {oo} satisfying éx,fj =1, and we
have the corresponding integral model 7 := Gy r,. The extended affine Weyl group of S in G is
W = Aa(S)(F)/ Aa(S)(F) N . N

In [Rap05] Rapoport introduced an affine Deligne—Lusztig variety attached to elements w € W
and b € G,

Xu(b) ={gI € G/I: g "ba(g) € Iwl} C G/I = (LG/LTI)(F,).

It is a locally closed subset of LG/L*Z, hence it inherits the reduced induced sub-ind-scheme
structure (see also Theorem below). It is even a scheme locally of finite type over F,. Covers
of X, (b) were introduced by the second named author in [Ival6]. We recall the definition
(cf. [Lval8| Sections 2.1-2.2] for a discussion in a more general setup).

Definition 4.3. Let b € G. Let f: ® U {0} — }NEZO ~ {oo} be a concave function such that
Gy is o-stable. Let x € Gf\G /Gy be a double coset. Then we define the corresponding affine
Deligne—Lusztig set of level f,

X1(b) = {9Gy € G/Gf: g 'bo(g) € GyaGy} € G/Gy = (LG/LTGy)(Fy).

ItJ=0G 7 satisfies the assumptions in the definition, we sometimes also write X (b) for x{ ().
We will prove that XJ (b) is in certain cases a locally closed subset of LG/L*G # (Theorem .
There is a natural J,(K)-action by left multiplication on Xz ! (b) for all f and all z. If f’ > fand
a' € Gp\G /Gy lies over € G\G/Gy, then the natural projection G /G — G/G restricts
to a map X a’:, (b) — X1 (b). Concerning the right action, we have the following lemma.

Lemma 4.4. Let J = éf/ and J = éf be two subgroups as in Definition such that J' is a
normal subgroup of J. Let ' € J\G/J' lie over x € J\G/J and let b € G.
(i) Anyi € J defines an X (b)-isomorphism X7/ (b) — XiJ—llx’a(i)(b) given by gJ' — giJ'.
(i) If X;C],,(b) — X/ (b) is surjective, then X;C],/(b) is set-theoretically a (J/J')y -torsor over
XJ(b), where
(J) T ) i={i € J i ala(i) =2’} T

Proof. Since J' is normal in J, we see that i.J'z'J'o (i)~ = J'iz’c(i)~1J’. This implies (i). For
(i) we need to show that (.J/J'),s acts faithfully and transitively on the the fibers of ¢: X7/ (b) —
X/ (b). By definition, p=t(gJ) = {ghJ’ : h € J and (gh)~'bo(gh) € J'2'J'}. The claim follows
from normality of J' in J and the definition of (J/J'),. O

4.4. Scheme structure. We need some notation. Write & := & U {0}. Let ®,5 denote the
set of affine roots of S in G and let (/I\)aﬁ‘ be the disjoint union of ®,4 with the set of all pairs
(0,7) with r € ]li@o, for which the filtration step Uo T/quo r+ is non-trivial. There is a natural
prOJectlon p: CIDaﬁc —» (I) mapping an affine root to its vector part and (0,7) to 0. We extend the
action of W on P, d,4 to an action on d (I)aff by letting it act trivially on 0 and all (0, r).

By [Yul5|, for any o € ® and r € R>0 \ {oc}, there is an O-scheme Uy, satisfying Ua,,(O) =
Ua r whose generic fibre is U, . If f: > — R>o ~ {oo} is concave, the schematic closure of U,
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in Gy is Uy (o). 7 < sin ]li@o, there is a unique morphism of group schemes U, s — Ua,r

which induces the natural inclusion (?a,s — Tj}w on O-points. Let L, Uy be the fpgc quotient
sheaf
LipsUa = L Unp /L Uy s

It is represented by a finite-dimensional group scheme over Fq.

Lemma 4.5. Let f: > — @20\{00} be a concave function such that éf C I is a normal
subgroup. Then there is an isomorphism of F,-schemes

I1 Lifio).p)Ua = LTL/LTGy,

aced
which on geometric points is given by (aa)a@f) — [, @a, where aq is any lift of aq to (V]adc[(a)
and the product can be taken in any order.

Proof. The conclusion of [BT72, 6.4.48] also holds for the Iwahori subgroup, i.e., for the function
f1 (this follows from the Iwahori decomposition). Thus there is a bijection

1 LM Uy f1(0)(Fg) = 1, (aa)acavioy — I, aa;
acd

given by multiplication in any order, and a similar statement for I, f; replaced by G 7> f- The
statement of the lemma on geometric points follows from these bijections by normality of ell
in I. Now, the map (aa),cg — [], @ in the lemma is an algebraic morphism between smooth
varieties that is bijective on geometric points and hence an isomorphism. (]

Let z € W. We give an explicit parametrization of the set of double cosets G F\zl/ G fin
certain cases. For simplicity, we abuse the notation in the following few lemmas and write z
again for any lift of x to G. We say also that (a,m) € @aﬂ occurs in a subgroup J of G, if ﬁa,m
is contained in J. Then (a,m) occurs in éf if and only if m > f(a). Let ®.¢(J) C o denote
the set of all pairs (a,m) occurring in J. If J' C J is a normal subgroup, let Zﬁag(J/J/) =
Do (J) N ‘I’aH(J ).

Let f > — R>0 ~ {0} be a concave function such that G ¢ € I is a normal subgroup. For
T € W we can divide the set of all affine roots <I>aff(I/Gf) into three disjoint parts A;, B, Cy:

Ap = {(a,m) € B (I/Gy): w.(a,m) & Do (1)}
B, = {(a,m) € Dog(I/Gy): z.(a,m) € Dog(I/Gy)} (4.1)
C, ={(a,m) € @ag(l/éf): z.(a,m) € a\)aﬂ(éf)}
Lemma 4.6. Let f: > — @ZO ~ {oo} be a concave, such that éf C I is a normal subgroup. Let

z € W. Assume that p(Az), p(Bz) and p(Cy) are mutually disjoint, and that the same is true
for p(Ay—1),p(By-1),p(Cy-1). Then there is a well-defined bijective map

[T Lifse.s()HUa(Fq) < H Lo fenUaEe)x T Ligya).fio)Ua(q) = G\I2I /Gy
aep(A 1) a€p(Bz) aep(Az)
given by ((aa)aep(AFl), (ba)aep(Ba)» (@a)acp(ar)) — HaEp(Az,l) Qo - - Haep(Bx) ba- HaEP(Ax) o,
where aq s any lift of a to an element of [u]mfl(a), and similarly for by, ba. This endows the
set éf\lajl/éf with the structure of a reduced F,-scheme of finite type.
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Proof. That the claimed map is well-defined follows from Lemma We have an obvious
surjective map I/éf X I/éf — éf\lxl/éf, given by (iéf,jéf) — éfixjéf. By Lemma
we may write any element of the left I/é’f as product a,-1b,-1c,-1, where a,-1 = HaEp(A 1) Gas

etc. Thus any element of G'y\IzI /G ; may be written in the form
éfazflgm—lémfl ST jéf, (4.2)

for some j € I, where () denotes an arbitrary lift of an element to the root subgroup. Bringing
b,-1¢,-1 to the right side of z changes it to 2 'b,-1¢,-12, which is a product of elements of
certain filtration steps of root subgroups, all of which lie in I by definition of B,,-1,C,-1. Thus we
may eliminate 5171 Cy—1 from . Now, by Lemma we may write any element 9f the riguht
I/Gy as the product cybya,, with ¢; = Haep(cz) Ca, etc. That is, any element of Gf\IzI /Gy
may be written as

Gy - by Gy, (4.3)
for some lifts ¢, by, 4y Of ¢y, by, ay. Bringing ¢, to the left side of z in , makes it to 7 1é,z,
which is a product of elements of certain filtration steps of root subgroups, all of which lie in G f
by definition of C,. By normality of G f, we may eliminate ¢, from the . It finally follows
that we may write any element of &7 \axl/ G ¢ as a product

éfdx—l - X - Bmdwéf, (4.4)

with a,-1, Ex, a, as above. This shows the surjectivity of the map in the lemma. It remains to
show injectivity.
Suppose there are tuples (a,-1,b;,a,) and (a'x_l,b'x,a;) giving the same double coset, i.e.,

A1 Dyl = id;,lxi);&;j for some i, j € éf. This equation is equivalent to

a7V @) o) Via,x = baljag byt

Here, the right hand side lies in I, hence it follows that (@’ _,) ‘ia,-1 € I Nzlz~!. We now
apply Lemma any element of I/ G ¢ can be written uniquely as a product s,-17r,-1 with
Sp-1 = Haep(Az,l)Soc and r,-1 = Haep(Bz,lqu,l)Ta with sa;7a € Lif;(a),f(a)UalFq). By
definition, the affine roots in A,-1 are precisely those affine roots in ‘iaﬁ(I /G #) which do not
occur in I Nxzlz~!. Hence we see that the image of the composed map I Nxlz~! — I — I/éf
is equal to the set of all elements of I/ G ¢ with s,-1 =1 in the above decomposition. Now we
have inside /G (so in particular, the element i € Gy can be ignored)

!/

l -1
-1 =ap—1 -1 =a,1-(a,-1) ia,-1,

which gives two decompositions of the element a,-1 € I/ G #- By uniqueness of such a decom-
position, we must have a;; _1 = az—1. Now analogous computations (first done for a!,,a, and
then for b, b,) show that we also must have a/, = a, and b/, = b,. This finishes the proof of
injectivity. O

The Schubert cell attached to z € W is the reduced subscheme of LG /LT whose underlying
set of Fy-points is [/ € G/I. We denote it by C(z). As F-schemes C(x) = A“®) where ((z)
is the length of the element z in W. We now consider the reduced subscheme of LG /L*Gy, whose
underlying set of F-points is Ix[/éf C é/éf and we denote it by C'y(z). The étale LYZ/L* G-
torsor LG/LTGy — LG/L"T pulls back to the étale LTZ/L*G-torsor Cr(z) — C(z).
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Lemma 4.7. Let f: > — @20\{00} be a concave function such that Cu}f C I is a normal
subgroup. Let z € W. The étale LYZ/LtG¢-torsor Cy(z) — C(z) is trivial. If p~1(p(A,-1)) N
@ag(I/éf) = A,-1, then there is an isomorphism of Fy-schemes

II  Lifs(a)flanpUa x LTI/LTGy — Cp(z)
OéEP(Ax—ﬂ

given by ((aa)aepa, ,)-1) — Haep )0 T iéf, where aq € ﬁa,f;(a) is any lift of aq.

Proof. The group LT™Z/L" Gy has a composition series with all subquotients either G, or Gyy,.
The cohomology of both vanishes on an affine space. This proves that Cy(x) — C(x) is a trivial
torsor. The explicit isomorphism is proven in the same way as in Lemma [£.6] O

Lemma 4.8. Under the assumptions of Lemma the projection p: Cy(x) — G \IzI /G is a
geometric quotient in the sense of Mumford for the left multiplication action of LT Gy on Cy(x).
Here éf\fxf/éf is endowed with the structure of an Fy-scheme using the parametrization from

Lemma[{.6

Proof. First note that from the assumptions of Lemma it follows that p~!(p(A,-1)) N
Dot (I/Gp) = Ay (as Ay-1UB,1UC,—1 = ®og(1/G)), s we may use Lemmam The action
of LTGy on Cy(z) factors through a finite-dimensional quotient (any subgroup J C G fﬂxG fx

which is normal in G 7 acts trivially on C't(x)). Now, since p is a surjective orbit map, G \axl/ G ¥
is normal and the irreducible components of C,(f) are open. Thus by [Bor91} Proposition 6.6],
it remains to show that p is a separable morphism of varieties. But this is true since, in terms
of the parameterizations given in Lemmas and it is given by (a,-1,i = czbray) —
(ag-1,bz,ay). O

Theorem 4.9. Assume G is split. Let f: ® — f&zg ~ {oo} be a concave function such that éf -
I is a normal subgroup. Let & be an éf—double coset in G with image T in W. Assume that p(Az),
p(By) and p(Cy) are mutually disjoint, and that the same is true for p(A,—1),p(By-1),p(Cyp-1),
where A, B,C are as in . For b € G arbitrary, Xxf(b) is locally closed in é/éf

Proof. By Lemma the theorem is now a special case of [Ival8, Proposition 2.4]. We recall the
proof. It is well known that the Iwahori-level sets X1 (b) = X, (b) are locally closed in LG/LTZ.
Let X be the pullback of XZ(b) along LG/L*Gy — LG/L+I As X, (b) are schemes locally
of finite type over F,, the same is true for X. By Theorem 4.1, the map §8: LG — LG/L+gf
admits sections étale locally. Let U — X be étale such that there is a section s: U — 371(U)
of 8. Consider the composition

Y: U — B~ HU) xU — LG/L"Gy,

where the first map is g +— (s(¢g7!),bo(g)) and the second map is the restriction of the left
multiplication action of LG on LG/L*Gs. As U lies over X , this composition factors through
Ct(z) - LG/L*"Gy. Denote the resulting morphism by ¢g: U — Cy(x). Let p: Cy(z) —
G NI/ G 7 denote the geometric quotient from Lemma The composition p oy is indepen-
dent of the choice of the section s. It sends an Fy-point gG ¢ to the double coset Cv}fgflba(g)éf.
Thus étale locally, X{ (b) is just the preimage of the point & under p o 1bg. The theorem now
follows by using étale descent for closed subschemes. O
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Corollary 4.10. Under the assumptions as in Theorem Xg(b) endowed with the induced
reduced sub-ind-scheme structure is a scheme locally of finite type over Fq-

Proof. XL(b) is a scheme locally of finite type over F,. Since p: LG/LTG; — LG/LTT is a
morphism of ind-schemes Which is a torsor under the finite-dimensional affine group scheme
L*TT/L*Gy (by Proposition , it follows that X := p~1(XZI (b)) is also a scheme locally of
finite type over IF‘ Now the proof of Theorem [4.9[shows that X, / (b) has the same property. O
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Part 2. Geometry of Deligne—Lusztig varieties for inner forms of GL,

From now and until the end of the paper, we fix an integer n > 1 and study in detail the
constructions in Part 1| for GL, (K) and its inner forms. Inner forms of GL, over K can be
naturally parametrized by %Z/Z. Fix an integer 0 < k < n, put n’ = ged(k,n), and let ng, ko
be the non-negative integers such that

n = n'ng, k= nky.

The group of K-points of the inner form corresponding to /n is isomorphic to G' := GLj (D, /no),
where Dy, /. denotes the central division algebra over K with invariant ko/ng. Let O Dig/mg de-
note the ring of integers of Dy, and set Go = GLn’(ODkO/nO)' Note that G is a maximal
compact subgroup of G.

We let L denote the unramified extension of K of degree n, and write O, for its integers, pr,
for the maximal ideal in Op. For h > 1, we write Ué‘ =1+ p}Ll for the h-units of L.

Up to conjugacy there is only one maximal unramified elliptic torus T C G. We have T' = L*.
Moreover, we say a smooth character #: L* — Q, has level h > 0, if 6 is trivial on U 2“ and
non-trivial on Ui‘ .

We let V' be an n-dimensional vector space over K with a fixed K-rational structure Vi. Fix
a basis {e1,...,e,} of Vk. This gives an identification of GL(Vy) with GL,, over K. Set % to
be the O-lattice generated by {e1,...,en}.

5. INNER FORMS OF GL,

9

5.1. Presentation as o-stabilizers of basic elements. For b € GL, (K), recall from Section
the o-stabilizer J, of b. Then J, is an inner form of the centralizer of the Newton point b
(which is a Levi subgroup of GL,). In particular, if b is basic, i.e. the Newton point of b is
central, then Jp is an inner form of GL,,, and every inner form of GL,, arises in this way. If

k = kgL, (b) == ord o det(b),
then J, is the inner form corresponding to x/n modulo Z. Note that kg, is the Kottwitz map
kar, : B(GLy(K)) := {o-conj classes in GL,(K)} — Z
and induces a bijection between the set of basic o-conjugacy classes and Z. Consider

F: GLo(K) = GL,(K), g~ bo(g)b™".

This is a twisted Frobenius on GL, (K) and Jp is the K-group corresponding to this Frobenius
on GL,(K). In particular, if b is in the basic o-conjugacy class with kqr,, (b) = &, then

G = GLyy(Dyy /ny) = GL (K)F = J,(K).

5.2. Two different choices for b. We will need to choose representatives b of the basic o-
conjugacy class [b] with kgr, (b) = k. Depending on the context, we will work with either a
Cozxeter-type representative or a special representative.
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5.2.1. Cozeter-type representatives. Set

diag(1,...,1,w,...,w) if (k,n) =1,

—— ——
_( 0 1 _ n—k M
bo = y and t/{,n = i X
In—1 O diag(tkyngs - - - » thoomo) otherwise.
—_————

n/

Fix an integer ey, such that (e, n,n) =1 and ey, = ko mod ng. (It is clear that e, , exists.) If
 divides n, (i.e. kg = 1), always take e, ,, = 1.

Definition 5.1. The Coxeter-type representative attached to k is bg"’” “tn-

v

The main advantage of this choice is that the maximal torus of GL,,(K) consisting of diagonal
matrices gives an unramified elliptic torus of J, (as the image of b in the Weyl group of the
diagonal torus is a cycle of length n). Thus when we use the explicit presentation G = Ju(K)
for the Coxeter-type b, then our unramified elliptic torus T' C G is the diagonal torus.

5.2.2. Special representatives.
Definition 5.2. The special representative attached to k is the block-diagonal matrix of size

ko
n x n with (ng x ng)-blocks of the form <1 0 z§> .
no—1

Note that the special representative and the Coxeter-type representative agree if (k,n) = 1
(see the proof of Lemma [5.6]), though in general they may differ (for example, when x = 0, the
special representative is the identity and the Coxeter representative is by).

Remark 5.3. If b is the special representative, bo acts on the standard basis {e;}; of V in the
same way as in [Vie08, Section 4.1] the operator F' considered there acts on the basis {e;;};..-
To be more precise, in our situation, there is only one j (that is j = 1) as the isocrystal (V,bo)
is isoclinic. Then our basis element e; for 1 < ¢ < n corresponds to Viehmann’s basis element
e1.4/41,, where i = i'ng + 1 for 0 <4/ <n’, 0 <1 < ny. O

Remark 5.4. If (k,n) = 1, the special representative b is a length-0 element of the extended affine
Weyl group of GL,, and therefore is a standard representative in the sense of |[GHKR10, Section
7.2]. In general, b is block-diagonal with blocks consisting of the standard representative of size
ng X ng and determinant k. O

5.2.3. Properties of the representatives.

Lemma 5.5. Let Tdiag denote the mazximal torus of GLn(Iu() given by the subgroup of diagonal
matrices. Then the Cozeter-type and special representatives lie in the normalizer NGL,L(I“() (Tdiag)-
Moreover, both representatives are basic elements whose Newton polygon has slope k/n.

Proof. The first statement is clear. For b € N (i) (Tdiag), the Newton point can be computed
as %vba, where a € Z~( is appropriate such that b* € Tdiag. Thus the second statement follows
from an easy calculation (for the Coxeter type, it uses the condition on ey ). O

v

Let b,0 € GL,(K). We say b, are integrally o-conjugate if there is g € GL,,(O) such that
-1 /
g bo(g) =V
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Lemma 5.6. The Coxeter-type and special representatives attached to k/n are integrally o-

conjugate.
Proof. If k is coprime to n, then necessarily e., = x. We have bal diag(1,...,1,w)by =
diag(1,...,1,w,1) and it follows that (by - t1,)" = b - txn, so the special representative and

the Coxeter representative agree. Now assume that (k,n) =n' > 1. It is clear that the Coxeter
representative is conjugate to b := bot, ,, and that the special representative is conjugate to the

block-diagonal matrix b’ of size n x n with (ng X ng)-blocks of the form <1n2_1 1) thomo- SO to

prove the lemma, it would suffice to produce a g € GL,(0O) such that bo(g) = gb’. Write

a2
g= (91\92\ }gn),wheregF
gi‘,n
Then the first ng columns of the equation bo(g) = gb' is
(bU(g1) ‘ ba(QZ) ‘ T } ba(gno)) - (92 ‘ g3 ‘ T ‘ Ino—ko+1 ‘ WYno—ko+2 ‘ T | Wng ‘ wgl)-
We see that
wkogl = wko—lba(gno) = wk0_2b202(gn0—1) = =bhogh (gno—ko-f—l) = =b"0™ (gl)'
(5.1)
So choosing g; determines gs, . .., gn, and (noting that b = wobi®) we must have bj°0™(g1) =
g1 We obtain similar equations for the next ng columns and so forth. Choose an [Fno-basis
@i, ..., 0, of Fyn and for each i, let o; € O be any lift satisfying o™ (o) = ay. Set

09 Y oy) ifi=1landng|j—1,
9(i— A
(i=Dno+1,j 0 otherwise.

We claim that ¢ € GL,(0). Indeed, first note that for this choice of g1, using (5.1), for
1 <i < ng, we have

gi = b0 (gn),
and similarly for the other columns of g; hence g has coefficients in O. Finally, to see that
det g € O, observe that ¢ is made up of ng x ng diagonal blocks and the reduction of ¢ modulo
w has determinant

. no—1
det(g) = det({o D™ (ay)}ijmr,. ), where aj = [] o'(@),
=0
which is nonzero. Hence b and b’ are integrally o-conjugate. O

5.3. Integral models. Let B4 := B'd(GL,, K) be the reduced building of GL,, over K. For
any point x € B9, the Moy Prasad filtration is a collection of subgroups ém,r C GLn(f( )
indexed by real numbers r > 0 [MP96, Section 3.2]. We write éwur = Us>réx7s C GLn(K).

Let A" denote the apartment of B™d associated to the maximal split torus given by the
subgroup of diagonal matrices in GLn(I? ) and let b be the Coxeter-type representative so that
b acts on A™ with a unique fixed point x € A™. By construction, each (v?,m is stable under
the Frobenius F(g) = bo(g)b~! and CV?)};O ~ Go.

We now define G to be the smooth affine group scheme over F, such that

G(Fq) = éxpa G(]Fq) = éio-
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For h € Z>1, we define Gy, to be the smooth affine group scheme over [, such that
Gh(Fq) = xO/G (h=1)+> Gn(Fy) = xO/G J(h—1)+"

We have a well-defined determinant morphism
det: G, — W, .
Define T}, to be the subgroup scheme of G, defined over F, given by the diagonal matrices. Set:
G, = Gy (Fy), Ty, := Tp(Fy).

Note that Gp,(F,) is a subquotient of G and Tj(F,) = (Op/wh)* = W) (F,n) is a subquotient
of the unramified elliptic torus T of G.

We remark that each CV;'XT is also stable under the Frobenius F(g) = bo(g)b~! for the special
representative b and that Gx 0 = Go. Thus we also can regard Gy, as a group scheme over Fy
as above with Gy (F,) a subquotlent of Jy(K) with b being the special representative. However,
the induced Fg-rational structure on T} gives that Tp(F,) = (W, (F, n0))*™, which is not a
subquotient of any elliptic torus in G.

Explicitly, Gp(F,) is the group of invertible n x n-matrices, whose ng x ng-blocks are matrices
(aij)1§17j§n0 with a; € O/ph, ai; € (’)/ph_1 (\V/Z > ]), aij € p/ph (\V/Z < ]) For example, for

ng = 3, the ng X ng-blocks are
Ofph p/ph p/p"
O/ph=t Ofh p/pt | .

O/ph=t Ofph=t O/p"
The following lemma describes the F-fixed part of the Weyl group of T; in G explicitly. Note
that b"0o %0 is a permutation matrix in GL,, (K).

Lemma 5.7. Let b be the Cozeter-type representative. We have

(i) We have Ng, (Th)/Th = Ng, (T1)/T1 = Spr X -+ X S (ng copies).
(ii) Ng, (Th)/Th = (Ng, (Tp)/Tp)F = (b0 =Fo) = Gal(L/K)[n'], the n'-torsion subgroup of
Gal(L/K).

Proof. Part (i) is clear by the explicit description of Gj. To prove (ii), we need to make the
action of F' on Ng, (Tp)/T}, explicit. Indeed, F' is an automorphism of order n, it permutes the
copies of S, cyclically, and each of the copies is stabilized by F™. We can think of the first
Sy as permutation matrices with entries 0 and 1 in GL({(e;: i« = 1 (mod ng))) = GL,s. Then
the F"0-action S, comes from the conjugation by 6™ on GL({(e;: i =1 (mod ng))). But b™ is
the order-n’ cycle e — €149y > - €14no(n'—1) — €1, and the subgroup of S, stable by it is
(brom=ko). We can identify it with Gal(L/K)[n'] by sending b ~*0 to o™ (see also Lemma

5.3). 0

5.4. Twisted polynomial rings. Let Ly be the degree-ny unramified extension of K and
consider the twisted polynomial ring Ly(Ilp) determined by the commutation relation a - Iy =
o - o' (a), where Iy is the integer in the range 1 < Iy < ng with loky = 1 modulo no.

On the other hand, consider the Frobenius map Fy: M,,(K) — M,,(K) defined by Fy(g) =

k —k
(1 0 w) ’ a(9) (1 0 w) * . The diagonal matrices in M, (K)™ are exactly of the form

np—1 0 ng—1 0

Do(a) := diag(a, 0" (a), ..., o™ Do(q)), for a € L.
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By a direct calculation, we see that we can define an isomorphism

Lo(Mo)/(I§" — @) — My, (K)"® = Dy

by sending a € Ly to Dy(a), and sending IIy to (1n371 bﬂ) Note that under this identification,
the ring of integers Op, , —of Dy, /n, is Or,(Ilo)/(I1g° — who).

5.5. Cartan decomposition. Let b be the special representative and let Iy = (1n371 }?) We

use the description of Dy, /y,, in Section Let Tdiag be the subgroup of diagonal matrices in
GLy,(K). Then the set of F-fixed points of the cocharacters X*(Tdiag)F is given by

X*(Tdiag)F:{V:(1/1,...,1/1,1/2,...,Vg,...,l/n/,...,l/n/): v; € 1},

where each v; repeated ng times. Let X*(Tdiag)gom C X*(Tdiag)F be the subset consisting of v
with 11 < vy <+ < v, For v € Xy (Thiag)?, we write IT§ for the n x n block-diagonal matrix
whose ith ng x ng-block is IIj'. The Cartan decomposition of G = GL, (D, /no) with respect

to the maximal compact subgroup Gp = GLn'(ODkO /no) is given by

G = | ] Goll}Go
vEXy (Taiag) F.dom
Note that IIj normalizes Go if and only if all v; are equal, and IIjj centralizes G if and only if
all v; are equal and divisible by ng so that

Na(Go)/ZaGo = 7/nyZ.

5.6. Reductive quotient G;. Let b be either the Coxeter-type or the special representative.
The group Gj is equal to the reductive quotient of G. Recall the O-lattice £y and its basis
{e;}, from the beginning of Part [2 The following lemma describes the reductive quotient in
terms of .%. Its proof reduces to some elementary explicit calculations, so we omit it.

Lemma 5.8. Let c,d € Z with koc + nod = 1.
(i) We have (bo)°w? (L) C L, and (bo)°w? (L) is independent of the choice of c, dﬂ The
quotient space
V = go/(bo‘)cwd(go)

is n’-dimensional F,-vector space. The images of {€;}i=1 (mod ng) Jorm a basis of V.

(ii) The map (bo)"w k0 induces a o™ -linear automorphism o, of V, equipping it with a
Fyno -linear structure. If b is the special representative, the o™°-linear operator oy of 1%
is given by e; — ¢e; for 1 < i < n withi =1 (mod ng). If b is Coxeter-type, then it is
gwen by €14ngi 7 €14ng(itenn)-

(i1i) We have a canonical identification

Gl = ReSFan /R, GLn/ V

5.7. Isocrystals. We recall that an Fy-isocrystal is an K-vector space together with an o-linear
isomorphism. For b € GL,,(K), we have the isocrystal (V,bo). Assume now that b is basic with
kG(b) = k. Then (V,bo) is isomorphic to the direct sum of n’ copies of the simple isocrystal

L(bo)w? (L) coincides with the operator defined in [Vie08, Equation (4.3)].
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with slope ko/ng. We observe that (V,bo) up to isomorphy only depends on the o-conjugacy
class [b], and that its group of automorphisms is G = J,(K).

6. COMPARISON IN THE CASE GL,, b BASIC, w COXETER

We will compare the two Deligne-Lusztig type constructions from Part [1] in this special
situation and describe both explicitly using the isocrystal (V,bo). In Section and we let
b € GL,(K) be any basic element with rqr,, (b) = x. From Section [6.3{onwards, we take b to be
the special representative defined in Section [5.2.2

6.1. The admissible subset of (V,bo). We will describe the various Deligne-Lusztig varieties
using certain subsets of V', which we now define. Let x € V. Put

gp(2) = matrix in M, (K) with columns z, bo(z), ..., (bo)" " (x)
Vbadm ={z €V :detgy(z) € R—X}
Vbadm,rat ={x eV :detg(zr) e K*}

If =16/ (g) = b, then the isomorphism of isocrystals (V,bo) — (V,V0), z +— gz, maps V2™ to
Vb?dm. In particular, J,(K) acts on V})adm by left multiplication. Moreover, L* acts on Vbadm’raLt
by scaling. Note also that x € V lies in V;f‘dm if and only if the O-submodule of V' generated by
z, (bo)(z),. .., (bo)" (z) is an O-lattice.

We have the following useful lemma, which essentially follows from basic properties of Newton
polygons. Its simple proof was explained to the authors by E. Viehmann.

Lemma 6.1. Let x € V2™, The O-lattice generated by {(bo)'(x)}}=, is bo-stable, i.e., there
exist unique elements \; € O such that (bo)"(x) = E?:_Ol Xi(bo)i(z). Moreover, ord(A\g) = ka(b).

Proof. The Newton polygon of (V,bo) is the straight line segment connecting the points (0,0)
and (n, k) in the plane. Now, let K[X] be the non-commutative ring defined by the relation a¥ =
Yo(a), and let ¥ act on V' by bo. Then the Newton polygon of the characteristic polynomial
of z (which is an element of K[X]) is equal to the Newton polygon of (V,bo) (see e.g. [Bea09)).
Observe that any = € V2™ generates V as a K[%]-module. Then the point (i,ord(a;)) in the
plane, where a; is the coefficient of ¥"~% in the characteristic polynomial, lies over that Newton
polygon. This simply means ord(a;) > % > 0, as £ > 0. Hence £"(v) = Y1 | a; 5" (z) lies
in the O-lattice generated by z,¥(z),..., X" !(z). This proves the first assertion. The second
statement follows as (n,ord(a,)) has necessarily to be the rightmost vertex of the Newton
polygon, which is (n, k). O

Example 6.2. For b= 1, the set V*™ is just the Drinfeld upper halfspace. If (k,n) = 1, then
Viadm = < {0} as (V,bo) has no proper non-trivial sub-isocrystals.

6.2. Set-theoretic description. We need the following notation:

o Let Tyiag denote the diagonal torus of GL, and W its Weyl group.

e Let w be the image in W of the element by from Section [5.2.1] Then the form T, :=
Tiag,w Of Tgiag (as in Section |3)) is elliptic with T,(K) = L* and has a natural model
over O, again denoted T, with T3,(Ox) = OF.

e I™ (with m > 0) denotes the preimage under the projection GL,,(O) — GL,(0/=w™10),
of all lower triangular matrices in GL, (O/@™*10) whose entries under the main diag-
onal lie in @™ /™1 O
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o J™ (with m > 0) denotes the subgroup of I"™ consisting of all elements whose diagonal
entries are congruent 1 modulo ™!

e X7(b), X"(b) denote affine Deligne-Lusztig varieties of level I, I respectively (for
appropriate *)

e For r > 0 and z € V4™, let g, () € GL,(K) denote the matrix whose ith column is
"= (bo)i =1 (x). We have gy(z) = gpo(x).

e For r,m > 0, define ~y ,, » and ~y , » 00 Vbadm by

T ~pmr YEVPM & ye g, (z) (0 pm o pm)T,
Ty mr Y € Vbadm & YEeg(x)- (1 +pmtt gL pm)T.

It follows from Lemma that ~pm,» and ~yp,,  are equivalence relations.

e For r > 0, set w, = by~ mrt=1r) ¢ GL(IV() and denote again by w, the image of
wy in all the sets 1™\ GL,(K)/I™ and I™\ GL,,(K)/I™ for m > 0. The image of w, in
W is the Coxeter element w.

Furthermore, we define
V;)adm’rat’wo = {x €V :o(det gy(z)) = det(ri) det(b) ' det(gp(z))}. (6.1)

Observe that det (1) det(b)~t € O so picking any a € O such that o(ac(a)o?(a) - - - o."_l(oz))
det (1) det(b) ! induces a (Jy(K) x L*)-equivariant isomorphism %adm’rat — Vbadm’rat’wo

by z — azx.

Remark 6.3. We will study the scheme structure on X3! (), X v (b) in detail below in Section
But we want to point out already here that both are locally closed in GLy,(K)/I™, GL,(K)/I™,
hence are reduced IFy-schemes locally of finite type. Indeed, I™ is normal in I and the image of
Wy in W satisﬁes the assumptions of Theorem (see Lemma below), hence it follows that
Xt (b) € GLy,/I™ is locally closed. The same argument does not apply to X' (b) as I C [
is not normal. Still X' (b) C GL,(K)/I™ is locally closed. Indeed, let p: GL,(K)/I™ —
GL,(K)/I denote the natural projection. As we will see below in Proposition the Twahori
level variety X9 (b) = | | /Go 9.X3 (b)g C GL,(K)/I is the scheme-theoretic disjoint union of
translates of a certain locally closed subset X?-Ur(b) %- 1t thus suffices to show that X’ (b) ¢, =
X7 () Np (XY (b)) € pH(XY, (b)) is locally closed. But this follows from the explicit
coordinates on X7’ (b) &, given in the proof of Theorem O

given

Lemma 6.4. Let w, denote the image of W, in W. Then wy and I, satisfy the assumptions of
Theorem (with respect to the Iwahori subgroup I°).

Proof. We use the same notation as in Theorem We have to show that the subsets p(Ay,),
p(Buw, ), p(Cuw,) of ® are disjoint and that the same holds for p(A,-1), p(B,-1), p(C,-1). Write
o = {aij: 1 <i# j <n}U{0} where o j corresponds to the 7, j-th entry of a matrix. Let w be
the image of w; in the finite Weyl group W. Then w acts on ® by w.o; j = ajt1,j41, w.0 =0,
where we consider i, j as elements of Z/nZ. Then ®aq(I/I™) is equal to

{(avij,N): ;€ Pand 0 <X <m—1 (if i > j) resp. 1 <A <m (if i < 5)}U{(0,A): 0 < X <m}.

Now one computes that w,.(0, ) = (0, ) and w,.(a; j, A) = (®it1,j+1,A) if either (n > > j) or
(n > j >1). Further, wy.(an j,A) = (0 j+1, A+ nr + k) and wy.(in, A) = (@it1,1, A — nr — k).
Thus we deduce that p(By,) = {o; € ®:n >i > jorn > j > i} U{0}, p(Ay,) = {ain €
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P:1 < i< n-1} and p(Cy,) = {an; € ®:1 < j < n —1}. Similarly, we compute that
p(Byl) = {a;; € @i > j > 1} U {0}, p(A,-1) ={a; € 2:1 < j <n—1} and p(C 1) =
{ame@:lgign—l}. O

Recall from Section (3| that G = J,(K) acts on X7 (b) and XgOL (b) by left multiplication.
By Theorem below, the maps XgOL(b) — XDL(b) and X{]}T(b) — X' (b) are both sur-
jective. Hence the former is a Ty, (K)-torsor via the right-multiplication action of T,,(K) on
dothoL(b) (by Lemma (iii)) and the latter is a (I"™ /1)y, = T,(Ok /@™ !)-torsor via the
right-multiplication action of I"™/I™ on X7' (b).

Theorem 6.5. (i) There is a commutative diagram of sets
dmyrat  ~
‘/;)a m,ra X£OL(b)
l JTW(K)
ypm X =y XDL(y)

in which horizontal arrows are G x Ty (K)-equivariant isomorphisms. Moreover, the
vertical arrows in the diagram are surjective.
(ii) Assume that r > m > 0. There is a commutative diagram of sets

V;,adm’rat/’;“b,m,r — XZLT (b)(ﬁq)
l lTw(OK/meFlOK)
Vbadm/ ~bmr —= XS}T (b)(Fq)

in which horizontal arrows are G x Ty, (O /@™ ) -equivariant isomorphisms. Moreover,
the vertical arrows in the diagram are surjective.

Before proving the theorem, we need some preparations. Observe that by Lemmas [3.2] and
in the proof of Theorem |6.5, we may replace b by an o-conjugate element of G.

Lemma 6.6. Letr > 0. Let x,y € Vbadm. Then
by S Gor(@) I = gy (y)I™, (6.2)
% may € Gor (@)™ = gor(y) ™. (6.3)
Proof. Indeed, gy ,(y) € gpr(z)I™ is equivalent to
y € 20X + @™ bo(2)O 4 - + ™D (ho ) H(2) O
@" (bo)(y) € @™ 120 4 @ bo(2)O* + @™ (bo)2(2)O - - - + TPV (ho) L (2)O

=D (b)) € @O + - 4+ @D (4h0) 2 (2)0 4 " (bo )" (1) O,

By definition, the first equation is equivalent to = ~j,,, y. But once the first equation holds,
then the (i + 1)th equation must also hold by applying " (bo)* to the first equation and using

Lemma Hence ([6.2)) follows, and a similar proof gives (6.3]). O
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Lemma 6.7. Letr >0 and x € V}f‘dm. Then

bo (go,r (7)) = gor ()0 A,

where A € GLn(IV() s a matriz, which can differ from the identity matriz only in the last column.
Moreover, the lower right entry of A lies in O, and if r > m >0, then A € I™.

Proof. By definition, we have
bo (gor () = (bo(z) @"(bo)*(z) -+ @ D(bo)" Hz) @ V(bo)"(2)),
G (T)Wy = (ba(:r:) w"(bo)?(z) - @D (bo)" () wr(”_1)+“G(b):ﬂ) ,

As the first n — 1 columns of these matrices coincide, it follows that A can at most differ from
the identity matrix in the last column. By Lemma (6.1, we may write

n—1
(bo)™"(x) = Y ai- (bo)'(x)
=0

n—1
— A _r(n=1)+kra(b) X r(-1) i
T ornDtra) & P+ Z; -1 % (bo)"(2),
P
where ag,...,a,—1 € O and ord(a) = k. By construction, the last column of A is
r(n—1) r(n—2) r(n—3) r Qo T
(w a1, a9, W ag,..., an_l’iwﬁc(b)> .
We then see that the lower right entry of A is 2% € O* and that if » > m + 1, then all the
entries above 2% lie in @™t O and A € I™. O

Proof of Theorem[6.8 (i): As in [DL76, §1], the sets X2*(b) do not depend on the choice of the
Borel subgroup, so we may choose B C GL, to be the Borel subgroup of the upper triangular
matrices and U its unipotent radical. Lemma for r = 0 implies the existence of the map

V},adm — X£L(b), T gb(x)é.

We claim this map is surjective. Let gé c XPLb), ie., g lbo(g) € BuinB. Replacing g by
another representative in gé if necessary, we may assume that bo(g) € gwoé. Moreover, this
assumption does not change, whenever we replace g by another representative ¢’ = gc with
ce BN®R (here W B — woéwg 1). A direct computation shows that replacing g by gc for an
appropriate ¢ € BN B we find a representative g of gé with columns g1, g2, . . ., g, satisfying
git1 = bo(g;) for i =1,...,n—1. This means precisely g = gp(z). All this shows the surjectivity
claim. For x,y € V})adm, one has gb(x)é = gb(y)é if and only if z,y differ by a constant in K*.
This shows the lower horizontal isomorphism in part (i) of the theorem.

We now construct the upper isomorphism. We may write an element of gf] xe / U lying over
gp(z)B € XD (b) as gU = gy(x)tU for some t € T. Using Lemma (and the notation from
there) we see that

g 'a(g) =t go(x) " bo(ge())o (t) =t MinAo(t)
Now write A = AAg with Ag € U and \ = diag(1,...,1,A9) a diagonal matrix with Ay €
O*. We then see that ¢~ 'bo(g) = t~ iAo (t) - M Ag. Hence gy(z)t € XgOL(b) if and only if

walt_lwoa(t) = AL, Thus, if we write to,t1,...,tn_1 € K* for the diagonal entries of ¢, then
we have t;11 = o(t;) for 0 < i < n — 2. We may assume this. In particular, it implies that
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gv(z)t = gp(xtp). In other words, replacing x by xtg, we may assume that § = gp(x). It remains to
determine all z € V2™ for which g,(z)U € XEEb), ie., gy(z)tbo(gp(z)) € UioU. Comparing
the determinants on both sides we deduce that o (det g,()) = det () det(b) ! det gy(z) (i.e. that
T € Vbadm’rat’wo) as a necessary condition. Assume this holds. With notations as in Lemma
we deduce det(A) = 1. Moreover, since A can differ from the identity matrix in at most the last
column by Lemma det(A) = 1 is equivalent to A € U. All this, together with the fact that
Vbadm’rat’u.}0 = Vbadm’rat (see (6.1))) shows the upper isomorphism in part (i). The commutativity
of the diagram and J,(K)-equivariance of the involved maps are clear from the construction.
The surjectivity claim for the vertical maps is shown in exactly the same way as the analogous
claim in part (ii) below.
(ii): Lemma (6.7 for > m > 0 implies the existence of the map

VR 5 X (D), x> gy (z) 1™

We claim it is surjective. Let gI™ € X' (b), i.e., g tbo(g) € I I™. Replacing g by an-
other representative of gI™ if necessary, we may assume that bo(g) € gw,I™. Moreover, this
assumption does not change, whenever we replace g by another representative ¢’ = gj with
j € I™N% ™ In the rest of the proof, we call such transformations allowed. We compute

OX prn+m - . prn—i-m
pm Ox perl L. perl
Im ﬂwrlm = : . T . .
pm . pm O* pm—l—l
pm . . pm O*

(on the main diagonal entries can lie in O, under the main diagonal in p™, in the first row,
beginning from the second entry, in p"”*™, and above the main diagonal, except for the first row,
in p™*+1). Let g1,..., g, denote the columns of g, seen as elements of V. Then g, € bo(g)I™
is equivalent to the following n equations:

g2 € @'bo(g1)O* + @ b0 (g2)O + - - + @ T™bo () O
g3 € @ T b (g1) O + @ bo(g2) OF 4w T ™o (g3)O + - - - 4+ ' T b0 (gn) O

gn € @b (g1)O + -+ @ T oo (g, 2)O 4+ @ b (gr-1) O + @ T b0 (g) O
an+m+l€gl e wr+2m+1ba(gl)o S wr+2m+1ba(gn_1)0 + errmbO'(gn)OX.

A linear algebra exercise shows that after some allowed transformations these equations can be
rewritten as

g2 € @' bo(g1)O™

X

g3 € w'bo(g2)0

gn € @"bo(gn-1)O0*
@ DG € @™o (g1)O 4 -+ + @™ bo(g-1)O + bo(gn) 0%



AFFINE DELIGNE-LUSZTIG VARIETIES AT INFINITE LEVEL 27

This shows that ¢ = g5,(g1), and hence the claimed surjectivity. Lemma shows that the
lower map in part (ii) is an isomorphism. Exactly as in the proof of (i), one shows that the

det(gp,(z)) mod ™1 }

claim of (ii) is true if one replaces the upper left entry by {l‘ € Vadm, X
is fixed by o

As T ~pr zu for any u € 1+ p™F1 the original claim of (i) follows from this modified claim

along with the surjectivity of the map 1 +p™*+t — 14 p™+! 4 H?:_ol ot(u), and the fact that

det gp(z) € K* < det gpr(z) € K*.

It remains to show that the vertical arrows in the diagram in (ii) are surjective. It suffices
to handle the left arrow. Let z € Vbadm. By definition of ~y , ., for any A € O* we have
AT~y . Now we have det gp(Az) = @w® - [} 01 o?(A) - det gy(x) for an appropriate a € Z.
Now the map A — Hl "o 0" (A): O — O* is surjective, hence by rescaling z with an appropriate
A € O* (thus not changing its class in V;24m/ ~y .. ) we can arrange that det gy(z) € K*, i.e.,

that z € V2™ 0

The natural projection maps X;”:rl(b) — X7 (b) and Xg:“(b) — XZ]T (b) are obviously
morphisms of schemes. However, Theorem [6.5implies that there are G- and G x T,, (O /@™ 1)-
equivariant maps of sets (on F,-points)

Xp o (b) = X ®), and X7 (b) = X7 (b) (6.4)
induced by gp,+1(x) — gp,(x). In Section we explicate the scheme structure on X' (b),
X;’}T (b) and prove that these maps of sets are actually morphisms of schemes (Theorem .
Taking Theorem for granted at the moment, we have a notion of an affine Deligne—Lusztig
variety at infinite level.

Definition 6.8. Define the (infinite-dimensional) F,-scheme
XE@) = lm XZ(E)  and  XP(0):= lm  XZ2(0).
rm: r>m rm: r>m
Both have actions by G and the natural G-equivariant map X2°(b) — X2°(b) is a Ty, (O )-torsor.

Passing to the infinite level in Theorem gives the following result.

Theorem 6.9. There is a commutative diagram of sets with G-equivariant maps:

XgL(b) <; Vadm rat ~ X&o(b)
JEAK) l JRAOK)
XgL(b) Vadm/Kx Vadm/ox Xoo(b)

The upper horizontal maps are Ty, (O )-equivariant. This extends the natural T,,(Ok)-action
on X2 (b) to a T\, (K)-action.

Using the set-theoretic isomorphism in Theorem we will see in Section that by endow-
ing VbaLdm with the natural scheme structure over F, coming from the lattice %, we can view the
semi-infinite Deligne-Lusztig sets X2 (), XD (b) as (infinite-dimensional) F,-schemes. More-
over, every isomorphism in Theorem is an isomorphism of El—schemes (Corollary .
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6.3. Connected components. To “minimize” powers of the uniformizer, we define
1 1 1
red . 2 . n—1
g (v) = <” | S ® | Sorr 0O |+ | o ) (“)> (6.5)
to be the n x n matrix whose ith column is m - (bo)"=Y(v) for v € V. Observe that

7(v) = 5™ (v) - D,

where Dy, ,, is the diagonal matrix whose (4,7)th entry is wl(i=Dko/no]

Definition 6.10. For any basic b (with kgr, (b) = k) which is integrally o-conjugate to the
special representative as in Section [5.2.2], we define

g&gm = {v € % : detgi*d(v) € OX} ’
jo"‘,gm’rat = {v € % : det gi*d(v) e Oﬁ} )
Zggmrestio = fo € %y s a(det gi(v)) = det(ii) det(b) ™! det gi*(v) € O }.
A 5 (. ne that L5559 5 58 by escaling ppropiatly by an et of O,

Let now b be the special representative with kg (b) = k. As Go C GL,,(O) = Stab(.%)) inside
GL,(K), we see that .,iﬂoatgm’rat, Z9™ are stable under Go x Toy(Ofc). We have

n
D%a}gm = {v = Zaiei € %:

a; € O for 1 <i < mn; {aiei (mod w)}izl (mod ng)
, (6.6)
1=1

generate the Fq—vector space V

where V is as in Section (compare [Vie08, Lemma 4.8]). For z € £24™ with reduction-

modulo-w T, define g,(z) € GL,/(F,) to be the matrix from reducing every entry of gi*d(x)
modulo w and deleting the ith row and jth column for all (i, ) # (1,1) modulo ng.

Lemma 6.11. We have a disjoint decomposition

v =TT (g
9€G/Go

Proof. Let c,d be as in Lemma On V we have the operators considered in [Vie08, 4.1]:
bo, p(bo)~t, wl(bo)¢, w0 (ba)™ = o™ (in [Vie08|, these operators are denoted F,V, 7,01
respectively). For v € V})adm we may consider the smallest O-submodule P(v) of V, containing
v and stable under these four operators (this is a indeed lattice: for k > 0 see [VieO8| p. 354,
paragraph before Lemma 4.10]; for K = 0, Lemma 6.1 shows that this is the lattice generated
by {o?(v)}!=;). Further we have

Le9m ={v e Z: Pv) = %}

This follows from the explicit description of both sides: above and [Vie08, Lemma 4.8 and
beginning of §4.4]. Next, the set of lattices in V stable under the four operators above is in
bijection with G/Gp via gGo +— ¢%. Indeed, for £ > 0 this follows from Lemma 4.8 and
4.10 of [Vie08] (note that there Viehmann only considers bi-infinitesimal p-divisible groups, so
that the slope(s) of V' must be strictly between 0 and 1); and for x = 0, this is clear from the
description of the affine Grassmannian of GL,, in terms of lattices.
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Any g € G commutes with the four operators above, hence P(gv) = ¢gP(v) and hence
g(fofgm) ={ved: Plv)=4} it # =g(%). Finally, U ,{v e #: P(v) = 4} (where 4

runs through all lattices stable under the four operators) is disjoint and equal to Vbadm. O

For each h € G/Go, let X' (b)y(,) be the subset of X! (b) consisting of all points which
under the isomorphism X7 (b)(F,) = V24 / ~y . of Theorem [6.5( correspond to h(foaf‘gm).

The Iwahori level variety X (b) is known to be locally closed in the ind-scheme CGL,(K)/I
and locally of finite type over ?q. The following result (as well as the preceeding lemma) is based
on ideas from [Vie08|, which were explained to the authors by E. Viehmann.

Proposition 6.12. Let r > 0. For any h € G, Xgr(b)h(go) is a closed and open subset of
X3, (b). In other words, X3, (b) = hec/co X2, (D)) is a scheme-theoretic disjoint union
decomposition.

Proof. The proof follows along the same lines as [Vie08, Lemma 4.16]. First we show that
X2, (b)g C X9, (b) is closed. To this end, recall that points of GLn(K)/I can be interpreted
as complete chains of O-lattices in K", Let % = {24 22 %L1 2w} be the
standard chain (stabilized by I). Then gI corresponds to the lattice chain ¢.%, = {9.% ?;01
We claim that there is an integer C' > 0 only depending on n, k,r such that

X (0)g, = { Mo = (M)1=y € X3 (b): Mo C L and vol(4y) = C}. (6.7)

Let .#, € X (b)g,. By construction, there is some v € .i”adm such that #Z, = gy, (v)ZLs.
Then .4y = gy (v)(Z) is the lattice generated by {ww”(bo)!(v ) n-}, which is contained in %
Moreover,

vol(.#y) = vol(gy,(v) (L)) = ord det gy (v) = C + ord det g;*d (v) = C,

with C' > 0 some explicit constant depending on n,k,r. Conversely, let .#, € ngr(b) be
such that .#y C %4 and vol(.#y) = C with the same C as above. By Theorem there
is some v € Vadm with e = gpr(v)Ze. Then Ay = gy, (v)ZLp is the lattice generated by
{w"(bo)"(v)}I=y . In particular, we must have v € .4, C % and

orddet(g;*d (v)) = ord det(gy(v)) — C' = vol(.#y) — C = 0.

This proves claim (6.7). From this claim it follows that X2 (b), is the intersection in CGL,(K)/I
of X9, (b) with the preimage under

GL,(K)/I — GL,(K)/Stab(.%) = {O-lattices in K"}, Mo = { M} — Mo

of the closed (see [Vie08, Remark 4.15])
Zy. Hence X (b)g, is closed in X3, (b).

Applying the G-action on Xy, (b) we deduce that also X2 (b)) is closed in X7, (b) for each
h € G. Now the closed subvarieties X0, (b)n() form a disjoint cover of X7 (b), as this holds
on geometric points by Lemma and Theorern . As X, 9 _(b) is locally of finite type, this
disjoint union is locally finite. Hence X (b)h(%) is also open. U

subset of lattices with fixed volume and contained in

Remark 6.13. We explain the differences between our setting and that of [Vie08, §4]. Viehmann
proved a similar decomposition for an open subset S; of some minuscule affine Deligne—Lusztig
varieties at the hyperspecial level (in particular, in the bi-infinitesimal case, which in our notation
corresponds to k > 0). A point of §; corresponds to a Dieudonné lattice .Z in V, that is a
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lattice stable by the operators bo and p(bo)~!. Such a lattice also possesses a single generator
v € V@4 but the difference between vol(.#) and vol(P(.#)) (where P(.#) is the smallest
lattice containing .# and stable under the four operators as in the proof of Lemma [6.11]), is
quite inexplicit, and it is a complicated task [VieO8, Theorem 4.11(ii)] to show that this difference
is constant. In our situation the lattice (chain) corresponding to a point of ngr(b) is completely
explicit, and the difference of volumes is immediate to compute. Note also that we work with
the cocharacter (—r,...,—7r,(n — 1)r) for r > 1, and since this is never minuscule, there is no
direct comparison between our setting and the varieties from [Vie0§]. O

Corollary 6.14. Let b € G be integrally o-conjugate to the special representative attached to k.
Then the conclusion of Proposition[6.13 holds for this b.

Proof. If h € GL,(O) is such that b = h=1bs,0(h), where by, is the special representative, then
g — h™!g defines an isomorphism X" (bs,) — X' (b). Further, ged(v) = hflg{)ig(hv) and the
corollary follows from the commutativity of the obvious diagram. O

By Lemma [5.6] Corollary applies to the Coxeter-type representatives from Section [5.2.T

6.4. The structure of X'(b). Let b be the special representative with kg, (b) = k. Let
X7t (b).g, be as defined before Proposition The following auxiliary elements of GL,(K)
will be used in this subsection only. For r > 1, put p, = (1,7,2r,...,(n—1)r) € X,(T4iag). For an
integer a, let 0 < [a],, < no denote its residue modulo ng. Let v; € GLy, (lv( ) be the permutation
matrix whose only non-zero entries are concentrated in the entries (1 + [(¢ — 1)kon,,?) and are

all equal to 1. Let v € GL, (K) denote the block-diagonal matrix, whose diagonal ng x ng-blocks
are each equal to v;. We begin with the following key proposition.

Proposition 6.15. For r > 1, the Twahori level variety X?’ur(b)fo s contained in the Schubert
cell TvDy pprI /T € GLy(K)/I. In particular, X7 (b) g, € IvDy iy /I™ C GLy (K)/I™,

Proof. We have to show that for z € Z29™ one has Igy,(z)] = [vD, nu,1, i.e., that by suc-
cessively multiplying by elements from I on the left and right side we can bring g ,(z) =
gged(x)D,Q,nur to the form vD,, pp,. For 1 <i <n/, we call a matrix in GLn(f() i-nice, if the
following two conditions hold:

(i) each of its n"? blocks of size ng x ng has the following shape: in its /th column (1 < £ < ng),
the entries above the (1 + [(¢ — 1)ko]y,, £)th entry lie in p and the other entries lie in O;

(ii) for 1 < ¢ < ny, the (14 [(¢ — 1)ko]n,, £)th entry of the (i,7)th (ng x ng)-block lies in O*.

The inductive algorithm to prove the lemma is as follows: put A; := gzed(ac) andlet 1 <i<n'.

Assume that by modifying g,ﬁed(a:)D,{,n,ur (by multiplication from left and right with I) we have

constructed the i-nice matrix A;, such that Igged(x)Dn,n,u,J = TA; D, pptrI and such that the

first 4 — 1 rows and ¢ — 1 columns of ng x ng-blocks of A; Dy ,u, coincide with vDj ,u, up to
O*-multiplies of the non-zero entries. Now we do the following steps:

(1) Annihilate the entries of the (i,1)th ng X no-block of A; lying over (14 [(€ — 1)kon,, £)th

entry (for each 1 < ¢ < mny).

By assumption, the (1 + [(¢ — 1)ko]n,, £)th entry lies in O*. By multiplying upper

triangular unipotent elements from I (with non-diagonal entries in p) from the left to

AiDy npir (ie., performing elementary row operations on matrices), we obtain a nice



AFFINE DELIGNE-LUSZTIG VARIETIES AT INFINITE LEVEL 31

matrix A} (uniquely determined by A;) whose entries have the same images in O/p as
those of A;. Moreover, IA; D ppirl = TA,D,; pir1.

Put A := Aj. For £ =1,2,...,ng do successively the following step:

(2)¢ Annihilate the (no(i—1) +£€)th column and (no(i —1) + 1+ [(€ — 1)kony)th row of A}, ;.
By assumption, the (no(i — 1) + 1 4 [(£ — 1)ko|ny, no(i — 1) + £)th entry of the i-nice
matrix A}, | lies in O*. By multiplying A}, Dy np, successively from the left by
lower triangular matrices from I which have 1’s on the main diagonal and only further
non-zero entries in the ng(i — 1)+ 14 [(£ — 1)ko|pn,th column, we can kill all entries of the
no(i—1)+£th column of A , | except for the (ng(i—1)+1+[(£ —1)ko]ny, n0(i—1)+£€)th
entry itself, which remains ﬁnchanged. After this we can, using the (no(i —1)+ 1+ [({ —
1)ko]ng, no(i — 1) + £)th entry, easily eliminate all entries ng(i — 1) + 1 4 [(£ — 1)ko|n,th
row except for (ng(i — 1) + 1+ [(£ — 1)kolpngy, no(i — 1) + £)th entry itself, which remains
unchanged (by multiplying A;,g,an,nHr from the right with unipotent upper triangular
matrices in I). This does not change the rest of the matrix, because no(i — 1) + fth
column contains precisely one non-zero entry.

As an output we obtain the matrix A;41 := A; , which we claim is (i + 1)-nice. Assume for
now that this is true. Proceeding the described algorithm for all 1 < ¢ < n/, we obtain the
matrix A, 1, which differs from v only by some diagonal matrix with entries in O*, so that
ITAy 11D pporl = IvDy i1 is now clear.

Observe that when looking modulo p, the step (2); in the algorithm for a single ¢ affects the
(14 [(€ — 1)ko]ng, £)th entry of the (i + 1,7+ 1)th ng x ng-block, but does not affect the entries
(14[(¢' = 1)ko]ny, ¢ )th (V€' # £) of the same block. In particular, the steps (2), can be applied in
any order of the ¢’s, and when the (2), is applied first to A} (to kill its (ng(i — 1) +£p)th column
and (no(i—1)+1+[(¢o —1)ko|n, ) th row) giving the matrix A7, , then the (1+[(¢o—1)kon, €o)th
entry of (i + 1,7+ 1)th ng x ng-block of A;’ 4, already coincides modulo p with the same entry of
Ai+1.

We now show that for 1 < ¢ < n, the matrix A; appearing in the algorithm is i-nice. (By
induction we may assume that A; is i’-nice for 1 < ¢’ < 4, which is sufficient to run the first
i — 1 steps of the algorithm to obtain A4;). For 1 < j < <mn, 1 <€ </, let ay ;o € Ofp
denote the residue modulo p of the (1 + [(¢ — 1)ko]n,, £)th entry of the (7, j)th ng x ng-block of
Ay. Note that oy j = ayn o for all 1 < j < i’ <i”. Indeed, if j < ¢, this is obvious as the first
i’ — 1 diagonal blocks of A; and A;» coincide. If j =i’ observe that the (1 + [(£ — 1)ko]n,, ¢)th
entries (for all 1 < ¢ < ng) of the (i',4")th ng x ng-block of A;; can only be affected by step (1)
of the algorithm, which does not change the residue modulo p.

Recall the image Z = (Z1,...,Z,)7 of z in V and the corresponding matrix g5(z) € GL,/(F,)
defined in Section For 1 <i<n/, let m; € Fq denote the determinant of the upper left
i x ¢-minor of g,(z). By Lemma m; € F; for all i. We claim that for 1 < ¢ < ng,

o tmy) ifj=1
g = )
BT gt () <<

mj—1

(6.8)

By induction we may assume that this holds for all 1 < i’ < ¢, from which follows for all
Jj < i. It thus remains to compute ¢ ; ¢. Note that for 1 < ¢ < ng, the (1+ [(¢ — 1)ko]n,, {)-entry

of A1 = gi*d(z) is equal to is equal to o*~(z19) = o*"}(#1). This finishes the case i = 1.



32 CHARLOTTE CHAN AND ALEXANDER IVANOV

Assume 7 > 2 and fix some 1 < ¢ < ng. By the observation above, «;;, is equal to the residue
modulo p of the (14 [(¢ — 1)ko]n,, £)th entry of the (4,7)th ng x ng-block of the matrix A7 ,,
obtained from A/ _ 1 by directly applying step (2).

For X € GL,(K), let M(X) denote the (ng(i — 1) 4 1) x (ng(i — 1) 4+ 1)-minor of X obtained
by removing from X all columns with numbers {j: j > ng(i — 1) and j # no(¢ — 1) + £} and all
rows with numbers {s: s > ng(i — 1) and s # no(i — 1) + 1 + [(£ — 1)ko]n, }. We compute:

oy HaA Ymi—1) = det M(A]_ ;) = det M(A]_;) = det M(g;**(z)) mod p.
A=1
The first equality follows from the explicit form of A | ¢ and by the induction hypothesis on the
a; j¢'s. The remaining equalities are true as every operation in the algorithm does not change
the determinant of the matrices. On the other side, a simple calculation shows that

@
m
det M(gi*d(z)) = %SIZHUA Y(mi_1) mod p.
7 1 A=1
This finishes the proof of , and thus of the proposition. O

Lemma 6.16. Let x € .i”oagm and let ¥ € V denote its image. For 1 <i <n/', let m; denote the
upper left (i x i)-minor of Gp(Z) € GLy (Fy). Then m; € F; for all i.

Jj—1

Proof. Replacing Fyno by F, we may assume that ng = 1, n’ = n. We have g;(z) = (27" )i<ij<n
and detgy(z) € qu. Clearly, m; = 71 # 0. Let 2 < i < n. By induction we may assume
that my € EIX for all 1 < ¢/ < 4. Suppose m; = 0. This means that the i vectors v; =

(x?k71)2:1 € ﬁf] (1 < j < i) are linearly F,-dependent. Note that the first i — 1 of these

— k—1_ . ;__ J—
vectors are F,-independent, as already the vectors (CC? Nl e F; ! (1 <j<i—1)areFg
independent, which in turn follows from the induction hypothesis m;_1 # 0. This shows that
there exist A\q,...,\;j_1 € Fq with Z;;ll Ajvj = v;. From this we deduce two systems of linear

. k_1 . k—1_ -
equations which uniquely determine the \;’s: (1) Z;;ll Aj(f 1)2_:11 = (z} 1)2_:11 as well as (2)
. k—1_. k—1_.
23;11 Aj (x? )i_o = (z@ ):_,. Note that (2) is obtained from (1) by raising all coefficients to
the gth power. For 1 < j <i—1 let m( ) denote the minor m;_1, in which jth row is replaced
k—1 .

by (z] 1)2_:11. Then (1) gives A; = m,_ 1fm(]) , whereas (2) gives \; = (m;_ lm(]) )
1<j<i¢—1 Thus \; € F;. This gives a non-trivial F -relation between the z1,...,x;, and
hence also between the first i rows of g,(Z), i.e., det g(Z) = 0, contradicting the assumption. O

7 for each

Let
p l=P(V) U H (6.9)

q
HCV
Fono —rational hyperplane

be n' — 1-dimensional Drinfeld’s upper half-space over Fno.

Theorem 6.17. Let b be the special representative with kg, (b) = k. Let r > m > 0. Then we
have a decomposition of Fy-schemes

xpo= || Q;q;ol x A,
G/Go
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where A is a finite dimensional affine space over Fy (with dimension depending on r,m). The
morphism X' (b) — XTI (b) is a finite étale Ty(Ox /@™ ) -torsor. In particular, all these
schemes are smooth.

Proof. To prove the first statement of the theorem it suffices, by applying Proposition [6.12
to show that X7! (b).g, is a locally closed subset of GL,(K)/I"™ isomorphic to Qﬁ;;ol x A. By
Proposition X3t (b).gy © IvDyppr(w)I/I™. So, it suffices to show that as a subset of
TvDy ppr(w)L/I™, X7 (b) g, is locally closed and with its induced reduced sub-scheme-structure
isomorphic to QITFL;;; x A. For simplicity, we treat the case that k =0 or 1, so that v = D, ,, = 1.
The general case is done in exactly the same way, but is slightly more technical due to the
presence of the permutation matrix v (the corresponding technical details are very similar to
those appearing in the proof of Proposition which we proved in full generality).

First, by Lemma Ty (w)I/I™ is isomorphic to an affine space and we fix the following
coordinates on it: let a;; (1 < ¢ # j < n) denote the root of Ty corresponding to (7,7)th
matrix entry. Then

Ui Ipn(@) /T 5 C =[] Lp-nnUan ¥ [[ Loty Uas; xI/ 1™ (6.10)
=2 n>i>j5>1
A= B=

(the products can be taken in any fixed order; each factor — including [/I™ — is an affine
space over ) is a parametrization of Iy, (w)I/I™, whose inverse sends (a;1)" o, (@ij)i>jz1, 9
to [[iegain - [1;j aij - fu (@) - gI™. It suffices to show that there is an open subset U C A,
isomorphic to Q;;;OI x A, such that Xy, (b).g C Ip(w)I/I™ is the graph of some morphism
f: U — BxI/I™. Indeed, then it follows that Xy, (b) g, is a locally closed subset of Iy, (w)I/I™,
which (endowed with the induced reduced sub-scheme structure) gets isomorphic to U via the
projection p: C =2 Ax Bx I/I"™ — A to the first factor. First, we define U. Therefore, consider
the natural projection

!

n _ N
A — 1_[2 L[071)Ua1+n0(i71)’1 = {[U] S P(V): v = Zz Vi€14ng(i—1) € V,'U1 7é 0} (6.11)
1=
where the latter isomorphism is (v,)?;Z — [1:vg:-+-:vy] and let U be the preimage of QI’F‘,;;,
q

which is a subspace of the right hand side via . (If n’ = 1, V is one-dimensional, and the
right hand side of (6.11)) as well as Qg;ol is a point). It is clear that U = Qﬁl;)l X A.
q q

Next, we determine the image of X1 (b)g, under ¢. Let gy, (x)I™ = gi*d(x)p, (@)™ €
X, (b).g, ie., z € £2I™. This point does not change if we multiply gp,(z) by an element of

I™ from the right, or equivalently, if we multiply ¢ := gged(x) by an element of

OX ymHlr L e
* Ox perlfr L. pm+1f(n72)r

m@ M = (@) M (@) = : (6.12)
* L. % O perlfr

from the right (the entries marked with * are uninteresting for us). First, we multiply g by
the diagonal matrix i; = diag(z1,0(z1),...,0" Y(z1))~ ! € # (@™ (note that z; invertible by
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(6.6)); see also Lemmau7 achieving that all entries of gi; are of the form ai(%) resp. wai(%)
and, in particular, the first column of gi; has the entries 1, %, ceey % Next, using that r > m,
so that all p™ 1" D O in (6.12)), we may eliminate all (1, j)th (2 < j < n) entries of giy, i.e., we
find some i} € # (@)™ (with entries different from 0 and 1 only in the first row), such that giyi}
has the same first column as gi; and 0’s in all entries of the first row except the first one. Also, all
entries of gi17} lie in O and are some functions in Ui(%) (as the same is true for gi;). Moreover,
the (2,2) entry of gi1éj must now be in O* (otherwise gu,(w)I™ & Iu,(w)I/I™), and we can
iterate the procedure: rescale the second column such that (2,2)th entry equals 1, then kill all
entries (2, 7) with 3 < j < n, etc. At the end we obtain a matrix ¢’ = giyi}izth ... 4,—14,_;, such
that ¢’ p,(w)I™ = gu,(w)I™ and

1 o ... ... ... 0 1 o ... ... ... 0 1 0 ... ... ... 0

2 1 0 ... ...0 21 P () 0 1 N ()

X X
. o= *x 1 ... ... 0 = o 1 ... ... 0 0O = 1 ... ... 0
g: . - . . . . . .

x;* x ... % 1 0 Il g ... 0 1 0 0 = ... =

1 1

5;—’11 * ... ox ok 1 3;—’11 o ... 0 0 1 0 * ... x x 1
where the entries marked by * all lie in O and are functions of i—f, cee ﬁ—’; We can regard the

first matrix in the product as an element of A (as in (6.10))), and moreover from it follows
that it lies in the open subset U C A. It gets clear now that with respect to the parametrization
in (6.10), ¢(X (b)) consists of points of the form (u, fo(u),1-I™) with u € U C A and
fo(u) € B, where fo: U — B is some morphism (which determines the entries * in terms of
FruXRRE %) Thus f: U — B x I/I™, defined by u +— (fo(u),1-I™) is the required morphism
we wished to construct. This finishes the proof of the first claim of the theorem.

For the second claim in the theorem, we could repeat the above arguments with I, (ww)l /1™
replacing Ip, ()l /I™. Alternatively we can argue as follows: by Theorem (see Remark
and Lemma, X7 (b) is locally closed in G(K)/I™, and hence a scheme locally of finite type
over F, (Corollary [4.10), and by Proposition (iii) the morphism G(K)/I™ — G(K)/I™ is
representable and has sections étale-locally. It thus follows that X7 (b) — X! (b) is a honest
morphism of schemes locally of finite type over F,. Moreover, by the explicit description on
geometric points in Theorem it is surjective and a torsor under T, (Ok /™). U

Corollary 6.18. Let ' > m/ > 0, r > m > 0 be two pairs of integers with v’ > r, m' > m. Then
all maps X' (b) — X7 (b), X7V (b) — X1 (b), X1 (b) — X (b) induced by gy, (x) = gb,r(z)

are morphisms of schemes. In particular, X(b) and X°(b) are schemes over F,.

Proof. With respect to the coordinates on X! (b), X{]}T (b) in the proof of Theorem these
maps are simply induced by the natural projections L ,n\Ua;, — Ljo)Uq,, for V' > v and
Lo m+1)Gm — Ljg i1y G for m” > m. O

We are now ready to endow all objects in the diagram in Theorem with scheme struc-
tures and compare them. The set goagm’rat has an obvious scheme structure as a closed sub-
set of the infinite dimensional affine épace 2y over Fy. Analogously, the natural embedding
Lpdm /0% C £)0* = LTP(%)(F,), where LTP(%) is an infinite-dimensional F,-scheme,
endows Z34™ /0> with the structure of an open subscheme. We endow Vbadm’r3Lt and Vadm /O
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with the scheme structure of a disjoint union:
adm rat _ |_| ggoatzlm,rat and ypdm /0% = |_| g.( adm/o )
9€G/Go 9€G/Go
Since the action of w on Vbadm/ O* just permutes the connected components, the quotient
vadm / X inherits the scheme structure Vadm /K* = Ue/ze)co 9- ( adm/(’) )

~

Corollary 6.19. The maps of sets VA™™ 5 X0(b), Vpdm /0X 5 X20(b) from Theorem
are isomorphisms of Fy-schemes. We endow XPT(b), XDE(b) with the scheme structure via the
isomorphisms in the diagram in Theorem [6.9

Proof. To show the first isomorphism, it suffices to prove that for the special representative b,
we have an isomorphism of schemes £ admorat % xroo(p) #,- Rescaling by an appropriate element

of O, we may replace foigm’rat by foigm Tt \With notation as in the proof of Theorem
the coordinates on the inverse limit X°(b) ¢, are given by ((aa;,)f—9,c1) € LTUs;, X LT Gy
and the map foa(bim rabio X2°(b).g, is given by (z;)7_, — (3 L)% _g, 1. This is an isomorphism.
The second isomorphism is proven similarly. O

6.5. Example SLo, w Coxeter, b = 1. It is instructive to explicate the scheme structure on
XDL(1) from Remark (ii) and compare it to the one obtained via affine Deligne-Lusztig
varieties (a similar description applies in a number of further cases, in particular for GL,, or
GSp,,, and w Coxeter). We have SLy /B = P! and

XPL(1) = PH(K) ~PY(K).

It is thus given by the open condition det (I Ugg) =z0o(y) — o(x)y # 0 inside

LP}(F,) = L+]P’OK (F,) =PHO) = {[z: y]: 2,y € O, at least one of z,y lies in O*}
(where [z : y] = [2' : /] if and only if there exists a € O* with ax = 2/, ay = ¢') and
XllU)L(l)r ={[r:y] € L+P}9K(Fq): o(x)y —xo(y) 20 mod p"}.
It is clear (from the version of Theorem for SLy) that if ¢ € SLo(K)~ SL2(O), then
g.XP(1); n XPE(1); = @. Moreover, XP*(1); € XDP%(1) is dense open. This means that
g maps a dense open subset of XP¥(1) onto a subset which lies in its boundary and hence
cannot be dense. Thus g cannot be an automorphism of the scheme X2¥(1), and the action of

G on XPL(1) with the above scheme structure is not algebraic.
The subsets Y, of L:F}P’}QK (F,) = P}(O/p") can easily be computed to be

Y = Q]Fq

Yo= (O, xA) U || O,
AEPL(Fy,)

Yo=Y x Ag) U || 9,

where the last union is taken over all hyperspecial vertices in the Bruhat—Tits building of SLs
over K such that the minimal gallery connecting this vertex to the one stabilized by SLa(Ok)
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has length 2r — 1. The unions are disjoint set-theoretically but not scheme-theoretically, since
for example the preimage of Y7 in Y5 is open and not closed.

On the other hand, we can explicate the way in which X2¥(1) is built from finite-dimensional
pieces as dictated by Theorems In fact, XP(1) is an inverse limit of the affine

Deligne-Lusztig varieties of increasing level
Xm (1) = | ] OF, x A,
SLa(K)/SL2(Ok)
where Q]IFq = IP’IIFq “PL(F,) is the Drinfeld upper half-plane over F,, 1, are lifts of w whose

length in the affine Weyl group has to grow with m, and A is some finite dimensional affine
space over F,, whose dimension depends on m and w,, and goes to oo when m — oo.

7. A FAMILY OF FINITE-TYPE VARIETIES X},

In this section, we study the geometry of a family of finite-type varieties X} for h > 1 which
have natural projection maps X — Xp,—1. These varieties are more tractable than (components
of) the affine Deligne-Lusztig varieties XZZ}T (b).%,, but we can see that after passing to the limit,
these two families at infinite level are the same:

yLn qunr (b),sfo _ goarzlm,ratﬂbo ~ goarzlm,rat _ l'&nX;r (7.1)
rm: r>m h

Our work in this section will prepare us for Part (3|, where we will study the cohomology of X}
as representations of G, X Tj,.

We remark that Xj will depend on whether we choose b to be the Coxeter-type representative
or the special representative, but they are isomorphic as Fn-schemes for the same reason as in
Corollary The flexibility of choosing this representative b allows us to use a wide range of
techniques to understand X} and its cohomology. We will see this theme throughout Part

7.1. Ramified Witt vectors. Recall the schemes W, W;, from Section [2f (see [Haz78, 18.6.13,
25.3.18] for more details on the construction of ramified Witt vectors). We will need to coor-
dinatize W in order to make an explicit computations about the variety X;. If A is a perfect
F,-algebra, the elements of W(A) can be written in the form Y. [x;]w’, where [z;] is the Te-
ichmiiller lift of z; € A if char K = 0 and [z;] = «; if char K > 0. (Note that the perfectness
assumption is only necessary when char K = 0.) We identify W with AZ>0 and identify W) with
AP under this choice of coordinates. We recall the following lemma about the ring structure of
W with respect to these coordinates.

Lemma 7.1. Let A be a perfect Fq-algebra.
(i) The coefficient of @' in (Eizo[ai]wi) + (Zizo[bi]wi) is

1‘/qN bll/qN
J ’ )

(it) The coefficient of @' in (3 ;sqlailw’) (X solbilw’) is

[a; + b; + ¢4], where ¢; € Ala 1j <i, N € Z>g].

el/qNb62/qN
i1 12

, where ¢; € Ala D01+ 2 < i, e1,ea, N € Z>]

7
ajbi_j + C;
7=0
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In both cases, we call ¢; the “minor contribution.” Note that if char K > 0, then the minor
contribution is identically zero. In particular, for any given i, the ith minor contribution does
only depend on aj,b; with j <.

This lemma says that up to “minor contributions”, working in coordinates with the Witt
vectors is the same as working in coordinates in F,[t]. This allows us to uniformly perform
calculations in the mixed and equal characteristic settings. We will implicitly use Lemma in
Section [7.4] and Section [9l

Remark 7.2. Note in particular that by Lemma (ii), the coefficient of @’ in the product
(X isolail@m) (X s0lbilwm’) is of the form [agb; + e;] where e; is independent of b;. For this
reason, the minor contributions never play a role in our formulae as we study X}, as a subvariety
of Xj,_1 x AV (for some N), and so the minor contributions only contribute to unspecified
“constant” terms (see ¢ in Proposition [7.6]).

We also point out a case where the minor contribution vanishes (this is used in Propo-
sition . Let A be a perfect F,-algebra and pick an integer A > 1. Then the product
(14 Y isnlail@) (X isolbil@’) € [bo] + [bi]w + -« - + [bp—1]@" " + [an + aobp]w" + " TTW(A).
Indeed, it suffices to compute modulo w"*! (that is, in the (h + 1)-truncated ramified Witt
vectors Wy, 1(A)), where we have

h h—1 h—1
1+ @[an]) - D bilw’ =D [bilo’ + =" ([ba] + [boar]) = > [bil’ + [br + boan]".
1=0 1=0 1=0

7.2. The scheme Xj;. Fix a 0 < k < n and let b be either the Coxeter-type or special repre-
sentative with kg (b) = Kk as in Section Define the O-submodule of %,

7= P ne P %
1<i<n 1<i<n
=1 (mod nyo) iZ1 (mod no)

Under the conventions set in Section any r € 2/ fo(h) can be written as

h—1 h—2
x = Z [5.0]we; + Z [5.0]we; (w50 € Fy). (7.2)
1<i<n  ¢=0 1<i<n (=0
i=1 (mod no) iZ1 (mod no)

(h=1)

qn

7 Observe that if b is Coxeter-type, then although .,%(h)

is stable under (bo)™0 w0, the F no-rational structure given by this Frobenius on %/ .i”o(h)
not agree with the Fno-rational structure on Anh=D+47" oiven by the standard F4no-Frobenius.

Definition 7.3. For h > 1, define
Xin(Fy) = foagm’rat /,,Zo(h) = image of Zoafgm’rat in %/ .i”o(h)

This identifies %/ .iﬂo(h) with Ag

does

and let X;, c An(h=D+7" he the F,n-subscheme whose [Fyn-rational structure comes from the

standard Fgn-Frobenius on An(h=1)+n"

As det(gi*d()): X, — (Ok /™) is a morphism onto a discrete scheme, we have the scheme-
theoretic disjoint decomposition

X, = |_| Ga. X Jet=1 (7.3)
a€(Of [wh)*
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where X{°'=1 consists of all z € X}, with det gi°(z) =1 (mod w"), and g, € G}, is any matrix
with determinant a.

Proposition 7.4. X}, is a smooth affine scheme of dimension (n —1)(h —1) + (n' —1).

Proof. The proof is very similar to that of [Chal9, Proposition 3.10]. Choose b to be the Coxeter-
type or special representative. Write det(gied(xl, .oy &) = [gslo<s<n—1. It is enough to prove
the assertions for the open and closed subset X,Efetzl, which is defined by the equations gg = 1
and gs=0for 1 <s<h-—1.

To prove that X§°=! is a smooth affine scheme of dimension (n — 1)(h — 1) +n’ — 1, it
suffices to show that for any point X}?etzl, there exists a nonsingular h X h submatrix of the
Jacobian matrix J. First let glﬁed(ml, cey ) € Xgegl. Then for some z,, the determinant of
the (n — 1) x (n — 1) minor obtained by deleting the 1st column and the rth row is nonzero
modulo ww—denote by d[z,] the reduction of this determinant. From , observe that z,;

only contributes to gs if i < s,
gs = d[zy]|z, s + (terms w/ gth powers of z, s, and z; ; for (i, j) # (r,s)).
Reorder the rows of J so that the first A rows correspond to the coordinates x;.,...,x, -1 of
z, € Wy. Since we are working in characteristic p, we have
dlz,] #0 ifi=s,
=<0 if i > s,
? if i < s.

9gs
81:171»

This submatrix of J is an upper triangular matrix with nonzero determinant. Hence we have
shown that X@¢*=! is a smooth complete intersection of dimension (n —1)(h —1) +n' —1. O

7.3. Relation to classical Deligne—Lusztig varieties. Recall that for V = %/ 92”0(1) we have
that G, = ReS]Fan /Fq GL(V) (see Section . The scheme X is a classical Deligne-Lusztig

% in G1(F;) = GL,/(Fgno). We get a

variety corresponding to the maximal nonsplit torus F,

commutative diagram

Ly —— .,%/.,%(h) —— V+—— VTV~ {0} — P(

T | T |

gadm,rat s X s X s O
O,b 7 h ” 1 7 %

where (> is isomorphic to the Drinfeld upper half-space P(V) NP(V)(Fgno) and X is a F -
torsor over {-. (If b is the special representative, () is literally the Drinfeld upper half-space.)

For v € V define g;(v) to be the (n/ x n')-matrix whose ith column is ;! (v) (written with
respect to the basis {€;}i=1 (mod ny) Of V from Lemma . Then

X1 ={veV: detgy(v) € }F;no}.
Example 7.5. If k = 0, then V = % /w.%, 55° ! = bo and X7 is the Deligne-Lusztig variety

for GL,(F) associated to the maximal nonsplit torus Foy. If x,n are coprime, then V is one-
dimensional and X7 is a finite set of points and can be identified with qun.
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7.4. The projection X;, — X;_1 and its fibers. Let h > 2. We will actually work with an
intermediate scheme: Xj —» X;Lr_l — Xp_1. By Sections the quotient Xo/wh_l.,% can
be identified with the affine space A"~V Define X,J[_l to be the Fyn-subscheme of An(h=1)
defined by

X, (Fy) = 209 Joh =1 4y = image of Z50™™ in Z/w" 1%,
Observe that

X} =Xy x AnT (7.4)

since the coordinates ;5o for i Z 1 (mod ng) do not contribute to det(gi*!(z)) modulo w"~1.

Furthermore, X}, is a closed subscheme of X ;{71 x A" and under this embedding
Xp s X;H x A",
we may write T = (T, Z1 11, Tt 1,h—15 - - - » Tng(n/—1)4+1,h—1) for & € X} and its image T € X,j_l.
More precisely, we have the following technical proposition, which will be used in Section [9}
Proposition 7.6. Let h > 2.
(i) Xy is the closed subscheme of X;f_l x A" cut out by the polynomial
P:= P - Py,

where [Py] is the coefficient of w"~1 in det(gi*d()).
(ii) Let b be the special representative. Then

no—1

Po(x) = ¢(@) + Y Pi(x)
=0

7

where Z?:O(?l Pfi exactly consists of all terms of Py that depend on the coordinates
T1h—1, Tng+1,h—1s - - s Tng(n/—1)+1,h—1 and ¢ is a morphism X}T_l — A'. In particular,
Xy, is the closed subscheme of X,il x A" cut out by the equation

quno — P =c— .

(iii) Let b be the special representative. Ezplicitly, the polynomial in (ii) is given by
B qli=Vno
Py = Z MGiTy 4 ng(i—1),h—1°

1<i,j<n/
where m = (my;)j; is the adjoint matriz of gy(Z) and T denotes the image of x in
V= .,Sfo/fo(l). Explicitly, m-gy(%) = det g5(z) - 1,y and the (j,)th entry of m is (—1)"J
times the determinant of the (n' — 1) x (n’ — 1) matrixz obtained from gy(Z) by deleting
the ith row and jth column.

Proof. An explicit calculation shows that Py =c+ > %) Loi(Py), with P; as claimed if b is the
special representative. Note that in the mixed characteristic setting, we use Lemma (ii) to
see that minor contributions only appear in the ¢(Z) term. From this the proposition easily
follows. g

7.5. Level compatibility on the cohomology of Xj.
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Proposition 7.7. Let h > 2. The action of ker(Ty, — Th_1) = WZ_I(IFqn) on X}, preserves
each fiber of the map Xp — Xp_1, the induced morphism Xh/WZ_l(IFqn) — X}j_1 is smooth,
and each of its fibers is isomorphic to A",

Proof. Let b be the special representative and let 2 € X}, be coordinatized as in Section[7.2] Then
xio # 0for i =1 (mod ng). By (a slight variant of) Proposition X}, is the closed subscheme
of Xj_1 x A" given by P = 0, where A" has the coordinates {y;}i—1, . n, where y; = ;51 if
i =1 (mod ng) and y; = x; 2 if i # 1 (mod ng). Note that the natural WZfl(Fqn)—action on
X, extends to the action on X 1 x A" over Xj,_1 given by

1+ [)\]whfl' Tip—1 = Tip—1 + 20N ifi=1 (mod ny),
‘ T h—2 Fr Tjp—2 otherwise,

where X € Fyn. (Note that we use Remark here.) Consider the morphism

n

()" - =1,

1,0 Z1,0

frXpo1 x A" = Xy X A",y Qg — Z0UL ifi>1,i=1 (mod ng),

1,0
i ifiZ1 (mod ngp).
This morphism factors through the surjection X5, 1 x A" — Xj_1 X A"/WZ_I(Fqn) so that it is
a composition
Xpo1 X A" = Xp_q x A" /WITH(Fpn) 5 Xpop x A,

where the second map must in fact be an isomorphism. Since Wz_l(Fqn) is a p-group, |Chalsg,
Proposition 3.6] implies that P((yi)i=1...n) = P'(f(yi)i=1,. n) for some P': X}, 1 x A" — AL
Now X} /Wz_l(Fqn) is the closed subscheme of Xj; x A" /Wz_l(Fqn) defined by P' = 0. We

therefore have a commutative diagram
Xp1 X A" —— Xp_q x A"/WIHFpn) — Xp_q x A"
] T ] (7.5)
Xy —————— Xp/WIH(Fyn) —— {P' =0},

Since P is a degree-¢" polynomial in x; ,_;, we know that P’ must be at most degree one in y;.
A calculation shows that the coefficient of y; is the function on Xj_; given by x +— det g5(Z),
where Z is the image of z € Xj_1 in X; (notation as in Section . This function is constant
on connected components of Xj_1, taking values in F. In particular, the coefficient of y; in
P’ over any point in X} is nonzero, so it follows that each fiber of X}/ szl(Fqn) — Xp_1 is
isomorphic to A"~ L. O

Corollary 7.8. There is a natural isomorphism
Hi(X, Q)" o) 22 HEF20D(X, 0, Q) (0 — 1),

where (n — 1) denotes the Tate twist.

This corollary allows to define a direct limit of the homology groups for X (see Section .
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7.6. X} as a subscheme of Gj. Let b be a Coxeter-type representative. Let 1 <1 < n be an
integer satisfying e, ,l =1 (mod n). For z = " | x;e; € 4 where z; € O, define

n
. 1 i1 ,
@) =2 it P D)
where D(a) = diag(a,o'(a), ..., Dl(a)). Let v be the inverse of the permutation of the set
{1,2,...,n} defined by 1 — 1 and i — [(i — 1)ex,] + 1 for 2 < i < n. Let v € GL,(K) also
denote the matrix given by v(e;) = e4(;)-
Lemma 7.9. We have
Mz) = g (v (@) - .
In particular, det A(z) = det gi°d(x). Moreover, we have yby™" v~ = by.

Proof. This is a direct computation. ]
%) and for x = (%),
0 T

red z1 wo(z3) wo? (z2)
)\(Q?) =0y ($) = gb(CL‘) = | 22 o(z1) wo?(z3) | .

3
x3 o(z2) o(z1)
We have F'(A(z)) # A(o(z)). Thus A is not an F,-morphism.
(ii) For n =3, k =2, e, = 2, we have b = (El)] § %) and

d z1 wo(x2) wo?(xs) x1 wo?(z2) wo(ws) .
gy (x) = | 22 wolzs) o2(@1) and  A(z) = | w5 o2(@1) wolaz) | € Gxp.

z3 o(x1) o?(x2) xa o2(x3) o(w1)

=OoOo

Example 7.10. (i) For n =3, Kk = e, = 1, we have b = <g

Proposition-Definition 7.11. The assignment A defines an embedding,
ogo (_> M’I’Ll (ODkO/nO)’
which restricts to
A g&gm — Gx,0,
Moreover, det(\(z)) € OF if and only if x € fbagm’rat. The reduction modulo w" of X induces
an Fyn-rational embedding

foa’(gm,rat/go(h) =X} — Gy,
We denote its image again by Xj,. This is an Fgn-subscheme of Gy,.

Proof. It is easy to see that A(e;) € Mw(Op, ,, ) for i =1,...,n. This implies that A\(%p) C
M, (Op,,,,)- By Lemma w it is immediate that det(A(z)) € O* if and only if det(g;*d(z)) €
O* and similarly det(A(z)) € Of if and only if det(gi*!(z)) € O). Finally, note that A is a
[Fyn-morphism since A(c™(z)) = o™ (A(z)) = F"(\(z)). O

The natural (éio x O )-action on foafgm’rat induces a left action of (G, x T})-action on
Xn C Gy, given by left-multiplication by G, = Gy, (F,) and right-multiplication by T}, = T, (F,):

(g,t) - x := gat, for g € G, t € Ty, x € X,

7.7. Relation to Deligne—Lusztig varieties for finite rings. Let b be the Coxeter-type
representative. The following proposition gives a description of X} reminiscent of Deligne—
Lusztig varieties for reductive groups over finite rings [Lus04}/Sta09]. Let Uy, and Uj,, denote
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the K -subgroups of upper and lower triangular unipotent matrices in J,. Consider the unipotent
radicals U = v 1U,yy, U~ = 7 'Up7y of opposite Borels (over K) in J, containing the
diagonal torus T'. Let U and U™ denote the smooth subgroup schemes of G whose Fy-points are
U(Iv() N Cu?xp and U*(Iv() N éx,o, and let U, and U, be the corresponding subgroups of Gy,.

Proposition 7.12. The subgroup U, NF(Uy) C Gy, consists of matrices with 1’s along the main
diagonal and 0’s outside the first column. We have

Xn(Fy) = {9 € Gu(Fy) : g"'F(g) € Uy, NF(Up)}
= {9 € Gu(Fy) : g 'F(g) € U, } /(U N F~H(U)).

Proof. Using vby"" v~ = by and vt,, 7! = t4,, from Lemma we compute
U™ NFU) =7 Viowy N F(  Wup7) =7 Utowy N by "ty Uuptionby ™"
= V_l(Ulow N bOUupbal)’)/

and (using y(e1) = e1) the claim about U, N F(Uy) follows easily. For any a € Wj(F,), we have
that

F(diag(a,o(a), ..., ol V() = diag(c"(a), o (a), ..., ol D(qa)).
Thus for any v = (v;)"; with v; € Wy(F,) (i = 1 (mod ng)) and v; € W,_1(F,) (i # 1
(mod nyp)),

1 i— : n n—
F(\x)) =) —ThoG—D)/mo] " b diag(o” (2:), ol (23), ..., oD (ay))

=1

differs from A(z) in only the first column. Thus for x € %, we see that A\(z)"1F(A\(z)) can
differ from an element of U,” N F(Uy) only in the left upper entry, and this entry is equal to
det(A\(z)"LE(A\(2))) = det(gi*d(z) Lo (gp(w))) (Lemma. Now for z € .iﬂoadm’rat, det gi*d(x) €
Ojc. This proves

X, C {g € Gh(ﬁq) : gilF(g) S U,; N F(Uh)} .

To see the other inclusion, observe that if F'(g) = g-u for some u € U, NF(Uy), then comparing
the jth column for j > 2 shows that g must necessarily be of the form A(v) for some v € Zg4m.

The determinant condition then follows from det(u) = 1. The last equality in the proposition
follows from Lemma [7.13 O

Lemma 7.13. The morphism
(U, N F'U;) x (U, NFU,) — Uy, (z,9) — z 'gF (x).
18 an isomorphism.

1

Proof. We can consider the F,-scheme yG~y~!, whose Fy-points are yG(F,)y~!, together with a

Frobenius isomorphism
Fo: ’YG’Y_l = ’YGV_la Fy(z) = bO(’thn’Y_l)U(ﬂf)(bO('thi,n'Y_l))_l

By Lemma Vb "ty = bo(Yteny ). Thus if ¢y : G = YGy™L, 2+ yay~! denotes the
conjugation by v, we have ¢, o F' = Fyoc, (this in particular shows that Fj is an isomorphism).

We will first show that (U~ N F~1U™) x (U~ N FU) — U™, (x,9) — 2~ 1gF(x) is bijective.
We have U~ (Fy) = v~ (Uiow NG (Fy)y ")y and U(Fy) = v~ (Uup NG (Fy)y~1)y. Applying ¢y,
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we thus have to show that the map
((Uiow NG (Fq)y ™) N FoUiow NG Ee)y ™)) % ((Uiow N1G(EFe)y™") N Fo(Uup NG (EFg)y ™))
— Ulow NG (Fe)y 1, (7.6)
(x,9) = x~tgFy(x) is bijective. We first show that the following is an isomorphism:
(Uiow N by ' Tiowbo) x (Uiow NboUupby ) = Uiow,  (2,9) =  gFy (). (7.7)

To do this, it is equivalent to prove that given any A € ﬁlow, there exists a unique element
(z,9) € (Uiow N balUlowbo) X (Ujow N b()Uupbal) such that A = gFy(z). We now compute
explicitly and write

1 . .
e NIRRT
2 ‘ 1 0 0
1
T = b?fl a2 , g = cg 0 1
0 .
bp-11 bn—12 + bp—im-—2 1 0 o
b b b} _ P 1
0 cee 0 0 1 n-1 0 0
Let vty = diag(t1,ta, ..., t,) so that we have
1 0 0 0 0
0 1 0 0 0
1 1 0 O'(bzl)tg/tl 1 0 0
bot t..bg =
0 ,{7710'(.%') #,m 70 0 O'(bgl)tg/tl O'(bgg)tg/tg 1
: : . : 1 0
0 U(bn—l,l)tn—l/tl U(bn—l,Z)tn—l/tQ tee U(bn—17n—2)tn—1/tn—2 1
We therefore see that the (7, j)th entry of gFp(z) is
1 if i = j,
0 ifi < j,
(9Fo(x))ij = e : (7.8)
Ci—1 ifi>j=1,
U(bi—l,j—l)ti—l/tj—l if 4 > > 1.
We also compute the (7,j)th entry of A when A = (a;;)i; € Usow:
1 ifi=j,
0 ifi <y,
(xA)i,j = i—1 [P . (7'9)
bz‘j + Zk:j—o—l b,’kakj + a;; ifj<i<n-—1,
Qnj if j <i=n.

We now have n? equations given by (7.8) = (7.9)), viewed as equations in the variables b;; and
¢;. First look at the equations corresponding to (n,2),(n,3),...,(n,n — 1). This gives

U(bn—l,j—l)tn—l/tj—l = Qnj forl <j<n.
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which uniquely determines b,—11,bn-1,2,...,bp—1,n—2. Proceding inductively, let 1 <7 <n —1,
and suppose that all by ; for all i’ >4 and 1 < j < ¢ are uniquely determined. Then look at the
equations corresponding to (i — 1,2),(: — 1,3),...,(i — 1,7 — 2). This gives

i—1
U(bifl,jfl)tifl/tjfl = bi,j + Z bi7kakj + aij forl < j<i, (710)
k=j+1
which uniquely determines b;_1,1,b,—22,...,b;—1,;—2. This uniquely determines z. Finally, by

looking at the equations corresponding to (2,1),(3,1),..., (n, 1), it is immediately clear that the
¢;’s are also uniquely determined, so g is as well. This shows the isomorphism .

Now we deduce from this. Using the same notation as above, assume that A € [?low N
YG(Fy)y~. Let 7; := ord(t;) (1 < i < n) and \;; denote the minimum of valuations of all
elements of YG(F,)y~1 N lufaivj, where (u]%j is the root subgroup corresponding to the (7, j)th
entry (1 < i # j < mn). Then 7;,)\;; € {0,1} for all 4,j. Moreover, the fact that Fy is an
isomorphism shows

)\i,j = )\1;173'71 + Ti—1 — Tj—-1- (7.11)
To establish , we have to show that for all 2 < j < i < n, we have ord(b;—1 1) > Ai—1,j-1
and ord(ci—1) > Ni—1.1.

We first prove the assertion about the b’s. As in the proof of above, we may proceed
inductively on i: assuming that the assertion holds for all 7/ > ¢, we will show that the assertion
holds for ¢. (The basic induction step i = n follows from the same argument as below.) Observe
that if 7,1 = 0 and 7j_1 = 1, then we are done by formula .

Assume that 7,1 = 7j_1. If A\;_1 ;-1 = 0 then by (7.10) there is again nothing to show.
Thus we may assume \;_1;_1 = 1. By we have to check that )\; ; = 1 and that for each
J+1 <k <i—1, either \jp =1 or A\; = 1. First, \;; = 1 follows from . Second,
a; )+ o j = a;j (o is the root of the diagonal torus of GL,, corresponding to (7, j)th entry).
Thus the fact that fyG(EI)’y_l is a group implies that A\, + Ap; > \i; (for all k), so A\jp, = 1 or
Akj =1

Finally, assume that 7,1 = 1, 71 = 0. Then implies A\;_1;-1 = 0 and \;; = 1.
Then by we have to show that A\;; = 1 (which we already know) and that for each
j+1<k<i—1,wehave A\, =1 or A\y; =1 (which holds for the same reason as above). This
completes the proof of the assertion about the b’s.

Analogously, one proves the assertion about the ¢;_1’s. Since and the equations cor-
responding to (2,1),(3,1),...,(n,1) uniquely determine the b’s and the ¢’s, this establishes
bijectivity of .

To finish the proof of the lemma, it suffices to check that if A, Ay € YG(F,)y~* differ by some
element in the normal subgroup 7 ker(G(F,) — G(F,))y ™!, then the corresponding pairs (1, g1)
and (2, go) with z; tg; Fo(x;) = A; (i = 1,2) satisfy 7 x2, 97 ' g2 € ker(G(F,) — G(F,)). Let
)\Z ; € {h—1,h} be the smallest possible valuation of an element in y ker(G(F,) — G (F,))y~1n

Ua,; ;- As Fp induces an isomorphism of Gy, we again have a formula
h _ y\h ) )
)\i,j — )\7;_17‘7'_1 + 7—7/71 - 7—]7]_.

We can once again proceed inductively to deduce that the b;_1 ;1 and ¢;_1 are uniquely deter-
h h
mined as elements in p/\iflyjfl/pki—ld—l by the elements a; ; € phis /p’\m'. O
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Part 3. Alternating sum of cohomology of X},

In this part, we study the virtual Gp-representations
R (0) =) (1) H{(X;,, Q) [6),
i>0
where 6 is a character of T}, & OF /U} = W) (Fyn).

In Section we prove that if 6 is primitive, then R%f(@) is (up to a sign) an irreducible
Gp-representation (Theorem . Our strategy is to extend ideas of Lusztig, who proves the
analogous result in the context of division algebras [Lus79] and split groups [Lus04] (see [Sta09]
for the mixed characteristic analogue). This is done in Section We note that the main result
there, Proposition [8.7] is more general than Theorem in that it works for any Frobenius F
on Gy, and the F-fixed points of any F-stable maximal torus in Gp. For example, if we take F' to
be the twisted Frobenius coming from the Coxeter-type representative, then the F-fixed points
of the diagonal torus forms the group W (IF4»), which exactly gives Theorem On the other
hand, if we take F' to be the twisted Frobenius coming from the special representative, then the
F-fixed points of the diagonal torus forms the n/-fold product of W} (Fgno ), which corresponds
to the maximally split unramified torus in Gy,.

In Section we also give a character formula for R%f (#) on certain elements of T}, (Proposition
and give a geometric interpretation of determinant-twisting on the cohomology groups
(Lemma. Keeping in mind the remarks in the preceding paragraph, the methods in Section
primarily use the Coxeter-type representative b (Section .

In Section g we prove an analogue of a cuspidality result for R%f(@) when 6 is primitive
(Theorem [9.1). To do this, we perform a character calculation using the geometry of Xjp.
Our approach is a (far-reaching) generalization of the proof in [Ival6] in the special case G =
GL2(K). We use the special representative b (Section as F-stable parahoric subgroups
are more well-behaved for this choice. We note that although there is no notion of cuspidality
for Gp-representations, we will see later that Theorem implies the supercuspidality of the
corresponding G-representation (Theorem .

8. DELIGNE-LUSZTIG VARIETIES FOR MOY-PRASAD QUOTIENTS FOR GL,

We say that a character 0: T, = W, (Fgn) — @Z is primitive if the restriction of 8 to
WZ_I(]Fqn) does not factor through any nontrivial norm maps WZ_I(IFqn) — WZ_I(qu) for
rln, r<n.

8.1. Irreducibility of RF"(9).

Theorem 8.1. Let 0,0": T}, — @fx be two characters and assume 0 is primitive. Then
1 ifo=4¢
RGh 9 ,RGh 0/ > — )

< 7. (0), B! () Gh 0 otherwise.

In particular, the virtual Gp,-representation R%f (0) is (up to a sign) irreducible.

Let Uy, U, € Gy, be as in Section Put
Spi={zxeGy: 27 F(z) € U, }.
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This has an action of Gy, x T}, by (g,t): = — gat. Recalling from Proposition that Xp =
{z € Gy, :27'F(z) € U, }/(U, NF(U;)), we immediately have the following lemma.

Lemma 8.2. The morphism X, x (U, N FU;) = S), given by (z,h) — zh is a (G, x Tj)-
equivariant isomorphism, where the action on the left-hand side is given by (g,t): (z,h) —
(gwt,t= ht). As U, N FU,, s isomorphic to an affine space, for any character 0 of Ty, we have
R%f (0) =>.(=1) Hi(Sh, Q) [0] as virtual Gy-representations.

We show how to reduce Theorem to a calculation of the cohomology of
S i={(z,2,y) €U, x Uy x Gy, : aF(y) = ya'},

and postpone the study of ¥ to Section Taking for granted Proposition we give the
proof of the main theorem:

Proof of Theorem [8.1. Let F be the twisted Frobenius given by the Coxeter-type representative
b of Section Consider the action of Gy, x Ty, x Tj, on Sy, x Sy, given by (g,t1,t2): (z1,22) —
(gw1t1, gwate). The map

(9,9") = (z,2",y), 2= g7 ' Fg),2' = ¢ 'F(¢),y =97
defines an T}, x Ty-equivariant isomorphism G1,\S), x S, = 3. We denote by H.(S} x Sh)o-1.0r
and H!(X)g-14 the subspace where T}, x T}, acts by 67! ® ¢'. We have

(R (0), B 0))e, = D (1) dim(HE(X3, Q)07 @ HY (X0, Q)0

i €7
= > (=) dim(HL(Sn, Q[0 © HY (Sp, Q)[0'])"  (by Lm B2)
i’ €Z
= (1) dim H(Gp\(Sh x Sh), Qe)g-10r
€L
= Z dlmH E Qg)g 1¢
i€EZ
=#{yeGal(L/K): 0oy =10} (by Prop [8.7)

where in the final equality, we use the fact that 6 is primitive if and only if 6 is regular in the
sense of Lusztig [Lus04, 1.5] with respect to the F' coming from the Coxeter-type representative
b. Finally, since the primitivity of € implies that the stabilizer of § in Gal(L/K) is trivial, the
desired conclusion of Theorem R.1] now follows. ([l

8.2. Traces of very regular elements. In Part where we study R%i‘ (0) from the perspective
of automorphic induction, we will need to know the trace of very regular elements of Of; i.e.
clements € Of whose image in the residue field generates the multiplicative group F;n. In

fact, we can explicate the character on elements of O whose image in the residue field has
trivial Gal(Fgn /F,)-stabilizer.

Proposition 8.3. Let 0: T, — @KX be any character. Then for any element x € Of /Uﬁ =T
in G, whose image in the residue field has trivial Gal(Fy» /F,)-stabilizer,
*, pG
Tr (x ;RT;(Q)) - 07 (2),
~veGal(L/K)[n']
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where Gal(L/K)[n'] is the unique order n’ subgroup of Gal(L/K).

Proof. Let (1,(2 € Ty, be (¢" — 1)th roots of unity, let ¢1,ts € T,%, and assume that the image of
¢1 modulo w has trivial Gal(F,»/F,)-stabilizer. Note that ((it1,(2t2) € Gp, x T}, and therefore
acts on Xj,. By Proposition X}, is a separated, finite-type scheme over F». Since ((1,(2) =
(Cltl,@tg)qn(h_l) has order prime-to-p and (t1,t2) = (Cit1, (at2)Y (where N =1 (mod q"(hfl))
and (¢" — 1) | N) has order a power of p, by the Deligne-Lusztig fixed-point formula [DL76,
Theorem 3.2],

D1 T (G, Gota) s HA(Xn, @) = D0 (— 1) Tr (11, 2)"5 HAXO ., Q).
K3 7
By definition, if A(z) € X} corresponds to x = (z1,...,ay) € foigm’rat/fo(h), then (1, o)z
corresponds to the tuple (¢1(ex1, 0t (¢r)Coxa, - . . ,U(”*l)l(ﬁ)@xn), where [ is the inverse of e,
(mod n). In particular, we see that if ¢; has trivial stabilizer in Gal(F4» /F,), then the set X }(fl’@)
is nonzero if and only if C;l is one of the n distinct elements ¢1,0((1), ..., H(¢1).

Assume C;l = 09(¢y) with 0 < j < n — 1, then the elements of X,SC“@) correspond to
vectors of the shape z = (0,...,0,2;4+1,0,...,0). If ng does not divide j, then det A(z) = 0
(mod =), which contradicts det A(z) € Oj. Thus in this case we have X }(fl’@) = &. Assume
no divides j. Then x = (0,...,0,2;41,0,...,0) with z;11 € Wy(F,) lies in X}, if and only if
det A(z) = [[=) 0%(zj11) € (Ok/w")*. Thus X\ = (& = (0,...,0,2,11,0,...,0): 2,41 €
(Or/@w")* = T}} is zero-dimensional, and the action of (t1,t2) is given by @41 — 09! (t1)taw;11.
Thus .

Tr((tl,tg)*,Hg(X,(fl’CQ))) _ {#Th if to = ‘O-]l(tl)—l,
0 otherwise.
From this, we see that

T (G D5 REO) = 2 30 3 0 0t) ™ T (1 )" HUXES . 00)

(2€F ), t2€T,

= Y 0@y = YOGt O
0§j§|@—1 ~v€Gal(L/K)[n']
nolJ

8.3. Behavior under twisting of 6.

Lemma 8.4. Let0: Ty, — Q, be a character with trivial Gal(L/K)-stabilizer and let x : Wy (Fy) —

@Z be any character. Then as Gp-representations,
Hé(Xh’@e)[e ® (X © Nm)] = H(l:(Xha@f)[e] ® (X © det)a fO’f’ all i > 0.

Proof. Let Ty, denote the kernel of the natural homomorphism Gj, x Tp, — W, (F,) given by
(g,t) — det(t)Nm(t). Recall from that we have a scheme-theoretic morphism X, —
W (Fg). Write Xﬁet;l for the preimage of the identity. First observe that as Gj X Tj-
representations,

P  HiXnQ)) = Ind?:XTh <H§(Xﬁletzlv@£)[9|Tg]) :
0 Thﬁ@e
9'|T£:9|T;§
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Since the number of summands on the left-hand side is equal to the index of I'y, in G}, x T}, it
follows that as representations of I'y,

HY (X5, Qp)[0] = HIXR=", Q) [0]1p] (8.1)
for any 0': T}, — @EX with 9/|T;f = ‘9|T,§’- In particular, as I',-representations,

H (X3, Q0)[0 ® (x 0 Nm)] = H (X, Qp)[6].
Now observe that the subgroup of Gy x Ty generated by I'y, and 1 x T}, is the whole group.

For any g € Gy, let t, € T}, be any element such that det(g) Nm(t,) = 1. Then (g,t4) € I'y,, and
we have

Tr((g,1)";HA(Xn, Q)[0 @ (x o Nm)))

= Tr((g, tg)*s HA(Xn, Qo)[0 @ (x o Nm)]) - (¢, ") - x(Nm(t; 1))
)*7Hé(Xh,QZ)[9]) 0(t, ") - x(Nm(t, )

Xn, Qo)[0]) - 0(ty) - 0(t, ") - x(Nm(t, 1))

(X4, Qp)[60]) - x(det(g)). O

Observe that by Lemma we have that R%i’ (0) is (up to sign) irreducible if and only
if R%i‘ (0 ® (x o Nm)) is, where x: Wp(F,)* — @, . Recall that by Proposition if 0 is a
character of T} that factors through the natural surjection T}, — T}/ for some h' < h, then
R%f 0) = RGh'(G). Thus we can strengthen Theorem to obtain that R%f‘ (0 ® (x o Nm))

is (up to sign) irreducible for any primitive 6: T}, — @Z and any x: Wy (F,)* — @Z . Such
characters exactly correspond to minimal admissible characters of L* of level h (see Part .
This argument will be appear again in the proof of Theorem [12.5]

8.4. Lusztig’s theorem. This is a generalization of [Lus04,Sta09] to non-reductive groups
over O. The Iwahori case (which corresponds to the division algebra setting over K) was done
in [Lus79] (see also [Chal9l Section 6.2]) and is a simpler incarnation of these ideas. We keep
our notation as close as possible to that of [Lus04}Sta09] as most of the arguments are the same.

8.4.1. Set-up. Let T,T" be two maximal F-stable tori of .Jp,, split over K and let (U,U7) and
(U',U’~) be two pairs of (possibly not F-stable) unipotent radicals of opposite Borels containing
T and T, respectively. (Outside Section T always denotes a maximal elliptic torus of G, but
here we want the notation to coincide with [Lus04]). Consider the intersections of K-points of
T,7,U,U-,U",U '~ with Cuv‘x70 (Section and denote the corresponding subgroup schemes in
Gy by Ty, T),, U, U, , U}, U, ~. For 1 < a < h, let G} := ker(Gy, — G,) be the kernel of the
natural projection, and analogously define T%,Uj, and so forth. We set GZ’* =Gf ~ G‘;LH, and
analogously for T)*, Uy, and so forth. We use the shorthand 7 := ']I‘Z_l.

Let N(T,T') = {g € Gxo : g 'Tg = T'} and N(T},,T}) = {g € Gj, : g"'Tyg = T}, and
define

W(T,T') := T\N(T, T') = T \N(Tp, T})-

Observe that W (T,T") is a principal homogeneous space under the Weyl group of the torus Ty
in the reductive quotient Gq of Gp.
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8.4.2. Roots and regularity. Let ® = ®(T,J,) denote the set of roots of T in J,. It carries
a natural action of F'. For a € ®, let Gj denote the subgroup of Gj, coming from the root
subgroup of Jb(lv() = GLn(IV() corresponding to «. For a« € ®, let T C T be the image of the
coroot of T in GLn(Iu( ) corresponding to «. It is an one-dimensional subtorus of 7. We denote
by T4 the corresponding subgroup of Gj;. We write 7% C T for the one-dimensional subgroup
(T2)"~1 of T¢.

Following [Lus04, 1.5], a character y: 7% — @EX is called regular if for any o € ® and any
m > 1 such that F™(T%) = T, the restriction of YoNE™: T — Q, to (T*)F™ is non-trivial.
Here, NE™: TF" — T is the map t = tF(t)--- F™ 1(t). A character x of T is called regular
if its restriction x|;r is regular.

Remark 8.5. In our situation, when b is a Coxeter-type representative and T is the elliptic
diagonal torus of Jp, let x be a character of T(K) = L* of level h. Then the restriction of x
to Of can be viewed as a character xp, of TF = (Op/w")*. A straightforward computation
shows: xy, is regular in the above sense if and only if it is primitive, i.e. the restriction of xj to
TF = W= (F;n) does not factor through any of the norm maps Wi (F;n) — WE—Y(F ) for
r | n, r <mn. We use this in the proof of Theorem O

8.4.3. Bruhat decomposition. For each w € W(T,T") choose a representative w € N(T,T").
We have the Bruhat decomposition G; = LlweW(T,T') G1,4 of the reductive quotient, where
G1,w = UwT|U]. Define Gy, ,, to be the pullback of Gy ,, along the natural projection G, — Gj.
Thus G, = yew(r1) Ghw- Let Ky := Uy Nl v~ and K}, := K;, N Gy,

Lemma 8.6. Gy, = UK} T} U,.

Proof. Indeed, we compute
G = Upi ThGAU, = UntiT), (G} N'T3)(GE MUY )(GE N U)) U,
= Upui T, (G, N U )U, = Up, (w(Gy N UG ™) wT,Uj,
= Uy, (U, nw(G, NnU )™t wTy,Uj, = UKL T, U, O

8.4.4. The scheme X. Define
Y ={(z,2,y) € F(U) x F(U},) x Gp: zF(y) = ya'}
Y ={(z,2',y) € F(Up) x F(U}) x Gp,: F(y) =ya',y € Gy} C 3,

for w € W(T,T"). Set-theoretically, 3 is the disjoint union of the locally closed subschemes X,,.
The group T x T/ acts on ¥ by (¢,t): (x,2/,y) — (tzt™ L, 2"t "L tyt'!) and %, is stable
under this action for any w € W(T,T").

Proposition 8.7. Let 6 and 0' be characters of Tﬁ and ’JI‘;LF respectively and assume that 6 is
reqular. Then

> (—1) dim HY(2,Qp)g-1 0 = #{w € W(T,T")F: 00 Ad(h) = 0'}.
€L
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Proof. Using ¥ = |J,, Sw, it is enough to show that Y., (—1)" dim HY(3,Qy)g-1¢ is 1 if w €
W(T, T)f and 0 o Ad(w) = @', and is 0 otherwise. Fix a w € W (T,T"). Let
S = {(z, 2 u,u/, 2, 7') € F(Uy) x F(U}) x Upx U, x Kp x T} :
rF(uzwt'v") = uzir’v'2'}.
We have the morphism Sy, — Yo, (x, 2" u, o, 2, 7') = x, 2 uzTu, which by Lemma is

surjective. Moreover, this map is ’]If X ’]I"hF -equivariant, when we endow ¥,, with the ’]If X ’]I"hF -
action

(t,t): (2, u, i, 2, 7) = (tat L T tut ™ T et o . (8.2)

As the projection f]w — Y is locally trivial fibration, the cohomology does not change if we
pass from >, to ¥,,. Thus to finish the proof the proposition it is enough to show that

1 ifwe W(T,T")" and 6 o Ad(w) = €',

(8.3)
0 otherwise.

> (=1)'dim Hi(S, Qg1 = {

€7
We make the change of variables replacing 2F(u) by « and 2/F(u/)~! by 2/, and rewrite &, as
S = {(z, 2, u, i, 2,7') € F(Uy) x F(U}) x Uy x Uy x K} x T} : aF(zi7") = uzior'u'z'},
and the torus action is still given by (8.2)). Define a partition So =3, US by
f]iv = {(z,2",u,v,2,7) € St 2 # 1},
S = {(z, 2 u 2, 7)) € Syt 2 = 1}

Both subsets are stable under the ']I'f X T;lF -action. By Section m

. NS 1 if W(T, T and 0 o Ad(w) = ¢’
S (1) dim B, T g = |- 0 S W and 0o Ad) =0,y
ez 0 otherwise,
and by Section [8.4.8] under the assumption that 6 is regular,
Z(—l)l dim HZ(i;U,@g)g—lﬂl = 0, (85)

1€Z

so (8.3 holds. O

8.4.5. Cohomology of %" . We prove (8.4)). This works exactly as in [Lus04] (see the proof of
Lemma 1.9, specifically the proof of claim (b) in op. cit. beginning on page 8). For convenience
of the reader, we recall the arguments. Consider the closed subgroup

H={(t,t") €Ty xTh: tF(t)"' = F)' F{t') "F(i ")} C T, x T),.
Note that H contains ’Hfo T}, " and (8.2) containing T/ x T/". The action of TF x T/F on s
extends to an action of H, still given by (8.2). Let Ty, and T;L’ . be the reductive part of T,
and T), respectively. Set H,:=Hn (Th« x Ty, ) and let HO be the connected component of H,.

Then H? is a torus acting on %/ By [DM91, 4.5 (and 11.2) and 10.15] (compare the similar
computation in the proof of [Sta09, Theorem 3.1]), we have

> (1) dim HY(S!, Qo100 = Y (—1) dim B ((£1)™. Q)

S
i€Z i€Z ’
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Let (z,2',u,u/,1,7") € (i%)Hg By Lang’s theorem, H, — T}, « is surjective and hence (as Ty, .
is connected) also H? — T, is surjective. Similarly, HY — T} , is surjective. Thus for any
t € Thy, t' €Ty, we have

tat ™! = z, talt' =t = x tut™t = Uu, 't =

This implies z = &’ = u = v/ = 1 since T, acts non-trivially on all affine roots subgroups
contained in Uj, (and similarly for Tj, U} ). Thus

(S C{(1,1,1,1,1,7): 7' € T}, Fir') = wr'},

and we deduce

Z(—l)idimHi <(§”)ﬁ3 o ) )1 if F(w)=w and 0o Ad(w) = ¢,
<z ¢ wio et o-1.0/ 0 otherwise.

8.4.6. Some preparations. In the next two sections, we make the necessary preparations in order
to carry out Lusztig’s argument for in Section Let N, N~ be unipotent radicals of
opposite Borel subgroups of Jb(k) = GLn(R') containing 7', and for A > 1, let Ny, N, be the
corresponding subgroups of Gj,. Let @7 = {a € ®: G} C Np} and &~ = &\ 0T = {a €
®: G C N, }. For @ € &% let ht(cw) denote the largest integer m > 1, such that o = /" |
with o4 € ot

We call the roots o € ® for which G # 1 reductive and the other roots non-reductive.
Equivalently, a root « € ® is reductive if and only if (o, x) € Z, where x is as in Section

To make explicit calculations, we may assume that 7" is the diagonal torus in GLn(IV( ). For
1 <i# j < n,let a;; denote the root corresponding to the (4, j)th entry of an n x n matrix.
For 1 <i<mn,let 1 < [i],, < ng denote its residue modulo ng. Define hty, (e ;) := [i]ny — [J]no-
Then a € ® is reductive if and only if ht,,(a) = 0. If ht,, () > 0 (resp. hty,(a) < 0), we call «
non-reductive of type 1 (resp. of type 2). For any a = a; ; € ® and 1 < a < h, we have

(G = {pal/ph1 if ht,, (a) > 0, (8.6)

pe/ph if ht,,, (a) <0,
in the sense that (G§)“ consists of n x n matrices with 1’s on the main diagonal, an element of
the subgroup p~1/p"~1 (resp. p?/p") sitting in the (i, j)th entry, and 0’s everywhere else.
Example 8.8. Let n = 4, k = 2. Then if A is the apartment of B"4(GLy, K ) corresponding to
the diagonal torus, then x is the unique fixed point under the action of b = by -diag(1,w, 1, w) =

w
(1 = ) Computing, the matrix of inner products for o; ; € ® is
1

* -3 0 -3

ER )

(i X i<ijea= | 2 12
2 2

30 5

Hence for h > 1, we have

x O/}g"l n/p}; O/Eh1 p/p*; x
Ty [ OO/ O/ Ofp

) = GulFa) = { "oy o opph |
(’)/phfl O/ph O/ph71 O/ph
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where the X superscript means the group of invertible matrices, and for 1 < a < h,
1+p“/}3h p“/phh p“/pz p“/p’;
T AT ph Tl Thpe fphope Tt ph p/p
GYF) = 1|P? /p
n(Fo) pU/R /e 1pe/ph pa/ph
el /ph Tt pa/pl pe Tt ph T Agpe /ph
For two elements z,¢ € Gy, we write [€,2] = ¢ 7127 1¢z.

Lemma 8.9. Letae ®. Letl1 <a<h-—1.
(i) If v is non-reductive, then [GZH, (Gz‘)h—a] =1.
(i1) If o is reductive, then [GY, (G%)h_“] =1.

Proof. The computation to show (i) and (ii) is nearly the same. We prove (i). It suffices to check
that [T¢*!, (G$)"~9) = 1 and that [(Gﬁ)““‘l, (G)'=9] =1 for any B € ®. This is an immediate
computation using the explicit description of G and . The only critical case is when «, 3
are both non-reductive of type 1. Here, it suffices to observe that if a + § is again a root, then
it is again non-reductive of type 1. O

Let (N})=0 denote the subgroup of N} generated by N7 and all ((G}ff)1 with 8 € & satisfying
hty,, (8) < 0. Obviously N7 C (N}1)=0 C N].

Lemma 8.10. Let1 < a < h—1and z € NZ’*. Write z = H,Becb+ xz with :L‘g € (Gﬁ)“ for
a fived (but arbitrary) order on ®*. For B € ®T, let a < a(B,z) < h be the integer such that
x5 € (Gy) B,
(i) If = € N N (N} )=S0, then the set
A, :={B€®:a(B,2) =a}

is independent of the chosen order on ®*.
(ii) If z € N} ~ (N})SO, then the set

A, :={B € ®T : hty,(B) is minimal among those with ht,, >0 and a(B,z) = 1}
does not depend on the chosen order on ®7.

Proof. (i): First let 2 < a < h — 1. From the explicit description of the root subgroups it
follows that the quotient N§! /NZJrl is abelian (for a = 2 one needs to use that the sum of two
non-reductive roots of type 1 is again of type 1 if it is a root), thus its elements are simply tuples
(r5)geap+ With xg € (Gf)a/(@g)““ with entry-wise multiplication. If z = (z3) is the image of 2
in this quotient, then A, identifies with the set of those § for which 2§ # 1 (which is obviously
independent of the order). Now let @ = 1. Then z € (N} )=\ N? and the same arguments apply
to the abelian quotient (N} )<0/N2.

(ii): The group N} /(N1)=0 is not abelian, but is generated by its subgroups (Gf)l / (G’g)2
for 5 € ®* non-reductive of type 1. For m > 1, let H,, be the subgroup generated by all
((fo)l/(Gf)2 with ht,,(8) > m. Since the function ht,, is additive on ®, the H,, form a
filiration of N} /(N})<Y = H; with abelian quotients H,,/Hp+1 = I (Gf)l/(Gg)Z.

[ non-red. type 1
htno (B)=m

Since z ¢ (N} )=0, there is an m > 1 such that the image of z in N} /(N})=0 lies in Hy, \ Hpn1.

Denote by z = (a’:g)g non-red. type 1 the image of z in Hy,/Hpy1. Now A, is the set of all § € &7
htp, (B)=m
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non-reductive of type 1 with ht,,(3) = m such that #3 # 1. This does not depend on the chosen
order. O

8.4.7. Stratification of K} .
Lemma 8.11. Let 1 <a<h—1, z€ Ny and A, as in Lemma|8.10,

(i) If A, contains a non-reductive root, let —a € A, be a non-reductive root of mazimal
height and o € ®~ its opposite. Then for any & € (G)"™%, we have [¢,z] € T*(N, )1
Moreover, projecting [&, z] into T induces an isomorphism

Aot (G /(GRS T
(i) If A, contains only reductive roots, let —a € A, be a root of mazximal height and o € &~

its opposite. Then for any & € (G$)"=971 we have [¢,2] € Ta(N,:)hfl. Moreover,
projecting [, z| into T induces an isomorphism

At (GR) /(GRS T

Proof. We first prove (i) when z € (N})=0. Assume first that A, contains a non-reductive root
and let —a be such a root of maximal height and o € ®~ its opposite. By Lemma (applied
three times), the commutator map N§ x (Gg)h*a — Gy, induces a pairing of abelian groups,

N /N < (GG = G, 7€ [E2].
(If a = 1, one has to replace NZ/NZH by (N})SU/N2.) This is bilinear in Z: if 21,29 € N¢, then

(€ m1me) = € oy oy amo = € ] oy M wam
= 5_1$;1£[§7 $2]x1 = [Ev .%'1] [‘57 .%'2],

where the second equality follows from Lemma [8.9) and N¢/Ny*! (vesp. (N})<0/N2? if ¢ = 1)
being abelian, and the fourth follows from Lemma (8.9|as [¢,z] € G/
Now let & € (G)h=/(G)h—*+! and z € N¢/N¢! be the images of ¢ and z respectively.

Write
z=2", [[ =z 1T 75

BEDPT red. Be®t non-red., f#—a
ht(8)<ht(~ o)

Then [¢, 2] is the product of [¢,Z_,] with all the [€, z3] in any order. Let 3 be any lift of 2 to

(Gf)“. If B is reductive and « is (non-reductive) of type 1, then either , z commute anyway
or a + f3 is again a root (necessarily non-reductive of type 1) and shows that [5,3:%] =1
If § is reductive and « is (non-reductive) of type 2, then shows that &, 23 commute. If
B # —a is non-reductive, then by assumption ht(8) < ht(—a). Then [,z3] = 1 unless a + f3
is a root, in which case [, 23] € (G'ffrﬂ )"~1 by (8:6). But the height condition implies that
a+ 3 € ®~. Following this case-by-case examination, the claim about A, in (i) when z € (N} )=0
is then established once we make the following observation: If ¢ has [y]w" ™2 (resp. [y]@" o1,

a—1 . is a

(resp. [u]w®) in their only non-trivial entries, then [¢, 27,

h—1

if a =1) and 2%, has [u|w
diagonal matrix with only two nontrivial entries: 1 + [uy|w
In (ii), it is automatic that z € (N})=0, and this case can be proven in exactly the same way
as above (and is slightly easier) and we omit the details.
It remains to prove (i) in the case that z € N} \ (N})=0. In particular, £ € (G¢)"~1 since
a = 1. By construction, A, consists of non-reductive roots of type 1, so o must be non-reductive

<0
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of type 2. Modulo (N})<° (which commutes with £) we may write

= I =) II =)=

~EDT BeEA, N {—a}
htyg (v)>htr, (—a)

Recall that A, ~ {—a} consists of (necessarily non-reductive, type 1) roots with ht,,(8) =
hty,, (—a). By construction ht(v), ht(8) < ht(—a), and so in particular,

s= [l @3 e ()"

We claim: i
=€(IL#) (Il 3)=
v B
_ ( >§<Hx§):cz_a (8.7)
v B
= (I (I @) s ) atlea”
v B
(11 ><Hx> e -
v B
= zs¢[€, 27 ]
= 2{[§, 22, ]s (8.9)
Here holds as a + ~ (if it is a root) must be non-reductive of type 1, and hence £ and 7

commute by . To justify (8.8), let 8 € A, ~{—a}. If a + [ is not a root, then [f,a:g,] =1.
If a4 B is a root, then o+ 3 is reductive (since htp,(8) = htn,(—a)) and [§, 23] € (Gz+ﬂ)h_1 C
(N; )"~ (since ht(8) < ht(—a) by definition of ). But every 3’ € A, is non-reductive of type
1, so we must also have hty,(8'+ (a+8)) > 0, and (8.6]) shows that [¢, 3] commute with z, for
all B € A.. Finally, (8.9) follows from the fact that s € (N; )"~! commutes with ¢ € (N, )h~1
and with [¢,27,] € T®. But now we have shown [¢,z] = [¢,27 ,]s € T*(N; )"~1, which finishes
the proof of the last remaining assertion of the lemma. O

Let Ky = U, NNp,. Let & = {3 € &+ Gg € K,}. Let X denote the set of all non-empty
subsets I C @', on which ht: ®T — Z- is constant. To z € K} \ {1} we attach a pair (a., I.)
with1 <a, <h—1and I, € X. Define a, by z € Kzz’*. If A, contains a non-reductive root, let
I, C A, be the subset of all non-reductive roots of maximal height. (Note that if a = 1, then I,
contains only roots of type 1 if z ¢ (N})=" and only contains roots of type 2 if z € (N})<0.) If
A, contains only reductive roots, let I, C A, be the subset of all roots of maximal height. We
have a stratification into locally closed subsets

Ki~ {1} = | |Kp™" where Kp™' = {z € K}~ {1}: (as, L) = (a,1)}. (8.10)
a,l

8.4.8. Cohomology of f];v We are now ready to prove using the same arguments as in the
proof of [Lus04, Lemma 1.9]. To do this, it is enough to show that H](E’ )o,or = 0 for all j > 0.
For a 7'"-module M and a character x of 7', write M, for the x-isotypic component of M.
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Note that 7'F acts on 3/, by
' (x, 2! w2, 7)) = (a2t T 2 .

Hence HZ(3!) is a T'F-module. It is enough to show that Hg(iiu)(x) = 0 for any regular
character x of 7F. Fix such a x. Define N = wU'~w ™', N~ = wU’w~!. Then with notation as

in Sections and the stratification of K}, \ {1} given in (8.10) induces a stratification
of ¥} indexed by 1 <a<h—1and € X:

Y, = |_| shal where $h01 = {(z, 2/ u, v/, 2,7) € X! z € Ky}
a,l

Note that each S3*' is stable under 7'F. Thus to show (8.5), it is enough to show
Hg(i&a’l,@g)(x) =0 for any fixed a, I. (8.11)

ax, I

Choose a root « such that —a € I. Then G} C Uy, N wU;lw—l. For any 2z € K", Lemma
[8.17] grants us an isomorphism

A (GYHh=e/(Gg)h—atl =2y 7o if v is non-reductive,
A (Gl /(G = T, if « is reductive.
Let 7 denote the natural projection (G$)"~% — (G%)"~/(G¢)"=2*1 if o is non-reductive and
the natural projection (G¢)"~%~! — (G£)"=2=1/(G%)"~* if a is reductive. Let 1) be a section
to m such that m =1 and ¢ (1) = 1. Let
H={t' e T ¢ 'F{') € w ' T}
This is a closed subgroup of T”. For any ¢ € ' define fy: 2! — S527 by
ft/ ($7 x,’ u? u,’ Z7 T,) = ($F(£)’ i‘/’ u? F(t/)_lu,F(t/)’ Z? T,F(t/))’
where
E=YN L (wF{) Wat) e (GH 1 C Uy Nl w
G)=2=1 should be replaced by (G)"~% if « is non-reductive), and &’ € Gy, is defined by the
h Y (p y
condition that
zF(E207' F(t') € uzr F(H)F(t") YW/ F(t)i'.

To check that this is well-defined one needs to show &’ € F(Uj). This is done with exactly the
same computation as in the proof of [Lus04, Lemma 1.9], and we omit this. It is clear that
fir: shal o $hal i an isomorphism for any t' € H'. Moreover, since 7% C H' and since for
any ¢ € T'F the map fy coincides with the action of ¢ in the 7'F-action on i’ (we use
¥(1) = 1 here), it follows that we have constructed an action f of ' on S3*! extending the
T'F-action.

If a connected group acts on a scheme, the induced action in the cohomology is constant.
Thus for any ¢’ € H', the induced map f};: H(S: Q) — HI(S" Q) is constant when ¢
varies in H'°. Hence the restriction of the 7'F-action on Hi (S5, Q) to TF N H'0 is trivial.

Now we can find some m > 1 such that F™(w~'T%) = w1 T%0. Then

t' = t'FA)F2(t) - F™ ()
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defines a morphism w1 7w — H'. Since T is connected, its image is also connected and hence
contained in H'0. Ift' € (w=1T%w)F™, then NE™ (¢) € T'F and hence also NE™ (#') € T"F'nH°.
Thus the action of NE™ (¢') € T'F on HI(S") is trivial for any ¢ € (b= 1T %)™

Finally, observe that if Hg(iiba’f,@e)(x) # 0, then the above shows that ¢/ s x(NL™ (¢')) is
the trivial character, which contradicts the regularity assumption on y. This establishes ,
which establishes , which was the last outstanding claim in the proof of Proposition

9. CUSPIDALITY

The next theorem (proved in Section concerns the “cuspidality” of the representation
R%f (0) for primitive #. This is the higher-level analogue of Deligne-Lusztig’s theorem [DL76)

Theorem 8.3] required to prove that the induced representation c-Ind$ o (\R%f (9)\) is ir-
reducible and supercuspidal (Theorem . A proof that this induced representation is ir-
reducible supercuspidal when h = 1 can be found in [MP96, Proposition 6.6], and when
G = GL2(K) and h arbitrary it was done by the first author in [Ival6].

We work with a special representative b as in Section [5.2.2

Let N’ be the unipotent radical of any standard parabolic subgroup of GL,,» and let N denote
the subgroup of GL,(K) consisting of unipotent matrices such that any (ng x ng)-block consists
of a diagonal matrix and the (4, j)th block can have nonzero entries if and only if the (4,7)th
entry of an element of N’ is nonzero. For each h > 1, let Nh denote the image of NN éxp in
Gn(F,). Define Nj, := ]\fof7 and N,?_l = ker(Np, — Np_1).

Theorem 9.1. Assume 0: T, — Q, is primitive. Then the restriction of ]R%Lh(@ﬂ to N[fl
does not contain the trivial representation.

9.1. Proof of Theorem [9.1]

9.1.1. We retain notation as in the statement of the Theorem and the set-up directly pro-
ceeding it. Let J := {a = (4,j) : Uy C N’} be the set of roots of the diagonal torus in
GL,, occurring in N'. Let [ be the inverse of ky modulo ny and let [a],, denote the residue
ofa € Zin 1 < [a] < ng. The elements of N;'™! consist of n x n-matrices, whose (i, j)th
(nop x mg)-block is the identity matrix if i = j, is zero if ¢ # j and (i,7) € J, and is of the
form diag(w” 'u, @ Lol (u), wh=1allno (u),. .. @l 1al0=Dlno (1)) for some u € Fyno if
(i,7) € J. Observe that it is sufficient to show that the theorem holds under the assumption
that N’ is the unipotent radical of a maximal proper parabolic; that is,

J={(,5):1<i<n —l,n —0+1<j5<n,} for some 1 < ¢ < n'.

(This will be used only in the proof of Lemma[9.6])

9.1.2. Our main tool will be a close variant of [Boy12, Lemma 2.12]. The set-up and proof of
Lemma [9.2] is nearly the same as the proof of op. cit. verbatim. Assume that X is a separated
scheme of finite type over F, and we are given an automorphism ¢ of X and a right action
of a finite group A on X that commute with ¢. For each character x: A — @Z , we write
Hi(X,Qy)[x] for the subspace of H:(X,Q,) on which A acts by x. Note that this subspace is
invariant under the action of p*: HY(X,Q,)[x] 5 Hi{(X,Qp)[x]-
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Lemma 9.2. Let x: A — Q, be a character. Assume that Fr, acts on Y ;(—1)'HL{(X, Qy)[x]
by a scalar A. Then

T (¢ SCDCTIN ) = g - L (a) - e € X(E : plFy(o) =),
¢ acA

Proof. For each a € A, let p,: X — X denote the automorphism x — x-a and write ¢, = Yo p,.
Then p, is a finite-order automorphism of X and (as in the proof of [DL76, Proposition 3.3])

> (=1)" Tr(Frg 0 05; HU(X, Q) = #{z € X(Fy) : o(Frg(x)) =2 a™'}.

i
Hence averaging over x~!(a), we have

#A > xHa) - #{w € X(Fy) : plFry(z)) =z-a”'} = ;(—Di Tr (Frg o ¢*; Ho(X, Q)[])

a€A

)

AT (@5 DD QD) - O

9.1.3. Now fix a character 6: T), — @KX as in the theorem. Recall from ([7.3]) that
Xn = |_| Ga. Xt =1 where Xi°=! = {z € X}, : det gi*Y(z) = 1 (mod @")}.
a€(Ok [wh)x
Note that T}, transitively permutes the components g,. X< (a € (O /@w")*) and let T} C
Tj, denote the stabilizer of a (any) component. Since the composition H!(Xget= 1)[0\1}3] —
HY(X1)[0]7e] — HL(X3)[0] is bijective, it must be an isomorphism of N, "~L_representations (see
also (8.1])). Hence to show the theorem, it is enough to show that the trivial character of N [LL_I
does not occur in Zi(—l)iHé(XﬁetEI)[H\Tﬁ]; that is,
(v, S LG Tleley)
1
=t 2 T (e DG b)) <o 9.1)
h geN}}LL 1
We now apply Lemma to the Fyn-scheme X{°=! with A = T and ¢: XJet=1 — xdet=1
given by x — g - x for some g € N,};_l. We see that to show (9.1), we must show

Z Z 6(t) - #Sg.: =0, where S, 1= {x € X{=N(F,) : g- Fryn(z) = x - t}.

geEN1teTy

Lemma 9.3. Let g € N}?*l and t € TP such that Syy # @. Then t = (=1)" 1 (mod @)
and o™(z) = (—=1)" "'z (mod w"~') for all x € Sy,.

zadm rat red(

Proof. An element y € % lies in if and only if det g;**(y) € O, or equivalently,
orddet g5(y) = orddet(Dy ) =: ¢ and U(det a(y)) = det gp(y). Multiplying by b on both sides,
we see that these conditions are equivalent to

det(ba(y) | (bo)(y) | - | (b0)"(3)) = det(b) det(gn(y)) € =+ O".
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As b is the special representative, det(b) = ((—1)o—Dkogkoyn" — (_1)s(0=D 5k and moreover,

b = w”. Thus the above is equivalent to

w" det(bo(y) | (b0)*(y) | ... [0"(y)) = (=1)"" Vo™ det(gy(y)) € wO%,
An elementary computation shows (—1)"~1=#(%0—1) — (—1)"'=1 thus the above is equivalent to
(=1)" " det(a™ () [bo(y) | (b0)*(¥) | --- | (b0)" (1)) = det(g(y)) € @O,  (9:2)

Let now x € Sy € Xj. Denote by y € foadm’rat a lift of z. As g = 1 (mod w"™ 1), we by
assumption have o™(y) = yt (mod w"~1). Thus replacing in o™(y) by ty+ "% for some
*x € £, using the linearity of the determinant in the first column, and the fact that each entry
of the ith column (2 < i < n) of the matrix on the left hand side of is in O divisible by

(i=D)rg .
w{ no OJ (and Y7, L%J = ¢), we deduce that

(-)" "t =1 (mod =" ).

If # € X, | denotes the image of  modulo w" !, we obtain o”(%) = (—1)" ~17. O
Thus for g,t as in the lemma, S, ; # @ implies
te ()" T AT = {(=1)" " (1 + =" Ma]): @ € Fyn, trg,, (@) = 0},
so that, after factoring out the constant (—1)" 1, it remains to show:

> 2 00+ ) #S i = 0 (9-3)

gGN;Z_l acker(F n—TFq)

9.1.4. Before we can prove (9.3]), we need some preparations. Recall from Section that one
has an intermediate scheme X; — X,j_l — X},_1. Define X:_’C}etzl to be the subscheme of X}f_l
consisting of z € X}T_l with det(gged(a;)) = 1 modulo @"~!. Then we have a surjection

fi X}?etzl N X}—l&—_,dletzl

and by Proposition X,‘jetzl — X ;i’dlegl x A" is the (relative) hypersurface given by

no—1

> o(P)+e=0,

i=0
where ¢: X}, — A! factors through f and P; is a polynomial over X }J[_l in the variables x; 5,1
for i =1 (mod ny).

9.1.5. By Lemma 0.3 for g € Nj™' and t € (—1)""NT; ™' 0T} with Sgy # &, we have
Sgt € f71(Sh-1), where

Spr = {7 e X011 0"(@) = (1) E ) < X

is a finite set of points. Regard Sj,_; as a (zero-dimensional, reduced) subscheme of X ;ﬁetzl.
Consider the Sj,_q1-morphism S;_1 X A" 56, 1 x A”/, which is the linear change of variables
defined by

(T1,h—1, Trg+1,h—15 - - s Tng(n/—1)+1,h—1)" = G6(T) (21, 22, - -+, 2)T,
where T is the image of € S,_1 in X7 and g,(Z) is as in Section
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i

X ;Lr_’dletzl defined by an equation Z?:_(]l A =

Claim. X{°*=1 is a (relative) hypersurface over

It is enough to show that in the new coordinates z1,..., z,/, the polynomial P as in Propo-
sition [7.6| takes the form P; = Z:igl zi]noz. We prove this now.

Recall the n/-dimensional Fyno-vector space V with its distinguished basis {€no(i—1)+1 b 1<i<n’
and the [Fno-linear morphism & of V from Section To simplify notation, we write Z; instead
of Ty, (j—1)41,0 for ¥ € X and 1 < j <n' — 1 in what follows (i.e., the image of x € X} in Vis
Z = (Z;)",). Recall from Sectionthat for z € V the ith column of the (n' x n’)-matrix gy(%)
is 7,77 1(z). Let m; denote the ith row of the adjoint matrix (m;;) of g5(Z). Then the above
change of variables gives

n 2n !’ _
Py=(mi- @)z + (mo-6u(2))2]  + (ms - G5(2)2]  + -+ (my - o H(2))2]

+ (1 5y(2)) 22 + (g - 332 (2))28 + (mg - 53(2))24 o+ (g - 5F (7))

an(n/ -1)
n’ :

o (my T TN @) 2+ (Mg -7 (2))28° 4 - 4 (my, - 52 T2 (7))

n

(Here - denotes the matrix product.) But ¢™(Z) = (—1)" ~'Z (where 0" is applied entry-wise),

and hence from the explicit form of @ we deduce that 7" (Z) = (—=1)” ~'Z. As (my;) is adjoint
to gp(z) and det(gy(z)) = 1 € F, we have

, 1 ifj=i—-1
m; - oy’ (T) = / 7
0 otherwise.
This shows that all coefficients are equal to 1 in the first line of the above expression and vanish
in lines 2,...,n’. This completes the proof of the claim.

9.1.6. Note that N}]fl X (T,i‘*1 NTy) stabilizes S,_1 and acts trivially on it. We describe the
action of N[fl X (T,ff*l NTy) on the new coordinates 21, ..., 2.

Let g € N[fl and for (i,7) € J as in Section let [u; j]w"~! denote the upper left entry
of the (i, 7)th ng x ng-block of g. Recall that the action of g on f~!(S;_1) in the old coordinates
T1h—1s- s Tng(n/—1)+1,h—1 1S given by

/

n
n’ -
9-(Tpg(i—1),h—1)ie1 = (xno(i—l),h—l + > Ui,jﬁj), .
L<j<n’ =1
(4.5)ed

Since det(g,(T)) = 1 by assumption, the adjoint matrix (m;);; of gp(Z) is in fact the inverse, so
that z; = Z?’:l MijTpg(j—1)+1,h—1- Lhus the action of g on the new coordinates is given by
Zi >z + E MUk T
1<kj<n’
(k.g)ed
We now describe the action of (T,?_1 NT7) = {1 + [a]whL: Trg . /7, (a) = 0}. For a €
ker(Tr: Fyn — F,), the action of 1+ [a]e"~! on the old coordinates is given by

Tg(i—1)+1,h—1 77 Tno(i—1)41,h—1 T AT;-



60 CHARLOTTE CHAN AND ALEXANDER IVANOV

Since Y 7 _, mixZs is equal to 1 when i = 1 and equal to 0 when i > 1, the action of 1+ [a]cw" !

on the new coordinates is given by

{z1+a if i =1,
Zi —r

% ifi=2,...,n.

Moreover, 2 — o™ (z) - (—1)" ~! defines an isomorphism of each fiber f~1(Z), and one computes
that in coordinates z; it is given by z ~— 0"(z). Thus for t = (—=1)" (1 + =" '[a]) €
(—1)"1_1(T,:f1 NTy), the assignment x — o™ (x) - t defines an isomorphism of f~!(#) which in
the coordinates z; is given by 21 — 0"(21) + a, z; — 0"(z;) for 2 <i < n'.

9.1.7. We next claim that ¢(z) € F, for £ € Sj,_1. Consider the “extension by zero” mor-
phism W;,_; — W given by Z?;OQ [ai]@® — Z?;OQ [a;]@’. Tt defines a map %/ 1% — %,
y — [y,0]. To show the claim it is sufficient to show that [Z,0] lies in fo‘r’tgm’mt. Obviously,
det gi*d([#,0]) € O. Now, note that as & € X, |, there exists some lift z € fﬁgm’m of Z. This
gives in particular det gi*d(z) = det gi°4([#,0]) (mod w"~1). We deduce det gi°*d([,0]) € O*. It
remains to show that det gi°d([,0]) € K. To do this, it suffices to prove that det g,([Z,0]) € K,
as det gi°d(-) and det g,(-) differ only by a power of w. But as ¢"(¥) = (—1)" (), we have
o"([Z,0]) = (—1)" [, 0]. Using this and det(b) = (—1)"(" Dk we compute:

(=1)*m0 Dk o (det gy ([E,0])) = det bo(gy([Z,0]))
= det (bo([2,0) | (b0)2([7,0]) | ... | =*o"([2,0)))
= (D)D" det gy ([, 0]).

But as in the proof of Lemma we have (—1)%(0—1) = (—1)("=D+("=1) " This shows the
claim.

9.1.8. FixZ € Sy and t = (—1)" (14 x" ![a]) with Trg,, /r,(a) = 0 (as in Equation (9.3)).
We see that a point € f~(#) with coordinates (z;)", as in Section lies in Sy N f~1(T)
if and only if
g-o"(z) tT =z and z1+2(11+--'+zfn71 = ¢(T).
By Section the first equation is equivalent to (use that o™(m;i) = —mik, o™(Z;) =
(1) 'zy)
Z%n + Z migUgT; = 21 + a,
(k,j)ed
along with similar equations for the (z;)., (of the form ziqn + (sum of terms) = z;). Since
c(z) € Fy by Section the second equation implies z; = zi’n, which eliminates z; from the
first equation. Therefore Sy, N f~1(Z) # @ if and only if

U(Z,9) = a, where ¥(Z, g) := Z(k,j)eJ MK UK T ;- (9.4)
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Moreover, since the n’ —1 equations for (zz)?;Q is a separable polynomial in z;, each gives precisely
q" choices for z;, 2 < i < n’, with no further conditions. Thus

SeuNf @) #0 <= (9.4 holds
= #(Ggun @) =¢""Y \q’; =g

for z1 for z;, 2 <i<n’

This shows the following lemma.

Lemma 9.4. For g € N,};_l, t=(=1)""11 + =" [a]) with Trp, . /r,(a) =0, and & € Sy,

@t if (g, 7) = a,
0 otherwise.

#S9g:N fH(E) = {

For a € ker(Tr: Fgn — Fy), put
Bgo:={2:¢(9,%) = a} C Sp_1.
As Sy = |_|5€Shi1 Sy+ 0 f~47), Lemma implies that

#597(_1)n/—1(1+wh—1[a}) = qu -L. #Bgﬂ.
Thus the left hand side of (9.3)) is
gty > 6(1+@" [a]) - #Bya (9.5)

acker(Fon —TFy) gEN{fﬁl

9.1.9. We have the following lemma.

Lemma 9.5. Let g € N} and let t = (=1)" ~Y(1 + @ [a]) with Trr, . 7, (a) = 0. We have
Syt = 9, unless TrJFqn/IFqno (a) =0.

Proof. Tt is enough to show that if TrFqn/Fqno (a) # 0, then Sy, N f~4(%) = @ for all ¥ € S),_1.

By Lemma it is enough to show that for all g € N,’;_l and Z € S_1, we have ¢(Z,g) €
ker(Try, . /7 n, ). Fix such g and & and let @' Yuy; ((k,j) € J) denote the entries of g (as in
beginning of Section [9.1.6)). As uy j € Fgno, and as k # j holds for all pairs (k, j) € J, it suffices
to show that mq z; € ker(TrFqn/]Fan) it k # j. Since T € Sj_1, one computes my; = mZT)Ll.

Thus Tr(m; ,Z;) is precisely the (j, k)th entry of the matrix g5(Z) - m, which is equal 0. O

By Lemma and (9.5)), we have reduced showing (9.3|) to showing
> > 00+ w" a]) #Bya =0 (9.6)

aeker(Fyn—TF ng) gGN]?_l
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9.1.10. For € Sp_;, consider the Fyno-vector subspace W (z) = (my,;z;|(i,5) € J) C
ker(Fyn — Fyno). The left hand side of is

> Y. 01 +=" a]) #Bga

aeker(Fqn —)Fqno ) geN}}L"fl

= > Y 01+ al) #{g € NPT 0(g, &) = a} (9.7)
a€ker(Fyn—F ng) ZE€ESh—1
= > > (1 + " a]) - #{g € N1 (9, 7) = a}.

aEker(Fqn —)Fqno ) nger(IFqn —}Fqno ) T: W(a”c):W

Now fix some W and T € Sj,_1 such that W
space W, and from the explicit form (9.4]) o

) = W. Then {m1,%;} jjcs span the Fyno-vector

(
f (g, a), it is clear that

qno(#J—dimW) ifac W,
0 otherwise.

#{ge N (g, %) = a} = {

Note that #{g € N}}L‘_1 : (g, %) = a} depends only on W(Z) and not on Z itself. Thus, if we
set Sp—1,w = {Z € Sp—1: W(&) = W}, then (9.7) is equal to

D #Sporw - g F TN (14 2" a)).
w aeW

But as # is assumed to be primitive in the theorem, this expression is equal to 0 once we show
the following lemma:

Lemma 9.6. Let & € Sy,_1. Then there is somer | n', r < n' such that W(z) = ker(Trp,, /% nor )-
Proof. Write W = W (Z). Consider the perfect symmetric Fyno-bilinear trace pairing
Fqn X Fqn — ]Fqn07 (:I:, y) — TrFqn/]Fan (.'ij)

It is an immediate computation that ker(Tr]Fqn /Fqno,«)L = Fynor for any divisor r of n/, so we

need to show that W is of the form Fgnor for some r < n'. For this, it suffices to show that
WtisanF qro-algebra, which is properly contained in Fgn.
First of all note that W+ contains 1 since for all (,5) € J, m1,%; € ker(TrFqn/]Fqno) (as in the

proof of Lemma . Since W is an F4no-vector space and contains 1, it must contain Fyno. It
remains to show that W+ is closed under multiplication. We now use that J is of the form

J={(G,5):1<i<n —l,n—0+1<j<n,}
for some 1 < ¢ <n’ (see Section [9.1.1)). For a fixed n’ — ¢+ 1< j <n/, let
Lj:= spang ,, <m17¢£j: 1< Sn’—@l.

Observe that the my ; are all Fyno-linearly independent (since b is the special representative) and
hence L; has dimension n’ —¢. For 1 <i<n’—/{and n' — £+ 1 < <n' we have

_ Ty _
TrFq"/Fan <mlaixj ' x]) = Tr]Fq"/Fqno (ml,iwi') = 07

as in the proof of Lemma [9.5] This implies the inclusion “2” in the formula

T .
L; = spang ,, <_Z:n’—€+1§z'§n'>.
q"0 T,
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The other inclusion follows by dimension reasons. As W is generated by all LjL (n—0+1<
j < n'), we have Wt = ﬂ?:nJH Lj. Let v,w € W+. We need to show that vw € W+,
i.e., that for all (i(,)’jo) € J we have TI'Fqn/Ipqno (m14,Tjoow) = 0. As v € Lj,, we may write
v = Z(a,jo)EJ Vg - ;Tlo with v, € Fgno. Then
TTFqn/Fqno (ml,z'ofjovw) = TTFqn/Fqno (ml,ioﬂ_cjo< Z Vg - %)w)
(G‘JO)GJ

= o e T g (o Ta) =0,
(l,jo S

where the last equality holds since w € W+ is orthogonal to each L. O
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Part 4. Automorphic induction and the Jacquet—Langlands correspondence

In this part, we use the results of Parts [2| and [3| to study the f-adic homology groups of
the semi-infinite Deligne-Lusztig variety X£ L(b), which by Theorem along with Corollary
is isomorphic to the affine DeligneLusztig variety at infinite level X2°(b) constructed in
Section [0} In Section we recall methods of Henniart characterizing certain representations
by considering the action of very regular elements. In Section we define the homology of
X(b) = XPL and give a representation-theoretic description of

RE(0) = (1) Hy(XX(b), Q)]  for 0: T = L* — Q; smooth
i>0
in terms of the cohomology of the finite-type variety X} studied in the previous two parts of the
paper. Using methods of Henniart as reviewed in Section |10, we prove Theorem if |[RE(0)]
is irreducible supercuspidal, then the assignment 6 +— |R%(6)| realizes automorphic induction.
To finish, we prove in Section [12] that when 0: L* — Q, is minimal admissible, then |RG(0)] is
irreducible supercuspidal.

We now give some basic definitions which we will use throughout the next few sections. Recall
that for any smooth character 8: L* — @Z , there exists an integer h > 1 such that 6 is trivial
on Uf = 1+ @"Or. We call the smallest such h the level of . We say that 0 is in general
position if its stabilizer in Gal(L/K) is trivial. Let 2~ denote the set of such characters.

We say that an element x of L* is very regular if x € Of and its image in the residue field
Fyn generates its multiplicative group F..

We say that a virtual representation is a genuine representation if it is a nonnegative linear
combination of irreducible representations. If R is a virtual representation that is £, where 7
is a genuine representation, we write |R| = 7.

10. RESULTS OF HENNIART ON THE LOCAL LANGLANDS CORRESPONDENCE

In this section, we review the methods of Henniart [Hen92, Hen93] characterizing certain
cases of automorphic induction by considering the action of very regular elements. We give a
generalization of the discussions of [BW13] to all inner forms of GL,, (K). There are no technical
difficulties in doing this, but we provide it for completeness of our paper.

Fix a character € of K with ker(e) = Nmy, /i (L*), and let G- (n) denote the set of irreducible
n-dimensional representations o of the Weil group Wy such that o = o ® (e o rec[}l), where
recg: K* — W%’ is the reciprocity isomorphism from local class field theory. It is known
that every element of G% (n) is of the form Ind%f (0) for some character § € Z". However, it
is also known that automorphic induction is not compatible with induction on Weil groups in
the sense that the Langlands parameter may have a twist by a rectifying character. Hence the
approach we take is via the x-datum of Langlands—Sheldstad |LS87, Section 2.5]. Because L/K
is unramified, there is a canonical choice of y-datum, and this gives rise to a bijection

2 | Gal(L/K) — Gg(n), 0 — oy.

See [Chal8, Section 7.2] for an exposition and an explicit discussion of the unramified setting.
Note that oy differs from the notation of [BW13| by a rectifying character.



AFFINE DELIGNE-LUSZTIG VARIETIES AT INFINITE LEVEL 65

Let A% (GL;,) denote the set of isomorphism classes of irreducible supercuspidal representa-
tions 7 of GL,(K) such that 7 =2 7 ® (e o det). There is a canonical bijection

Gic(n) 25 A% (GL,),  0g—

satisfying certain properties. By work of Henniart, the character of 7y is very nicely behaved on
certain elements of GL,,(K).

Now let G' be an inner form of GL,(K) so that G = GLy/(Dy,/n,), Where Dy o is the
division algebra of dimension n3 over K with Hasse invariant ko/ng. Let A% (G) denote the
set of isomorphism classes of irreducible supercuspidal representations 7’ of G such that n’ =
7' ® (e o det). By the Jacquet-Langlands correspondence, there is a canonical bijection

A (GLy) B8 A5(G), 7w o= JL(x)

such that the central characters of 7 and ' match and such that their characters on regular
semisimple elements differs by (—1)"~".

Remark 10.1. We remark that the notation my agrees with the m(#) of [Hen93|, but with the
7'(0) (rather than the 7(6)) of [Hen92]. When n is odd, there is no discrepancy, but when n
is even, our 7y is the representation g, = 7’(#) in [Hen92], where w is the unique unramified
character of L* of order 2. O

The following theorem can be found in [Hen92, Section 3.14].
Theorem 10.2 (Henniart). For each 0 € 2, there exists a constant cg = +1 such that
TrJL(mg)(x) =co- Y 07(x)
~eGal(L/K)
for every very regular element x € L* C GLy,(K).

As we will see momentarily, one can even go the other direction: the trace of = € A% (GLy,)
on very regular elements of L* characterizes m. Furthermore, ¢y can be pinpointed for GL,,(K)
by [Hen92, Theorem 3.14] and extended to any inner form of GL,,(K) via the character condition
of the Jacquet—Langlands correspondence. For each positive integer r and each § € 2, consider
the subgroup of Gal(L/K) given by %, := {y € Gal(L/K) : a(y) < r}, where a(y) is the level
of 6/67.

Theorem 10.3 (Henniart). The constant ¢y of Theorem[10.9 satisfies
+1 if n is odd,
(=1)" ™cg =< +1 ifn is even and s is even,
—1 ifn is even and s is odd,
where s is such that 9p s \ 9y s—1 contains the unique element of order 2 in Gal(L/K).

Lemma 10.4 (Henniart). Let 0 € 2 and suppose that there exists a character 6 of L* (a
priori, not necessarily in 2" ) such that 6(w) = 0'(w) and

co Y. @)= ) () (10.1)
veGal(L/K) v€Gal(L/K)

for all very regular elements of v € L. Assume in addition that ¢ = ¢’ in the special case n = 2,
q =3, and 9’U£ factors through the norm U} — U} (i.e. 0 € 2°° with notation from Section
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@). Then

0 =607  for somey € Gal(L/K).

Proof. We provide the proof in the case that 9|Ui has trivial Gal(L/K)-stabilizer, following
[Hen93, Section 5.3] (see also [BW13, Lemma 1.7]). This is the simplest setting. In [Hen93,
Section 5.3], Henniart proves the lemma for § € 2 in the case [L : K| is prime by essentially
the arguments presented here. A significantly more involved incarnation of these arguments is
used in [Hen92, Identity (2.5), Sections 2.6-2.12] to prove the lemma in full generality as stated.

We first show that the conclusion holds on U}. Fix a very regular element z € L*. Since
every element of :UUE C L* is a very regular element, the assumption implies that we have an
equation of linear dependence between the 2n characters of U i given by the restrictions of the
Gal(L/K)-translates of § and ¢'. Explicitly: on U}, we have

0 =710 (x)t - o@D (@) (x)- 0"
v€Gal(L/K) 1#v€Gal(L/K)
Considering the character inner product of  with 7" on U} for some fixed ' € Gal(L/K), we
have: .
@0y = m Y @),
1#~€Gal(L/K)

If (6"7,07) = 1 for some 1 # v € Gal(L/K), then we are done. Otherwise, we must have
0’ (x) = ¢ () and @' = 07" on U} since 6,6 agree on K*.

We have now shown that there exists a v € Gal(L/K) such that ¢'(x) = 67(x) for any
very regular element € L*. But now it follows that #’ = 67 on O} since any very regular

element together with U i generate O . The desired conclusion now follows by the assumption
§(m) = ¢'(m) since (w) - Of = L*. O

From Lemma we obtain the following result:

Proposition 10.5 (Henniart, Boyarchenko-Weinstein). Let 0 € 2" and let G be any inner
form of GL,,(K). Assume that 7 is an irreducible supercuspidal representation of G with central
character 0| g x satisfying:
(i) m =7 ® (eodet),
(i) there exists a constant ¢ # 0 satisfying Trm(x) = ¢ 3. cqar/x) 07 () for each very
reqular element x € L*.

Ifn=2,q=3, and 6?|U£ factors through the norm U} — U} (i.e. § € 20 with notation from

—1 if G~ GLy(K)

Section , assume in addition that ¢ = { . Then w corresponds to 6 under

+1 fG= Dlx/2
automorphic induction and the Jacquet—Langlands correspondence:

m = JL(mp).

Proof. This is [BW13| Proposition 1.5] (combined with the remarks of Section 1.4 of op. cit.)

when G = GL,,(K) or G = Dlx/n.

tions. 0

The proof extends to the general situation with no complica-
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11. HOMOLOGY OF AFFINE DELIGNE-LUSZTIG VARIETIES AT INFINITE LEVEL

We explain how the results of Part 3| on the cohomology of the finite-type of [Fyn-schemes
Xp, for h > 1 (Proposition-Definition Proposition [7.12]) allows one to define and determine
homology groups of the schemes X3°(b).

11.1. Definition of the homology groups. Following [Lus79|, for any smooth F,-scheme S
of pure dimension d, we set

Hz(S)@Z) = Hgdii(sv@f)(d%
where (d) denotes the dth Tate twist. Recall from Proposition that for any h > 1, the
[Fyn-scheme X, is smooth of pure dimension (n — 1)(h — 1) + (n’ — 1).
By Proposition Corollary and (7.1]), we have
Xo®) = || lm g-XP0g= |] lmX
9eG/Gop r>m20 9eG/Go h

By Proposition we have the natural inclusion

_ _ h—1 _

Hi(Xn-1,Qe) = Hi(X3,, Q)" ) C Hi(X, Q).

We may therefore define

Hy (X3 (0) 2, Qr) = Hi(1im Xn, Qp) := lim H; (X, Q) .
h h

H (X30,Q) = D Hi(9- X5 0)%, Q).
G/Go

Recall that in Theorem 6.9 we extended the action of OF on X2°(b) to an action of T' = L*.

Definition 11.1. For any (smooth) character §: T — Q, , define the virtual G-representation
RE(0) =) (~1) Hi(X3(6), Qo)[6],
i>0

where [f] denotes the subspace where T acts by 6.
Let Z denote the center of G.
Theorem 11.2. Let6: T = L™ — @KX be a character of level h > 1. Then as G-representations,
R$(0) = ¢-Ind ¢, (R(Tf’:(a)) , (11.1)

where we view the (virtual) Gy-representation R%f”(@) as a Go-representation by pulling back
along the natural surjection Go — G, and then extend to Z by letting w act by O(w). Further-
more, for any very reqular element v € L™,

Tr (o Rg(G)) = Z 07 ().

vEGal(L/K)

Proof. The stabilizer of X2°(b)g, € X°(b) in G is Go. Let Tp be the preimage of OF under
T = L*. It is easy to see that the stabilizer of X3°(b) g, C X3°(b) in G x T is the subgroup I
generated by Go x To and (@, !). Hence as representations of G x T, we have

> (1) Hi(Xw(b), Q) = c-Indf ¢ (Z(_l)iHi(Xw(b)ffoa@f)> :
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Now let ' be the subgroup of G x T generated by I and {1} x T'. Note that I~ ZGo x T. The
isomorphism follows from the above together with the definition of the homology groups
of X, (b) %, in terms of the cohomology of X} (remembering that 6 has level h by assumption).

It remains to determine the character on very regular elements of L*. We use together
with the corresponding character formula result for X} (Proposition . By Lemma we
know that for each ¢ € Gal(L/K), there exists an element g, € Ng(Go) satisfying g,zg,! =
o(z) for all x € L™ and that if ¢ € Gal(L/K)[n], one can choose g, € Go. By Section we
know that Ng(Go)/Go = Z/noZ, and therefore using the fact that

Tr (m*; R%f(@)) = Z 9(g¢,xg;1)
peGal(L/K)[n']

by Proposition [8.3, we have:

Tr (:c*;R%(@)) = Z Tr (3:*; R%f(&)) = 0(g¢:cg;1). O

9eG/ZGp peGal(L/K)

grg reZGp
Theorem 11.3. Let § € 2. If |[R%(0)| is irreducible supercuspidal, then the assignment
0 — |R$(0)| is a geometric realization of automorphic induction and the Jacquet—Langlands
correspondence. That is,

[RE(0)] = JL(mp),

where JL denotes the Jacquet—Langlands transfer of the GL, (K)-representation mg to the (pos-
sibly split) inner form G of GLy(K). Moreover, writing |RS(0)| = ¢yRE(0) for ¢ € {£1}, we
have ¢ = cy.

Remark 11.4. If |R$(0)] is irreducible supercuspidal, then R (0) = (—1)"m, where 7 is an
irreducible supercuspidal representation occurring in H,, (X2°(b),Q,)[6] for some g € Z. (There
may be other degrees where w contributes, but they all cancel out. In particular, there may be
more than one choice of 9, but the parity of ry is invariant.) Then by Theorem implies
that cg = (—1)", which gives a geometric interpretation of Henniart’s sign ¢y in terms of the
surviving cohomological degree in the alternating sum R%(6). O

Proof. Write |R$.(0)| = ¢, R%(0) for some ¢ = +1. If we can show that |R%(6)| satisfies the
hypotheses of Proposition then we are done. By assumption, |R%(0)| is an irreducible
cuspidal representation and by definition of the G x T action on R%(6), the central character of
|RS(0)| must be 0] .

To see that (i) of Propositionholds, note that since L/K is unramified we have (ww")Ojc =
Nmy g (L*) = ker(e). In particular, we see that € o det is trivial on ZGo and so by Theorem
11.2) we have |R%(0)| 2 |RE(0)| ® (e o det).

We now establish (ii) of Proposition and the additional assumption in the special case
n =2 and ¢ = 3. By Theorem we have that for any very regular element x € L*,

Te(e*; [REO)) =5~ D, 07(x).
~eGal(L/K)
Ifn=2¢g=3,and # € 2, then by Theorem we know in addition that
, {—1 if G =~ GLy(K),

C/: _1n—1:
o =(=1) +1 if G2 D},
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We have now established all the conditions required by Propositionm to conclude that ¢ = ¢
and |RE(0)] = JL(m). O

12. A GEOMETRIC REALIZATION OF AUTOMORPHIC INDUCTION AND JACQUET—LANGLANDS

In this section, we write down the cases in which we can prove Theorem [11.3] unconditionally.
To this end, we consider the following two subsets of Z":

2% ={0ex: 6’|U£ factors through the norm map U] — U} }
2N = {0 € 2 : 0 is minimal admissible}
={0 € 2 : the /07 have the same level for any 1 # v € Gal(L/K)}
Note that 20 C 2™ is the “depth zero” part of 2 ™",

Remark 12.1. Let 0 € L* — Q, be a smooth character with trivial Gal(L/K )-stabilizer. Then
its restriction to O] must have trivial Gal(L/K)-stabilizer. For the reader’s convenience, we
summarize the relation between minimal admissibility and similar notions in the literature:

- 6 is minimal admissible if and only if (L/K, ) form a minimal admissible pair, which happens
if and only if # has only one “jump” in the sense of Bushnell-Henniart [BHO05, Section 1.1].

- 0 is minimal admissible if and only if it can be written in the form Opim - (x o Nmyp, /) for some
smooth y: K* — @Z , where O, is primitive in the sense of Boyarchenko-Weinstein [BW16,
Section 7.1] (see also Section |8 of the present paper).

- Let h be such that 0|U£L =1 and 0|U£71 # 1. Then 6 is primitive if and only if 0 is reqular as a
character of O /U in the sense of Lusztig [Lus04, Section 1.5], when OF /U is the F-fixed
points of a maximal torus (see Remark [8.5). O

12.1. Depth zero representations. In this section we only consider characters § € 29 and
give a nonvanishing result for the individual cohomology groups H;(X°(b),Q,)[6]. Since each
6 € 20 is of the form 6y - (x o Nmy k), where 6y € 20 and 90]% = 1, determining when

Hi(X2°(b),Q,)[0] # 0 can be reduced to the corresponding question for the cohomology of
classical Deligne-Lusztig varieties. Recall from Proposition [7.4| that dim X}, = (n —1)(h — 1) +
(n' —1).

Theorem 12.2. Fiz 0 € 29 of level h and write § = 6, - (xoNmy, /) for some 0 € 20 of level
1 and some character x of K* of level h. Then:
(i) the cohomology groups Hi(Xp,Q,)[0] are concentrated in a single degree and

|[RE(0)] = HZ DO (0, @) 0] = Hy' (X0, Q@) [8o) @ (x o det)
(ii) the homology groups H;(X2°(b),Q,)[6] are concentrated in a single degree and

00 o ~ GL,,/ (D /ng)
‘R%(Q)‘ = H,_1(X, (b>7QZ)[9] = C_IndZ-GLn/(kCO);:O/nO) (PG) (12-1)

is an irreducible supercuspidal representation of G. Here pg is the extension of the
GLw (Op, ., )-representation H" Y (X1,Q,)[00] ® (x o det) obtained by letting w € Z =
K* act by 0(w).

Moreover, |RG"(0)] = (—1)" "LRG"(0) and |R§(0)| = (—1)" "1 RE(0).
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Proof. By Lemma [8.4] and Proposition we have, as Gp-representations
H(X3,Q)[00 0 (x 0 Nmy )] = Hi( X5, Q) [00] @ (x 0 det) = H- D=0 (X, Qy) (6]

for all i > 2(n — 1)(h — 1). This reduces the cohomology calculation to a statement about X,
which is a classical Deligne-Lusztig variety attached to the maximal torus F;n in GL, (Fgno).
By [DL76, Corollary 9.9],

H(X, Q) £0  «  i=n' -1
This proves (i). Since dim X, = (n — 1)(h — 1) + n’ — 1 by Proposition |7.4, we now also see
the nonvanishing assertion of (i) and H,s_1(X2°(b), Q,)[f] has the form by Theorem m
It is well known that this representation is irreducible and supercuspidal (see also Theorem
12.5)). For example, one can show by hand (by the first part of the proof of Theorem [12.5))

that the induction to the normalizer of ZGe is irreducible, and then the conclusion follows
from [MP96, Proposition 6.6]. O

Theorem 12.3. For 6 € 29, the assignment 6 — H,_1(X°(b),Q,)[0] is a geometric realiza-
tion of automorphic induction and the Jacquet—Langlands correspondence. That is,

Hy 1 (X3 (0),@0)[0] = (—1)" ' RE(0) = |RE(0)] = JL(m)-

Proof. By Theorem we know that |R%(0)] = (—1)” ' RE(6) is an irreducible supercuspidal
representation, and by Theorem we know that for any very regular element x € L*,

Tr(25|REO)) = ()" - Y ().
~eGal(L/K)
By definition ¢ is a finite-order character of K* with ker(e¢) = Nmp x(K*). Since L/K is
unramified, ker(e) contains O, and therefore € o det is trivial on Z - GLw (Op,,,,,)- Hence
|R(0)] ® (€ odet) = |R$(A)|. We can now apply Proposition noting that in the case
n = 2, ¢ = 3, we have the correct sign ¢y (compare with Theorem as required by the
proposition. ]

Remark 12.4. Observe that as in Remark the nonvanishing degree n’ — 1 of the homology
of X3°(b) gives a geometric interpretation of Henniart’s sign cg from Theorem m O

12.2. Representations corresponding to minimal admissible characters. We now prove
the supercuspidality of |R$(6)| for € 2™, The main technical inputs are the irreducibility
of |R%i‘ (0)| (Section |8) and a “cuspidality” result for |R%§‘(9)\ (Theorem .

Theorem 12.5. If§ € 2™, then |R$(0)| is irreducible supercuspidal.

Proof. We first establish some notation. If 7: H — GL(V)) is a representation of a subgroup
H C G, then for any v € G, we define ": yHy~! — GL(V) by "n(g) := m(y gy). Assume
that € is minimal admissible of level h. By definition, we can write § = 6’ ® (x o Nm), where
0’ is a primitive character of L™ of level h’ < h, x is any character of K> of level h, and
Nm: L* — K* is the usual norm. Denoting by 6,6, x the corresponding restrictions to the
unit groups, by Proposition [7.7] and Lemma we have

R$M(0) = R$"(0' ® (x o Nm)) = RF(0) @ (x o det) = R?:,’ (0') ® (x o det).
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In particular, by Theorem [11.2] we see that
RE(0) = RE(0') ® (x o det).

Since twists of irreducible supercuspidal representations are again irreducible supercuspidal, it
suffices to prove the theorem for primitive characters 6.
Assume now that 0 is a primitive character of level h. By Theorem \R%f(@)] is irre-

ducible. Recall that there is a natural surjection Go — G}, so that we may view \Rg:(@)] as a
representation of Go. We extend this to a representation of Z - Gp = (w) - Go by letting w act
on \R%?(H)] by 0(w). We first claim that

Z-Ng (G
po = c-IndZ55 ) (1RG! 6)])

is irreducible. Recall from Section that #N¢(Go)/Go = ng and let {1, 2, ..., pn,} denote
a complete set of coset representatives of Gal(L/K)/Gal(L/K)[r']. By Lemmal5.7] there exists
9e: € Na(Go) such that g;ilxgwi = ¢;(z) for all z € OF. By Mackey’s irreducibility criterion,
it suffices to show that

Home,, (!R%(@)I,%IR?:(@I) —0, fori=2,...,no. (12.2)
Fix some ¢ with 2 < i < ng. By Proposition for any very regular element xz € O,
Tr (25390 REMN0)) = Tr (95129, RE0) = Y. 0(ei@)).
~€Gal(L/K)[n']

Applying Lemma to the case when ' = ¥ and the base field K is replaced by the unique
subfield of index n’ in L containing K, we see that

Tr (a:*; 9ei Rg: ((9)) # Tr (a:*; R%f(@)) .

But now 9¢i R%f”(@) and R%ﬁ‘ (#) are irreducible representations of Gp whose characters differ
from each other, and so necessarily holds and py is irreducible.

We now fix v € G~ Ng(Z -Gp). Once again by Mackey’s criterion, to complete the proof we
must show that

Gn G _
Hom, 7o+ -1nz6e (1ES (O] IRG0)]) = 0. (12.3)
At this point, let b be a special representative. By Section we may assume that v = II,
where v = (v1,...,v1,V9, ..., V2, ..., Ups, ..., Vp) (each v; repeated ng times) for 0 = v; < vy <

Vi
--- < vy, and IIj is the block-diagonal matrix whose ith ng x ng block is given by (171(?71 %) .

Observe that if (A;;)1<; j<n’ € GL,(K), where each A, ; is a (ng X ng)-matrix, then
Mo - (Aighigen 05 = (g " A 516" )1 <i o (12.4)

For a parabolic subgroup P’ of GL,, containing the upper triangular matrices, let Np: be
its unipotent radical. Let Np denote the subgroup of GL,(K) such that each (ng x ng)-block
consists of a diagonal matrix and the (i, 7)th block is nonzero if and only if the (7, j)th entry of
an element of Np/ is nonzero. Write Np = Ng NGo. For h > 1let N& = Npnker(Go — G).

We claim that there exists a parabolic P' C GL,s as above, such that II;"N 1@71H5 C
ker(Go — Gp). Let 1 < iy < n' be the last v, = 0 so that v;, < vj,+1, and let P’ be the
minimal parabolic corresponding to the partition ig + (n' — ig). Let (A;;)i<ij<n’ € N}}é_l S0
that each A; ; is a diagonal ng X ng matrix whose entries all lie in WZ_I(Fq). By , we see
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that the (, j)th block of TI;" - (4; j)1<i j<n/II} is Ha”iAi7ngj, so that in particular, if 1 <7 < i
and i +1 < j < n/, then v; — 1; > 0. By definition of Gj, (Section , we now have that
Ha” . (Ai,j)lgi,jgn’ : HS S ker(Go — Gh)

The above implies that the restriction of o |R%f (0)] to N }}i_l is trivial. On the other hand,
by Theorem H’ the restriction of \R%f(G)] to N2~ does not contain the trivial representation.
Therefore:

dlm Hom’yZGo’y_lﬁZGoﬂRg: (9)|,7|R%? (9)|)
< dim HomNQ)A(]R%h(Q)L”R%? @)1
< dim Hom g+ (| R7 (6)], triv) = 0. O

Combining Theorems and proves:

Theorem 12.6. If § € 2™ then the assignment 6 — |R$(0)| is a geometric realization of
automorphic induction and the Jacquet—Langlands correspondence.
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