COHOMOLOGY OF AFFINE DELIGNE-LUSZTIG VARIETIES FOR GL-

A. IVANOV

ABSTRACT. In this paper we study affine Deligne-Lusztig varieties X,,(b) for GL2 and their
étale coverings. At first, we compute them explicitly, then we determine associated representa-
tions of a certain locally-compact group, the group of rational points of the o-stabilizer of b, in
their étale cohomology. Further, we study these representations by determining morphisms into
the irreducible representations of the given group. In particular all cuspidal representations of
level 0 of GLs of a local field and of its inner form, which is the group of units of a quaternion
algebra, occur in the cohomology.

1. INTRODUCTION

Let k be a field with g elements, and let k be an algebraic closure of k. Let k C k' C k be the
quadratic extension of k in k. Let o denote the Frobenius morphism of k/k. Put F' = k((t))
and L = k((t)). We extend o to the Frobenius morphism of L/F by setting o(t) = t. Write
o = k[[t]], o = K[[t]] and p, pr for valuation rings of L resp. F and for their maximal ideals.
Denote the valuation on L by vp.

Let G be a split connected reductive group over k and let T' be a split maximal torus in
G. For a coroot A € X,(T) we write t* for the image of t under \: G,, — T. Write W and
W= X.(T) x W for the finite and the extended affine Weyl groups attached to T

Fix a Borel subgroup B containing 7', such that B = TU with U unipotent. Let I resp.
I be the preimage of B(k) resp. U(k) under the projection G(o0) — G(k). Then I is an
Iwahori subgroup in G(L). Let X = G(L)/I be the affine flag manifold and X its covering
X = G(L)/I;. The group G(L) acts by left translation on X and X. The Bruhat decomposition
implies that G(L) is the union of the double cosets Twl, where w € W. Put Ty := T'(o)NI; and
set Wi = Na(T)(L)/Ti. Then G(L) = [yepp, 1 I (Lemma [3.1). Following [§], the affine
Deligne-Lusztig variety X, (b) attached to b € G(L) and w € W is the locally closed subset of
X, endowed with its reduced induced sub-Ind-scheme structure, defined by

X,(b) ={zl € GL)/I: 7 bo(z) € TwI}.
In analogy with [2], for b € G(L) and w € W7, we let X (b) be the locally closed subset
Xy (b) = {zl, € G(L)/I,: x Ybo(x) € [ Wi}

of X, endowed with its reduced induced sub-Ind-scheme structure. If w € W is the image of
w, then the obvious projection map m: Xy (b) — X,,(b) is a finite étale torsor under the group
T(w)%/Ty = {a € T(0): a~' ad(w)(c(a)) € T1}/T1. The group

Jo={9 € G(L): g~"bo(g) = b}

acts by left multiplication on X,,(b) and Xy (b), and 7 is Jy-equivariant.

Our first goal is to study these varieties in the case G = GLy. In [10] Reuman determined
the set {w € W: X,,(b) # 0} for reductive groups of semisimple rank 1 and 2, and in particular
for GLy. We determine (in §2 and the precise structure of X, (b) and Xy (b) as schemes
locally of finite type over k. If X,,(b) # 0, there are J- and T'(w);/Ti-equivariant (the actions
on the right side are defined later) k-isomorphisms:
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Xp) = J[ A%vxSOw) and Xe@)= [ A% xSOw),
Ty K™ Ty K™
where the numbers m € {0,1}, dp,, > 0 depend on b and w (cf. Sectionfor explicit formulas).
Let b; = (t) (1) and w, = wbl_UL(det(b))

in Gger, which is a Coxeter group equipped with a length function. Then we have:

€ W,, where W, is the affine Weyl group of T'NGger

b l(wg) Jb Kém) S(b,w) | S(b,w)

1 0 or odd G(F) | bPKby™ | X, Xivgn
0] o >0 ! T(F)| Tlr) | {pt} | Hrwirt}
t©0) o >0 l(wg) —a>00dd | T(F) | T(or) Gm [ Gm

by even D* Up {rt} H#qu {pt}

TABLE 1. Affine Deligne-Lusztig Varieties for G Lo

In this table K = G(oF), Wan € G(k) lies over the image wg, of w in W and X, Xwﬁn
denote the corresponding finite Deligne-Lusztig varieties for G = G Ly. We have w, € W, since
X (b) # 0. Further, D denotes the central division algebra over F' of dimension 4 and Up the
group of units in its valuation ring.

Since X, (b) and Xy (b) depend only on the -conjugacy class and also (essentially) only on
the class modulo center of b, all essential cases are presented in the table above (every element
of G(L) is o-conjugate to one of the b’s in the table multiplied by a central element).

Our second goal is to determine the representations of the locally profinite groups Jp in the
cohomology of these varieties for G = GLo. In analogy to [2], for any G and for a character 6
of T(w)%q /Ty define RY(w).g to be the virtual Jy-representation

Ry(w)ag = Y _(—1)' Hi(X(b), Qi)p-
i
For wg, € W, let R%(wg,) denote the virtual representation of G(k) defined in [2] as the
alternating sum of the G(k)-representations H(Xyy,,Q;)g, where 0 is a character of T'(wgy)” =
{t € T(k): ad(wgn)o(t) = t}. Let now G = GLy and assume without loss of generality that T
is the diagonal torus. For any w € W with image wg, € W, we have:

o o o | T(k) if wgy =1,
T(wﬁl’l) = T(w)aff/Tl = {k,* if we ?é 1

the second isomorphism being given by reduction modulo p. For m € {0,1} let p,,: K ém) —

G(k) be conjugation with b7 composed with reduction modulo p. For b = 1 it maps K %m) onto

G(k), for b =t (o > 0) it maps Klgm) =T(op) onto T(k) and for b = by, pm(Kl(,m)) projects

onto k", embedded in G(k) by a + diag(a,a?). If 7 is some representation of im(p,,), then we
write ’/TKém) for the K ,Sm)—representation obtained by inflation via py,.

Theorem 1.1. Assume b € G(L),w € W are such that X, (b) # 0. Let 0 be a character of
T(w)3g/T1-

(i) Let way be the image of w in W. Then:
G(F)
K™
2

R{(w)agr = c-Ind 71, R (wgy)

K-



(ii) Let b=t with o > 0. Then:

T(F) ; .
c-Ind TEUF)) Or(p) if L(wa) = a,

0 otherwise,

Rg(w)aﬁ = {

where 0 is either 0 or 67, where 1 £ v e W.
(iii) Let b=by. Then T(w)g/Th = k™ and we have:

R} (w)ag = c-Ind ), Oy,

Part (ii) was already studied for GL,, for any n. In particular, He proved in [5] Cor 11.11
that T'(op) acts trivial on the Borel-Moore homology of X,,(b) for b regular element in 7'(L)
and for any w € w. Also, for such b’s, Zbarsky determined in [I2] the representations on the
Borel-Moore homology of X,,(b) for SLs and SLs.

Let us now restrict attention to the case b = 1. The representations of J; = G(F') con-
tained in RY(w)ag are compact inductions from K (or its conjugate) to G(F) of all irreducible
representations of G(k). Our last goal is to study them (Theorem by determining the
homomorphisms into the smooth irreducible representations of G(F’), which are classified in
[1]. In particular, if there are non-zero homomorphisms from c-Ind ?{(F) pr into m (with 7, p
irreducible) then 7 is of level zero (for a definition see [I] 12.6) and = and p are (with two
exceptions) of the same “type”, that means, either both characters, or both twisted Steinberg
representations or both principal series or both cuspidal. For a precise statement see Theorem

A similar picture is obtained for b = b; (Theorem .

The representations c-Ind IG((F) pr are very big, in particular they are not admissible (cf.
Remark . Dividing out the center (i.e. changing to PGLs) as presented in and Remarks
(i), one obtains admissible representations. The representations obtained in this way for
b = 1 resp. b = by are more convenient: in particular we get all cuspidal representations of

G(F) resp. D* of level 0, whose central character is trivial on ¢(1).

2. AFFINE DELIGNE-LUSZTIG VARIETIES FOR G L9

From now on we permanently assume G = GLo. Without loss of generality we choose T' to
be the diagonal torus and B the Borel subgroup of upper triangular matrices.

2.1. Further preliminaries.

2.1.1. Affine flag manifold. We regard X, X as Ind-schemes in the usual way. The surjection
vr odet: G(L) — Z induces surjections X — Z, X — Z and W — Z. We denote all these maps
by ng. The fibers of ng: X — Z resp. ng: X —» Z are the connected components of X resp.
X. Recall that W, is the affine Weyl group of T'N Gger in Gger = SLo. There is a natural exact
sequence

1o W, W X% 7 1.

The group W, is a Coxeter group and we denote by ¢(w) the length function on it. We fix a
splitting of the above exact sequence by sending 1 to by, where

01
ni= (7 5 )
Note that b?™ is central in G(L) for m € Z.

2.1.2. Bruhat-Tits building. We write B, for the Bruhat-Tits building for Gge: (L) and 9B, for
the Bruhat-Tits building for Gge;(F'), where Gger = SLy. Then B is in a natural way a full
subcomplex of B,,. The choices of Tyey := T N Gger and Iger := I N Gger(L) determine an
apartment Ay; and a base alcove C° lying in Ay;. Further, W, acts simply transitively on the
set of alcoves in Ajy;. We fix an identification of W, with this set by letting W, act on C°.
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Furthermore, B, admits a description in terms of k[[t]]-lattices. Its vertices correspond
to homothety classes of k[[t]]-lattices in k((t))2. Two vertices are connected by an alcove (1-
dimensional simplex) if and only if there are representing lattices £, £ with t£ C £ C £. We
denote the alcoves in Ay by C* (i € Z), where the i-th alcove C? is represented by the lattice
chain o ® t"'o C o @ t'o. This is compatible with the definition of C°. Under the above

—1 —1
identification of W, with Ay, (to 2) corresponds to C? and (_OtZ to
C?*=1 for i € Z. In particular, if wC® = C”, then {(w) = |r|.

Via the above description G(L) acts naturally on B, but this action is not type-preserving.
We denote by H C G(L) the stabilizer of 15'(0) in X, i.e. the subgroup of all matrices with
valuation of determinant equal 0. Using the inclusion Gger(L)/Iqer — H/I — G(L)/I = X
the k-points of 77&1(0) C X can canonically be identified with the alcoves in 8., and with right
cosets H/I. We will use this implicitly. Notice that H is the maximal subgroup of G(L), such
that the above inclusion {alcoves in Bo.} — X (k) is H-equivariant.

For m € {0,1} denote by P, the vertex of B represented by the lattice o @ ¢ 0. Then
Py, P, are the two vertices of CY.

) corresponds to

2.1.3. Vertex of departure. B, and B are trees, i.e. connected one-dimensional simplicial
complexes without cycles. A gallery with fixed first and last alcoves and minimal length is
unique. Define the first vertex of a minimal gallery of positive length to be the unique vertex of
its first alcove which is not a vertex of the second alcove. The relative position of two different
alcoves in B, is determined by the length of the minimal gallery connecting them and the type
of its first vertex.

Let € be a full connected subcomplex of B, and D be an alcove in 9B,,, which is not
contained in €. Since B is a tree and € is connected, there is a unique gallery I'p ¢ of minimal
length in B, containing a vertex Pp in €, whose first alcove is D. This vertex Pp is unique.

Definition 1. Let €, D, I'p¢ and Pp be as above. We call Pp the vertex of departure for D
from €, and set

de¢(D) :=14+4Tpe),
where £(I") denotes the length of a gallery T'.

In the situation as above, if additionally m € {0,1} denote by €™ the set of all vertices in
¢ with type m, and for n > 0 and P a vertex in € set

D§(P) = { D

Assume for a moment, € = {C°} is the subcomplex consisting of the alcove C° and both of
its vertices Py, P;. Then D?CO}(Pm) is just the open Schubert cell inside the affine flag manifold

D is an alcove in B, having P as
vertex of departure from € and d¢(D) =n

X4 of Ger, corresponding to the element w € W, with wC® = CED™ . Thus it is a locally

closed subset of Xder > nal(O)red and with the reduced induced sub-Ind-scheme structure it is
a k-scheme isomorphic to A". If in addition € contains some other alcoves Dy, ..., D, having
P,, as a vertex, then using the usual coordinates on an open Schubert cell in X9, it is not
hard to see that D}(P,,) is the open subset A"~! x (Al — {Dy, ..., D, }) of DYcoy(Pm) = A" If
additionally Dy,...D, lie in By, then Dg(P,,) is defined over k.

2.2. Some reductions.
Here we reduce the general setup to few computations in B,

Lemma 2.1. Let b€ G(L) and w e W.
(i) For every g € G(L), the map (h,x) — (g~ 'hg,g~'x) gives an isomorphism of pairs
between (Jp, Xouw(b)) and (Jg-1p0(q), Xw(g 1b0( )))-
(ii) If Xo(b) # 0, then ne(b) = na(w).
(iii) Let c € G(L) be central and set v =ng(c). Then Xy(b) = Xy (cb).
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Proof. (i) and (ii) are straightforward. (iii) follows from the fact that b1 = Ib} = Ic. O
Let m € {0,1}. We set
H, := HNJ,=ker(vyodet: J, = Z),
K™ = Stabilizer in Hy of Py, in Boo.
Let ppy: K ém) — G(k) be the conjugation by bJ* composed with reduction modulo p.
The o-conjugacy classes in G(L) are given by
{t@h): o < B} U{t( @b : o even},
which follows from [9] 1.10. From parts (i) and (iii) of Lemma[2.1] we have, up to isomorphism,
only three different cases, which we will study explicitly:
(i) b = 1. In this case J; = G(F) and K%m) = b"Kb;™ for m € {0,1} (recall that
K = G(op)). Then pp(K™) = G(k).
(i) b=t with a > 0. In this case .J, = T(F) and K™ = T(or) for m € {0,1}. Then
P (K™ =T (k).
(iii) b = by. Then Jp, is the multiplicative group D* of the central division algebra D over F
of dimension 4, and K ém) = Up is the unit subgroup of its valuation subring. The image

of pp, is contained in B(k) and the image of p,,(Up) under projection pr: B(k) — T'(k)
is {diag(a,a?): a € K¥'*} 2 k'*. We write p/,, = pr o p,.
Lemma 2.2. Let b€ G(L) and w € W.
(i) The restriction of ng: G(L) — Z to Jy is surjective.
(ii) We have:
Xuw(b) = H Xow(b) N 7751(0),
Jp/Hp
where Jy, acts on the set of these components by left multiplication.
Proof. (ii) follows from (i) using the action of J, on X,,(b). (i) has a general proof, compare

for example the second page of [3]. In our case however, it can also be seen explicitly, using the
knowledge of the o-conjugacy classes in G(L). O

Lemmal[2.2]holds also without the assumption G = GL5 (in general, one has the map n¢g: G(L) = m1(G)
defined by Kottwitz in [7], and Hj will be the kernel of the restriction ng: Jp — 71 (G)). Set
X (b) = Xu(b) N1 (0) S ng'(0).
We see its points as alcoves in B.
Lemma 2.3. If xI € H/I corresponds to the alcove D in B, and w = wyby, with w, € W,
and v = ng(b), then
zI € X2(b) & inv(D,b-oD) = w,,
where inv(-,-) denotes the relative position map on the alcoves in By and g - D denotes the
action of G(L) on the alcoves in Byo.

Proof. Since by - C° = C°, we have b- oD = b o(z)CY = (bo(x)b]")C° with bo(x)b;" € H.
Thus:
xI € X2(b) < 2 'bo(x) € Twl <z bo(2)by Y € Tw, I
& inv(D,b-oD) = inv(zC°, bo(2)b°C°) = w,. O
The following lemma is shown by Reuman in [I0]. We include it only for completeness.
Lemma 2.4. (Non-emptiness of X,,(b)) Let b = (%% with o > 0 or b= by and w € W. Put
Wy = wbl_nc(b). Then X (b) # 0 if and only if w, € W, and

(a) b=t and w, € W, with {(w) — o = 0 or odd and positive, or
(b) b="b1 and L(w,) even.
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3. TORSORS OVER AFFINE DELIGNE-LUSZTIG VARIETIES AND STRUCTURE RESULTS

3.1. Bruhat decomposition for X.

(Bverything said in this and in the beginning of the next subsection holds in the more general
setting of the introduction, i.e. for any connected reductive split k-group G.) Since T1 = T'(0)NI;
is normal in Ng(T)(L), we can consider the group W defined by the exact sequence:

1 =Ty = Ng(T)(L) - W) =1

Given two elements z,y € Ng(T)(L) lying over the same element w of W1, the ratio z~ 1y lies
in 77 C I1. Therefore Iyxl; = Iyyl;. We denote this double coset by I1 w I5.

Lemma 3.1. We have the disjoint decomposition:

GIL)= |J hwh.
WweW,
Proof. Let ¥ run through a fixed system of representatives of W in Ng(T)(L) and a through

T'(k). Then av runs through a system of representatives of Wj. Since v normalizes 7'(0) and

since I = I - T(0o) = I - T(k), we have: IVI = U, e 1avbly = Userey liavh =
UaeT(,-c) IiavI;. From this and the usual Bruhat decomposition, it follows that G(L) =
Uv’veW1 Iy w I. It remains to show disjointness of two double cosets. First, Iyay vi I1 = l1as Vs I1
implies Ivy I = IvoI, hence vi = Vvy. Thus (by replacing vi by aj v1) it is enough to show
that if a € T'(0) with Iy vI; = Iyav I, then a € T;. But then there is an i; € Iy, such that
iva € vI;v~'. But clearly i1a € I, hence t1a € INV 1 v~1. Since v-1I; v 2 I; has an (infinite)
filtration with subquotients isomorphic to k, this intersection lies in I;, the maximal subgroup
of I satisfying this property. Hence a € Iy N T(0) = T3. O

3.2. The varieties Xy (b).

3.2.1. Definition. The Frobenius o acts on X. Therefore we can define:

Definition 2. Let b € G(L) and w € W1. We define Xy (b) to be the locally closed subset of X
given by .

Xy (b) = {zI; € G(L)/I,: ™ bo(z) € I, Wi}
provided with the reduced induced sub-Ind-scheme structure.

Moreover, Xy, () is a k-variety locally of finite type. The group J, defined in the introduction
acts on Xy (b) by left multiplication. If w is the image of w in W, the forgetful morphism X — X
restricts to a Jy-equivariant morphism

7: Xg(b) = Xyu(b).
(we write X,,(b) also for the base change of X, (b) to k).

Lemma 3.2. Let b € G(L) and w € Wj.
(i) For every g € G(L), the map (h,z) — (g~ thg,g 'z) gives an isomorphism of pairs

(Jo: X (D)) = (Jg-100(g), X (9~ "0 (g)))-

(ii) If w is the image of W in W, then Xy (b) # 0 < Xu(b) # 0.

(i) Let wy,wo € W1y with the same image in W and let T be an element of T(0), such that
Wo = W1 T in Wl. There is a 71 € T(0), such that the right multiplication by 11 induces

a Jy-equivariant isomorphism
*T1: le(b)%XWQ(b), 5([1'—>5(7‘1[1.

Proof. (i) is straightforward. The one direction of (ii) is obvious, the other follows from (iii),
since the preimage of X, (b) in X is equal to |J Xy(b). To prove (iii) let w denote the image
W—=w
of vy in W. The equation 7, " ad(w)(c (1)) = ad(w)(7) in T(0) in the variable 7; has a solution
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in T (o) for every T, as follows from Hilbert’s Satz 90. For such a 71 we have w1 7 = 7, ' %1 (1)
in Wi. Hence if I} € Xy, (b), then

Il(LUTl)ilbO'(le)Il = Ilrl_l:zflba(x)a(rl)fl = Tl_lflelba(x)lla(ﬁ) = 7'1_1]1 w1 lio(ry) =
= IlTl_lwld(Tl)IlzflwlTIl:Ilv'VQIL
Hence if #I; € Xy, (b), then 211 € Xy, (b). Thus 71 gives a morphism from Xy, (b) to Xy, (b).

Further, 7 ! defines a morphism in the opposite direction and the two are inverses of each other.
The Jy-equivariance is obvious. O

3.2.2. Torus action. For w € W1, let w denote its image in W. The right action of T'(0) on X
restricts to an action of the group

T(w)lg ={mn € T(0): 7'1_1 ad(w)(o(m)) € Ty}

on Xy (b). In fact, as in the proof of Lemma iii), for 71 € T'(0) to send zI; € X (b) to an
element 11, € Xy (b), it is necessary and sufficient that w7 = w in W, where ad(w)(r) =
1 tad(w)(o(r1)). This is equivalent to 7 € T and hence to 7, " ad(w) (o (1)) = ad(w)(r) € T1.
Obviously, T'(w)% D 11 and the action factorizes through T'(w)% /T, which is finite. Let wgy
denote the image of w in W. The adjoint action of W on T (0) factorizes through W, hence we
have only two possibilities:

. B T(k) if Wfin = 17
Pk /1= {{diag(a,aq) eT(k):ack™} if way # 1.

In the last case, we use the identification T'(w)%s/Th = k'™ by sending diag(a, a?) to a.
Remark 1. Since T(o0) is abelian, the isomorphism of Lemmal[3.9(iii) is also T (w)Jg-equivariant.

3.3. Structure of X, (b) and X (b). We explain now the precise structure of the varieties
X, (b) and Xy (b). First we introduce some notations. For b = (%% with a > 0 or b = by

and w € W, such that w, := wbl_nc(b) € Wy, let r € Z be such that w, correspond to C” (in
particular, {(w,) = |r|). Put:

f(wa)%fl if b=t0 X, (b) # 0 and £(w,) > a

Ay = 4 L) if b=1b; and X, (b) # 0 (3.1)
0 in all other cases,
— 1 if r —sign(r)ng(b) = 1 mod 4
o 0 otherwise,
(PL(k) ifb=1w, =1
P! — PL(k) if b=1,0(wy) >0
S,w) = < {pt} if b =10 with a > 0,0(w,) = a
Gm =P' —{0,00} if b=t with a > 0,4(w,) > «
{pt} if b=10;.

Endow S(b,w) with left K(Em)—action as follows: first consider the pm(Kl(,m))—action on S(b,w),

which is the restriction to py, (K ém)) of the G(k)-action by linear transformations on P! in the
first, second and fourth cases above, and the trivial action in the third and the last case and

then lift this to a Kém)—action. This is enough to describe X, (b).

Further, let wg, denote the image of w in W, and wgy, be a lift to G(k). Recall that X‘;Vﬁn de-
(m

notes the étale torsor over X, defined in [2]. We consider the following p,, (K ))-equivariant
finite étale torsor over S(b,w) with Galois group T'(w)%;/T1:
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XV.Vﬁn - Xwﬁn lf b = 1

: T(k ¢ if b=t with U(wy) =
Tow: S(b,w) — S(b,w) == (k) = {pt} 1 ) )W? a>0,l(w,) =«
’ Heer Gm = G ifb= 09 with a > 0, £(w,) > a
Pq2—1 — {pt} if b =10y,

where 7,4, is the usual projection in the first case, the constant map in the second and in the
last case, and in the third case it sends z¢ to ¢ —1z—(a+1) (¢ means the point 2 in the component

¢). We explain now the pm(Kém))— and T'(w)% /Ti-action on S(b,w). If

lw)—a+1

(b=t" and w = b or € Z is even) or (b=0b; and ¢(w) =0mod4), (3.2)

then the action is as follows: in the first case it is just the action of py, (K fm)) = G(k) and of
T(w)lg/T1 = T(wgn)? as in the finite Deligne-Lusztig theory. In the second resp. in the last case

it is the multiplication action of T'(w)Js/T1 = T'(k) = pm(Kém)) resp. of T'(w)% /Ty = k™ =
p;n(Kéin)) (this last has to be inflated to a pm(Kézn))—action). In the third case diag(g, h).z¢ =
(g7 ') gne for diag(g,h) € pm(Kém)) = T(k) and z¢.diag(t,79) = (772) g1 for 7 € K™ =
T(w)Zg/T1, in particular both actions induce via the determinant the same action of £* on
70(S(b, w)). If condition (3.2) is not satisfied, then the action of p, (Kém)) is the same as above,

but the action of T'(w)s /T is twisted by the adjoint action of < (1) (1) ) on T'(w)Jg/T1. Finally,

we lift the pm(KISm))—action to an Kb(m)—action.

Reduction modulo p gives natural embeddings py, (K lgm)) — G(k) « T(w)%/T. The “right”
notion of an isomorphism between triples (S;, a4, 3;) (i € {1,2}) where p,, (K ém)) 2y Aut(S) Vil
T(w)Zg/T1 are the actions, should be an isomorphism ¢: Sl = SQ together with an automor-

phism of G(k), inducing automorphisms of pm(Kém)) and T'(w)%/T1, compatible with ¢, o
and (;. This reflects the fact that both actions have the same origin, being induced from the
action of G(L) on X.

Theorem 3.3. Let b =t with o > 0 or b =by. Let w € W, such that X,(b) # 0. Then
Wy 1= wb;nG(b) e W,.

(i) (Structure of X, (b)) Let the alcove C" of Apr correspond to wa. Then there are Jp-
equivariant k-isomorphisms:

Xub) = J[ A% x SO w),
Ty K™

(ii) (Structure of Xy (b)) Let now v € Wy be a preimage of w in W. Then there is a Jy-
and T (w) % /Ti -equivariant isomorphism
. ~ d w .
Xe)= [ A" xSbw),

Ty/ K™

The Jy-equivariant morphism m: Xg(b) — Xyu(b) is finite étale with Galois group
T(w)lg/Th, equal to the disjoint sum of the morphisms

id gy, X Mo AP X S(0,w) = AT X S(b,w).
k

Remark 2. An easy computation shows that the non-emptiness and the dimension results fit
into the conjectures 9.4.1 of [4].
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Proof. (i): Lemma [2.1[ii) implies X,,(b) # 0 = w, € W,. By Lemma we are reduced
to compute X2 (b) := X,,(b) N nal(O), which can, at least set-theoretically, by Lemma be
identified with the set of alcoves D in B, such that the relative position of D and b- oD is w,.

Case b = 1. Clearly, B is exactly the subcomplex of B, stabilized by o. Therefore, X9(1)
is the disjoint union of points, indexed by alcoves in 2B1. Since Hj acts on alcoves in 2 with
stabilizer of C° equal I N Hy, we have:

xxm= I = JI =11 ]I f»t

alcoves in B1 Hy/INnH; H,/K K/INH

But [{g/np, {pt} is together with its K-action isomorphic to P! (k) with the K-action induced
from the action of G(k) by linear transformations. Now assume 1 # w € W,. In the situation
of consider € = B;. Let D be an alcove in B, not contained in B;. There is a unique
gallery I3, p of minimal length, equal dg, (D) — 1, having D as first alcove and containing a
vertex in B;. Its image under o is again a gallery, containing the same vertex in 87 and it is
easy to see that the composed gallery I'p ,p := (I's, D, al“%i p) is still minimal and connects
D with oD. The length of this gallery is 2dsg, (D) — 1, and hence the relative position of D and
oD is ¢V 2 (D)=1)  where m € {0,1} is the type of the first vertex of I'p ,p (note that
Gammap »p is minimal and ¢(I'p ,p) > 0, hence its first vertex is well-defined). In particular,
{(Tpyp) is odd, which implies that if D € X0 (1), then ¢(w) is odd. In particular, if 0 # £(w)
is even, then X,,(b) = 0 and if ¢(w) is odd, then from the above description follows:

0 f(w)+1
Xw(l) = H D‘BIQ (P)v
pen(™

with m as in (3.1). Now H; = G(F)NH acts naturally on %gm) and the stabilizer of P, is Kfm),
hence canonically H;/K fm) = %gm)' By definition, X,,(1) is given the reduced induced sub-

Hw)+1 L(w)—1

Ind-scheme structure and as in[2.1.3, Dy, 2 (P) 2 A2 X (P! — PL(k)), where (P* — P'(k))
represents the alcoves having P, as a vertex and not lying in 2B;. Since K {m) is the stabilizer
of Py, in Hy, it acts on this P! — P!(k), and this action is the inflation via py,: Kfm) — G(k) of
the action of G(k) on P! — P!(k) by linear transformations.

Case b = t(0% with o > 0. The element t(>% acts on Ay by shifting everything a alcoves
to the right. In particular, if D is an alcove in Ay, then the relative position of D and bo D is
C% or C~%, which corresponds to an element w, € W, of length a.

Consider now the situation as in with € = Aj; and any alcove D, not contained in Ay,.
Let Pp be the vertex of departure for D from A, and denote by I'y p, the minimal gallery
connecting Pp with its translate by b (i.e. if & = 1, this is the gallery with one alcove having
Pp and bPp as vertices, and if o > 1, this is the unique gallery of minimal length, having
Pp as first vertex and bPp as last vertex). Then it is easy to see that the composed gallery
I'piep == (I'p,ay:La,pp bUPB,lAM) is defined, and is the minimal gallery connecting D with
boD. We have {(I'p pop) = 2da,, (D) + o — 1, and in particular £(I'p pop) — o is odd.

From all these we have for w, with w,C? = C:

xo0) =1y =" II 8

rEL T(F)/T(oF)

and analogously for w,C°? = C~?. The rest of the proof, concerning the case £(w,) > a works

the same way as in the case b = 1, once one remarks that Ag\?) is naturally acted on by

Hy, =T(F) with Klgm) = T'(or) being the stabilizer of P,, (and also of any other point of Ag\zn)).
Case b = b;. Take € = {C°} (the full connected subcomplex with one alcove). b; acts on it
by interchanging the both vertices Py and P;. The stabilizer of P, is Hp, = K, gn) = Up. The

arguments are similar to the both cases above and one obtains the whole open Schubert cell
9



ng:;’} (Py,) as X2 (by), if £(w,) is even and the empty set otherwise. This completes the proof
of (i).

(ii): Using the Jy-action on Xy (b) and the Jy-equivariant morphism 7: Xy (b) — X, (b) we
obtain from part (i) of the theorem that

Xo®)= [ = La7 x S(b,w)).
Jb/Kém)

Thus we have to compute ﬂfl(AZb’w x S(b,w)) C Xy (b). We do this first in the case b =1 and

L(w)+1
{(w) > 0 (since b =1 and X,,(b) # 0, we have w, = w) where Agb’w x S(L,w) = Dy * (Pm).
Write wC? = C" and assume m = 0 (the case m = 1 is similar). Then either r = —2i + 1 with

i=2n—1>0o0dd, or r = 2i — 1 with i = 2n > 0 even. For v € W, with vC? = C~% we

L(w)+1 n—1
have Dy, *  (Fy) C IvI/I. Consider first the case i = 2n — 1 odd, ie. v = ( thn tO >

_4i1
By Lemma (iii) we can assume w = w = < tlo_i to > Define affine coordinates on the

preimage Tvl /I, in X of TvI/I by fixing the isomorphism : Y1 A%n_l x G2, = vl /1,

_ r(t "o + oo + " Legp_o)  stTL
wl,v((cj)32'202ar¢s) = < ( 0 T‘tl_n n 2) 0 I;.

. 299—2 o re sth—1 c g1
Write ¢ = 510" ¢;t! (n=1) " We have 7 << en >Il> = < An g I. Then
L(w)+1

¢t s - : :
thc_n y 0 I, 7r’1(D%12 (Py)) in Xy (1) & Lz~ lo(z)l; = I w I;, which by a

computation is equivalent to

(L‘Il =

r sl (el —cp) Tt =1 and sl —cp) = 1.

which, after eliminating s = 79(c{ — ¢p), is equivalent to rq2_1(cg —¢p)?! = 1. This last
equation defines in the r-co-plane a curve together with po(K %0)) = G(k)-action isomorphic to
the finite Deligne-Lusztig variety Xwﬁn for G over k with G(k)-action on it. The projection
onto S(b,w) = Xy, is given by (r,cg) — ¢o. The same is true for the other case i = 2n > 0
st"
0
T(w)lg/T1 = T(wsn)?-action on our curve is given by (7, co).diag(r,79) = (7r,co) and in the

even, with v = t(»~™) but zI; is then represented by T;_Cn > In the first case the right

second case by (r,cp).diag(r,79) = (797, ¢o) and the pm(Kfo))—actions are equal in both cases.

1 (1) ) used in the definition of S(b, w).

All other cases can be computed similar to the case above. Let us for example work out
L(wg)—a+1

the case b = (0% with o > 0 and £(w,) > a. In this case Agb’w x S(by,w) =D, * (Pn)
Write w,C? = C" and assume m = 0 (the case m = 1 is similar). Then either r = —a — 2i + 1
with i =2n —1 > 0 odd, or r = o + 2¢ — 1 with ¢ = 2n > 0 even. Consider only the first of

This explains the twist of T'(w)Js/T1-action by ( 0

__toti—1 )

this cases, the second being similar. We can assume w = < tlo_i t 0 ) Let vC0 = O,
L(wg)—a+1

then D, ° (Py) is the open subset in JvI/I on which ¢y # 0. Then zIy := ¥, 1(c,7,s) €
l(wg)—a+1

7T_1(DAM 2 (Py)) and bo(z)I; are in relative position w if and only if [z~ tbo(2)[; = I w I
which is equivalent to
risTled =1 and 7 lslc?=1.
10



2_ . .
After eliminating s = r9¢{, this is equivalent to ra =1 ¢t ™% = 1. The locus of this equation in

the affine plane with coordinates r, ¢y is the union of ¢ — 1 disjoint curves
C’g = Spec(k[r, co] /(1T cd — ¢)) < G, = Spec(k[z,271])  with ¢ € k¥,

where the isomorphism is on coordinates given by (r,co) — (Cz%,¢~1z~(@+1)). The statements

about the p,, (K. ém))— and T'(w)Jg-actions can now be deduced expllcltly from this description.
U

3.4. PGLy and admissibility.

Remark that J, N Z(G(L)) = Z(G(F)). Denote this group by Z. Then ZKgm)/Kfm)
not compact, which is the reason, why the Jp-representations in the cohomology of Xw(b) for
b = 1,b1, considered in the next paragraph, are not admissible (see Remark . If one changes
to PGLs (i.e. if one divides out the center), one obtains admissible representations (cf. Remark
(i) for the case b = 1 and Remark [5| for the case b = b;). Here we describe X,,(b) and Xy (b)
for PGL2

The affine flag manifold X7¢L of PGL, is obtained from X by identifying all odd and all
even connected components (1" (v) is identified with 15" (v+2n) via multiplication with ¢(™m)).
The affine Weyl group Wpgr, of PGLs is the quotient of W by the subgroup generated by ¢(1:1).
If w € W, write again w for its image in Wpgr. We denote by

XPCL(B)  and X5 ()
the affine Deligne-Lusztig varieties associated to PG L. Then J, acts on XJ%(b) and X L% (b)
through the quotient .J,/Z, which is the o-stabilizer of b in PG Ly(L). Then XFGL(b) is exactly
the image of X,,(b) under the projection map X — XPGL,

Let b = t(0% with o > 0 or b = by and w € W, such that X, (b) # (. Extend the
action of KISO) on S(b,w), S(b,w) to an action of ZKIEO) by letting 1) act trivial. This
action of ZKZEO) factorizes through r: ZKISD) —» ZKéO)/(t(1’1)> = KZSO), and therefore through
por: ZKlEO) —»pO(KlEO)).

Proposition 3.4. Let b,w,w be as in Theorem[3.5. Then there are the following Jy-equivariant
(for the action defined above) isomorphisms:

XDGtw) = ] AP x Skw),

Ty /ZK
PGL ~ dyw _ ¢
Xy ) = JT AP xSkw).
Ty /ZK

The second isomorphism is T (w)%g /11 -equivariant.

Proof. This follows by easy computations from Theorem O

4. REPRESENTATION THEORY OF J,

For a topological group I' we denote by T the set of classes of smooth irreducible I'-representations
over ;. Further we define the cohomology with compact support of a colimit (which in our
case is just a disjoint union) of schemes of finite type over k as the colimit of the cohomology
with compact support of these schemes. With this definition, the cohomology with compact
support commutes with colimits.

4.1. Definition of RY(w).g
The groups T'(w)%/Ti and Jy act on H'(Xy(b),Q;) by transport of the structure. As in
[2] 1.8, since T(w)%/T1 is abelian and since its action and that of .J, commute (the first

is a right and the second a left action), H’(Xy (b),Q;) decomposes as the direct sum of the
11



Jy-subrepresentations H'(Xy (b),Q;)s on which T(w)% /Ty acts through the character 6 €
T(w)%;/T1. The following definition is the analogon in the affine case of [2] 1.9.

Deﬁnltlon 3. Let b € G(L) and w € Wy with image w in W, such that X, (b) # 0. Let
0T (w ) ¢/T1 be a character. For x either empty or PGL, define the virtual Jy-representation

Rp(waty := (1) HI (X (0), Qo
T
In the second case Jy acts as explained in subsection [3.4)

This virtual representation is in fact independent of the choice of w lying over w by Lemma [3.2]
(which has an obvious extension to the case * = PGL).

Lemma 4.1. Let b € G(L) and w € Wy with image w in W, such that X,,(b) # 0. Define

) _ JE™ i = empty
7K if«= PGL.

Let 0 € T'(w ) %/T1. Then

HE (X5 (6), Qo cIndem)H’" 2 (S (b, w), Qi(dpaw)) -

where Kb(T)—action on S(b,w) is the inflation of the pm(Kém))—action, and the dy,, in the brackets
denotes the twist, defining the action of the Galois group of k /k.

Proof. 1t follows by taking the 6-isotypic components from

HI(XL0,Q) = HI( J] AP xS(kb,w), @l)—clnd‘f"(m)H%Ad*’w $(b,w), Q)
Jb/K(m)

- cInde(m) He 2% (S (b, w), Qi(dyw),

where the third equality is a consequence of the Kiinneth-formula. Second statement has a
similar proof. O

4.2. Case b = 1: Representation theory of G(F).

4.2.1. Ower a finite field. The representation theory of G = G L3 over a finite field is easy. We
recall the irreducible representations to state our results. Let o, 8 € k*. There are the following
four types of irreducible representations of G(k):
G(k
e p(f):= IndBEk§
that oo # 3 vary over k*. These are the principal series representations.
® ag(y) = aodet.
® a - Stgr), the g-dimensional twisted Steinberg representation defined through the fol-
lowing split exact sequence, where the first map is the diagonal embedding;:

0, where § = a ® f3 is a character of the split torus T'(k) = k* x k*, such

0= agr) — Indggzg a®a—a-Stgg) — 0.

e 1(6'), the cuspidal representations, where 8’ varies over characters of a non-split torus

in G(k) with 6’ # 0’7, Then 7 (') = 7 (6'?).

For wg, € W and 0 € T (/wﬁ\n)" Deligne and Lusztig defined in [2] the virtual representations
R (wgy), which for G = GLsy are for example computed in [11].
12



4.2.2. Over F. From the finite Deligne-Lusztig theory for G over k£ and from Lemma [4.1] we

~Y

obtain (since 7(0") = m(6'?) for cuspidal representations of G(k), the ugly technical condition

(3.2)) is irrelevant):
Corollary 4.2. Let w € W, such that X,,(1) # 0, m € {0,1} as in (B.1). Write wgy, for the

image of w in W and let 0 € T(w/)gﬂ\/Tl = T(TUﬁ\n)U. For x either empty or PGL, let K{Z:) be
as in Lemma[]]]

(i) If w =1, then T(w)ls/T\ = T(k), and
c-Ind f{ﬁﬂ% p(0) if0=a®p with o # B

R{(1)ag =
1) c-Ind [G({fn)) (g +a-Stgr)) iff=a®a
1

i) If w # 1, then T(w)% /T, = k'™, and
(ii) If w#1, (w)ag/ ;

G .
—c-Ind “F) 7 (6) if 6 + 09
R? (W)afr = . ?1,*
’ ’ c-Ind K(Y:)) (ag(k) — Q- Stg(k)) Zf 0= 9(1,

where a(Nz) := 0(z), where N denotes the norm of k' /k.

Remark 3. (i) If w # 1 the representations —RY(w)ag par, with 6 # 01 run through all
cuspidal G(F)-representations of level zero, whose central character is trivial on (1)
In particular, they are admissible by [1] 11.4 Theorem and 10.2 Corollary (cf. also
section .

(ii) If w # 1 and X(1) # 0, the G(F)-representations RY(w)ag, RY(w)ag pcr are indepen-
dent of w, which illustrates the general principle proved by He in [6] Cor. 4.8 that for
PGL,, the representations occurring in the cohomology of X (1) for some w, already
occur in the cohomology of X.,(1) for w in the finite Weyl group. However, by Lemma
RY(w)ag comming from w’s with different length, differ as G(k /k)-representations,
since the numbers dy ,, = % (cf. (1)), defining the Tate twist, depend on €(wq).

Now we study morphisms from the representations occurring in Rf(w).g into smooth irre-
ducible representations of G(F'). These are described in [I]. Let us first fix some notation.
We write ¢g(r) := ¢ odet, if ¢ € ﬁ\*, and ¢ - Stg(p) for the corresponding twisted Steinberg
representation. If a smooth irreducible representation 7 of G(F') contains the trivial character

on a subgroup conjugate to ker(po: K — G(k)), then the level ¢(m) of 7 is 0 (loc.cit. 12.6).
hir)
of ¢ resp. x is zero (this follows from loc.cit. 12.9 Theorem and 14.2 Theorem, which charac-
terize representations of level > 0 as such, containing fundamental strata). The restriction of a
character ¢ € F* resp. x € widehatT (F') of level zero to o0} resp. T'(op) is an inflation of a
character which we denote by ¢ resp. x of k* resp. T'(k). Analogously the level of a cuspidal
representation g is 0 if and only if its restriction to K contains an inflation of a (unique up to
isomorphism) cuspidal representation g of G(k).

The levels of ¢g(p) and ¢ - Stg(p) resp. Ind X (x € T(F)) are zero if and only if the level

—

Let v denote the non-trivial element of W. Then if A = A\; ® Ay € T'(k), we write "\ :=
Ao ® A1. For simplicity we only handle the case m = 0. By abuse of notation, if 7 is any
G (k)-representation, we write also 7 for its inflation via pg to K.

Theorem 4.3. Let the first row (resp. first column) entries in the table below run through

6(?) (resp. through compact inductions of G(k)) with o, p(6), w(0') as in X € T/(}?),
ol F* and 0 € G(F) cuspidal as above. There are no non-zero homomorphisms from any left
into any upper entry, unless the level of the upper entry is 0.

Assume that this holds and denote by X, ¢, resp. 0 the corresponding representation of
k*,T(k), resp. G(k). The (i, j)-th entry in the table below is the space of all G(F')-homomorphisms
from the representation in the i-th row into the one in the j-th column.

13



Indggg X ba(r) ¢ - Star) o cuspidal
Q ifx=40
-Ind 1) p(6) or X =0 0 0 0
0 otherwise
Ind ?((F) acu Q ifx= T (k) Q ifo= @ 0 0
0 otherwise 0 otherwise
Ind ]G((F) o - Stag X = T (k) 0 Q o= @ 0
0 otherwise 0 otherwise
5 oo
c-Ind f((F) 7(0") 0 0 0 Q ifo 7T( )
0 otherwise

TABLE 2. Morphisms into irreducible representations

—_—

Proof. First of all, if 7 € G(k) and p € G(F') with
0 # Homg(p (c-Ind 1) 7, p) = Homp (r, p),

then p must contain the trivial character on ker(pg: K — G(k)), since 7 is inflated from G(k),
and hence is trivial on this kernel. Therefore the statement about the levels follows and we can
assume the levels of the representations in the upper row are 0. In particular, ¢ 0% Tesp. X‘T(o ")
are inflations from k* resp. T'(k) of characters ¢, Y. Now we compute the places (i,j) with
1<i,j<3.

Lemma 4.4. Let m be any G(k)-representation and p € T/(l?) of level 0, such that p|p(,) is

induced from p € 7{(?) Then

G(F G(F _
Homg(py(c-Ind K( ) T, IndBEFg ) = Hompg (7, ).
Proof of the lemma. Frobenius reciprocity implies:

G G
Homg(r)(c-Ind K(F) T, IndBEg ) = Hompg (, Indg(F)mK p) = Hompp)ng (7, 1),

where for the first equality we used the Mackey formula and B(F) - K = G(F'). Since inflation
commutes with taking homomorphisms, we obtain:

(F)NK B(F)NK _

HOHlB(F)mK(W,M) = HomB(F)mK(infg(k) 7T71nfB(k) R) = Hompx) (m, @) Ol
Apply the lemma to m = Indggzg A for some T'(k)-character A = A} @ Aa:
G G _ G _
Homg(py(c-Ind K(F) , IndBEg p) = Hompy (7, i) = Homp, (IndBEB A, i)
= Hompgy(A & Indy) A i) (4.1)

Homq ) (A, 1) ® Homyp gy (YA, i),

where v is the non-trivial element of W. In particular we obtain the (1,1)-entry of the table by

taking A =0, p=x. Put ¢ppy =0 ® ¢ € Iﬁ, arg) = aQa € 1{(?) Then
~ G(F ~ G(k
bar)k © ¢ - Star) |k = IndBEF% ¢rmylx and  agu) © - Stg) = IHdBEk§ argy, (4.2)
(the first equality uses that K is compact and hence its representation theory is semisimple).
Also from Lemma [£.4] we have:

() ac(k),lndggg x) = Homp (ag k), X) = Homyp g (ary, X) (4.3)

14
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which implies the (2,1)-entry. This, the second formula of and applied to m =
Indg% aqy and p = x imply also the (3,1)-entry. From and the first formula of
the entries (1,2) and (1, 3) follow.

Now we investigate the four squares in the middle of the table. Let us write (i,j) for the
Hom-space standing in the (i, j)-place. Together with and Lemma an application of
the Mackey formula as in gives:

(2,2)®(2,3)® (3,2) & (3,3) = Homq)(arm), dr() & Hompgy (ar@), drek))
72 —
Q" ifa=4a,

0 otherwise.

In particular, we can assume that a = ¢. It will suffice to show that (2,2), (2,2) @ (2,3) and
(2,2) @ (3,2) are one-dimensional. This is done by a (three) one-line computation(s) using the
same techmques as above and the formula qu( Pk = 1nfG(k gbG(k

Let 7(60') € G(k) be cuspidal. If A € T(F) and A € T(k), such that Alp(,) = inf3) X, then

Lemma [1.4] implies:
Homg(p) (c-Ind {7 (), Ind(g() \) = Hom p(p (m(6/), X) C Homyygy (m(¢), X),

where U (k) is the unipotent radical of B(k). Now X is trivial on U(k) and 7(¢’) does not contain
the trivial character on U (k), since it is cuspidal. Hence the last expression is equal 0. Therefore
(4,1) = 0 follows by taking A = x and (4,2), (4,3) = 0 follow from by taking A = ¢7py.
This finishes the proof for the first three columns.

Now we consider the last column. p is cuspidal and of level 0, hence ¢ = c¢-Ind (Z;g) A where
Alg = 0 is an inflation of a (unique up to isomorphism) cuspidal representation g of G(k)
(this follows from [T} 14.5 Theorem and 11.5 Theorem). If 0 # Homg(py(c-Ind ?((F) T,0) =

Hompg (m, o), for m € C?(F), then m and g both occur in p, hence by loc.cit. 11.1 Proposition
1 they must intertwine in G(F'). Thus by loc.cit. 11.5 Lemma, 7 = g and in particular 7 is
cuspidal. Hence (1,4) = (2,4) = (3,4) = 0. The next lemma finishes the proof. O

Lemma 4.5. Let 7 € @ be cuspidal and denote again by 7 its inflation to K. Let A be some
extension of m to ZK. Then

G(F)

Homgpy(c-Ind ' 7, c-Ind gg) A =Q.

Proof. Write I = K Nt K0~ and Mx(g) := 7O gt0m) for n > 0 and ¢ €
(0 g3 (0,—n) (in particular [ O =K, O = 7). Frobenius reciprocity and the Mackey formula
imply:

Homg( ) (c-Ind ?((F) 7, c-Ind gg) A) = Homg(m, (c-Ind (Z;g) A)|k)
= Homg/(m, @ Indf(n) (”)ﬂ')
n>0
= Endg(m) @ @ Hom () (r, ™).
n>1

Now Schur’s lemma for the compact group K implies Endg(7) = Q;, since 7 is irreducible,
and we have to show Hom ) (m, (")) = 0 for n > 1. In fact, consider the subgroup N =

{( ai” (1) ) :a € k} of I™. Since N is in the kernel of K — G(k) and since  is inflated

from G(k), the restriction of 7w to N is trivial. But (”)ﬂ(( ai” (1] )) = 7r(< ;ll (1) )) and 7 is
cuspidal, hence 7 does not contain the trivial character on N, and the claim follows. U
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Remark 4. Let w be any representation of G(k). The representation c- Ind G s very big.
More precise put 1M = Kt KO- (in particular, I©) = K and I'Y) = 1) and Mr(g) :=
7 (0= gtOm)) for g € O t(o’_”). Then the Mackey formula implies:
(c-Ind 17 )| e = @ P Indk,,, ™.
Z n>0

G(F)

In particular, c-Ind ' 7 is not admissible: its restriction to K contains Z copies of .

4.3. Case b regular semisimple.

Proposition 4.6. Let b = t(o Q) with o > 0, w w e W, such that Xu(b) # 0 and let w, € W,
with w = web{ and m as in . Let 0 € T(w )aﬁ/Tl
(i) If l(wy) = «, then T( )aff/Tl = T(k). Let 0 be equal 0 if condition (3.2)) is true, and
equal 0¥ otherwise, where 1 #£v € W. Write éT(aF) = infggg) 6 (inflation via py). Then
R (w)ag = c-Ind E >) O (o)

(i) If l(wy) > a, then T(w)%/T1 = k™. If = 01, denote again by 6 the character induced
det

on k* via det: T(w)3g/T1 — k* and by 07, its inflation via T(oF) Py (k) <5 ke
to T'(or) (note that O, is independent of m). Then:
Rg(w)aff = 0,
c-Ind ;ng)) OT(OF)(Z(“))%A) if r =40(w) —« and 0 = 07
H{(Xq(0). Qo = { cInd i) Opn(“52=2)  ifr = lw) —a +1 and 6 = 61

0 otherwise,
where W s a preimage of w in Wi.

Proof. Denote by W a preimage of w in W;. Let first £(w,) = o. By Theorem Xy (b) is a
disjoint union of points with stabilizer of a point equal 77 in T'(F'). As in Lemma we have

T(F T T(F)
HY (X (b),Q) = c-Ind % ))I drp, (UF @ (:IndTE0 T(or)>

eeT( )

as T(F)-representations. If condition (3.2)) is true (i.e. w,C° = C%), K, (m) =T(op) =T(w)%
act in the same way on Xy (b) and hence

R(w)ai = HY (X (), Q)o = e-Ind 7)) 6.

If (3.2) fails to be true (i.e. w,C° = C~%), the action of T'(of) is the same and the torus
action is twisted by the non-trivial element of W. This proves (i). Assume now £(w,) > o
The statement about RY (w),g follows from the statement about H' (X (b), Q;)g. First of all we
have:

07 (o) ifd=0%and r =1
HT(S(b, w),Qp)p = 010 (—1) if 6 =07 and r = 2 (4.4)
0 otherwise,

where (—1) means the Tate twist. In fact, one applies the Mayer-Vietoris sequence to the inclu-
sions G, — P! <= {0,000} to compute the cohomology of G,,. In both degrees (r = 1,2) with
non-vanishing cohomology, the representations H’(G,,,Q;) of the stabilizers in py, (K. ém)) =
T(k) and in T(w)Jg of a (hence any) connected component of S(b,w) = [[,. Gy, are trivial.
Therefore H, 2(]_[k* Gm, Q1) = B, o= 0 as k™-representation (the k*-action on the connected

components is defined as the quotient of the action of T'(k) or, equivalently, of T'(w)%:/T1).
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Now 1) follows, since for any 6§ € T’ (w/)g;/ T1, we have: ¢ factors through det: T'(w)%: /T —
k* < 0 = thetal. From (4.4) and Lemma [4.1] the second statement in (ii) follows.
O

4.4. Case b = b;.

Recall that J,, = D* where D is the central quaternion algebra over F', and KIST) =Up is
the group of units in the valuation ring of D. Recall that p, is p,, composed with projection
B(k) — T(k) and that for m € {0,1} and w € W with non-trivial image in W, the images of

—

Up £ T(k) « T'(w)Jg/T1 coincide. If 6 € T'(w)J;/T1, denote by 8y, the inflation of 6 via p;,
to Up.

Proposition 4.7. Let w € W, such that X,,(b1) # 0. Then T(w)ls/T1 = k'*. Let 0 €

—

T(w)Ss/T1. Then
0 _ D*
Rbl (w)aff - C‘Ind UD QUD .
Proof. Every w with X,,(b1) # 0 has non-trivial image in W, hence > the first statement. As in
part (i) of Proposition it follows that Rgl (w)ag = HO(Xy(b1),Qy)g is either c-Ind 5; Ou,
or c-Ind 5; (07)y,, depending on the condition (3.2)). The next lemma finishes the proof, since
(00, (u) = Oy, (brubyt) for u € Up. 0

Lemma 4.8. Let x be a character of Up, and set x'(u) = X(blubl_l) for w € Up. Then:
c-Indf) x 2 e-Ind 7, ¥

Proof. The functions fi: D* — Qq, with supp(f;) = Upb% and f;(ubi) = x(u) for u € Up,
resp. f!: D* — Q, with supp(f/) = Upb} and f!(ub®) = x'(u) define a basis of c-Ind 5; X Tesp.
of c-Ind 5; X'. An element h = vb} with v € Up acts on f; by h.f; = x (b vb7 ") f;_,, and
analogously on f;. It is easy to see that f; — f; | gives a D*-isomorphism between the two

(]
representations. O

The lemma also implies that c-Ind (l]); 0u,, depends only on 6 and not on m.

If ¢ € F'*, then ¢p := ¢ o det is a character of D*, and every character of D* is obtained by
this construction. Let 7w be a smooth irreducible representation of D*. The level £(m) of 7 is
the least non-negative integer n, such that 7 is trivial on (n + 1)-units UBH of D.

Lemma 4.9. Let m € D* containing the trivial character on Up (n>1). Then {(m) <n.

Proof. Let £(m) = m. Then  is trivial on U(Dm+1), hence 7|ym = €D, 1i, where 1; are characters.
By [1] 11.1 Proposition 1, v; intertwine in D*, and since U} is normal in D*, it is equivalent
to 1;’s being conjugate by elements of D*. If m > n, then one of ¥;’s would be trivial, and
since they are all conjugate, each of them would be trivial, i.e. m would be trivial on U7y, which
would imply ¢(7) < m, a contradiction. O

The representations of D* of level 0 and dimension > 1 are parametrized by admissible pairs
(E/F,x) of level zero in the following way: for the unramified extension E/F of degree two
contained in L, fix an embedding E* — D* (all such are conjugate in D*). Extend any x € E*
of level zero by triviality to a character = of E*U}. The map x — 7(Z) := c-Ind g: Ul = defines
an one-to-one bijection between the set of all characters of E* with x|v, # x%v, of level zero
modulo the equivalence relation xy ~ x? and all irreducible representations of D* of level zero
and dimension > 1 (this is [I] 54.2 Proposition).

Theorem 4.10. Let 6 € k' and put Oy, = infg,i’ 0 (inflation via pj). Let 7 € D*.
(i) If 0 = 64, then

Qi if ™ is a character of level 0 and |y, = Ou,,

0 otherwise.
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Hom p« (c-Ind 5; Oy, m) = {



(ii) If 6 # 64, then

. Q ifr=7(E) withZ|y, =0 By, =0
Homp: (c-Ind 7. 0y, 7) = Q i _W( ) wi o up o7 Eluy Up>
= 0  otherwise.

Proof. First of all we have
Homp+(c-Ind 5; 0u,,m) = Homy, (Oy,,, ). (4.5)

It follows that if the space on the left is non-zero, then 7 must contain the trivial character on
U}. Hence Lemma [4.9| implies £(7) = 0.

Let first m be a character. Then the Hom-space above is non-zero if and only if 0y, = 7|7, .
Now, 0y, factors as fopj,: Up — k'™ — ©,", and since 7 has level 0, it factors as Topodet: Up —

Urp 5 k* LN Q;. Since Ny, Jk© py = podet: Up — k*, and since pj, is an epimorphism, it follows
that 6 = 7 o Ny ;. In particular, 6 factors through the norm, which is equivalent to 6 = 6.
Now assume 7 = 7(Z) = c-Ind g:Ul = with Z trivial on U} and Z|y, # Z9y,. We have
D

Up C E*U} and both are normal in D*. The (E*U},Up)-double cosets in D* are just left
E*Up-cosets and there are exactly two of them, represented by 1 and b;. Hence the Mackey
ﬁo;lmula implies: 7|y, = (c-Ind g*U}) S, = Elup, ® EYy,. From this and 1' the theorem
ollows.

Remark 5. With the same assumptions as in Proposition [{.7, taking additionally w # by and
0 # 09, let E be a character on E*U},, trivial on U}, and on the uniformizer t&Y of E and such
that Z|y, = 0 o p, where p: Ug — k'™ is the reduction modulo p map. From Lemma (w),
using ZUp = E*Up = E*U}, we obtain (condition is irrelevant since w(Z) = w(£9)):

Ry (w)am,par = 7(E).
In particular, these representations are admissible.
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