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ABSTRACT. To any connected reductive group G over a non-archimedean local field F' and to any
maximal torus T of G, we attach a family of extended affine Deligne-Lusztig varieties (and families
of torsors over them) over the residue field of F. This construction generalizes affine Deligne-Lusztig
varieties of Rapoport, which are attached only to unramified tori of G. Via this construction, we can
attach to any maximal torus 7" of G and any character of T a representation of G. This procedure
should conjecturally realize the automorphic induction from 7" to G.

For G = GL2 in the equal characteristic case, we prove that our construction indeed realizes
the automorphic induction from at most tamely ramified tori. Moreover, if the torus is purely
tamely ramified, then the varieties realizing this correspondence turn out to be (quite complicate)
combinatorial objects: they are zero-dimensional and reduced, i.e., just disjoint unions of points.

1. INTRODUCTION

Let G be a connected reductive group over a finite field F, and let o be the Frobenius over IF,.
Then there is a natural correspondence, which to any pair (7', x) consisting of a maximal F-torus
T of G and a character x of T'(F,) in general position, associates an irreducible representation +R%.
of G(F,). Moreover, +RY is cuspidal, whenever T is anisotropic modulo the center of G. This was
conjectured in 1968 by MacDonald and proven in 1976 by Deligne and Lusztig in their celebrated
paper [DL76|. They defined R} as the alternating sum of the f-adic cohomology with compact
support of an étale cover of a Deligne-Lusztig variety. This last is just the variety of all Borel
subgroups of GG, which are in a fixed relative position with their o-translates.

Let now G be a connected reductive group over a non-archimedean local field F' with residue field
[, and let ¢ # char(FF;) be a prime. For simplicity (to avoid dealing with endoscopy phenomena,
etc.) let us assume here that G = GL,. The local Langlands correspondence states that there is
a natural bijection between irreducible admissible representations of G(F) and a certain class of
n-dimensional representations of the Weil group of F. It was shown by geometric methods in [HT99|
and |[LRS93|. In a series of papers, Bushnell, Henniart and Kutzko could make this correspondence
more explicit in the tamely ramified case by parametrizing both sides by admissible pairs, see for
example [BHO6|, [BK93| and [BH05|. To give an admissible pair is essentially the same as to give a
maximal F-torus T of G, which is anisotropic modulo center and a smooth @; -character x of T'(F),
satisfying certain conditions. Thus, basically, this explicit construction associates a supercuspidal
representation RY. to the given pair (7)), like in the classical Deligne-Lusztig theory. This is a
special case of the more general principle of automorphic induction for G.

Let G again be arbitrary. Roughly, there are two types of geometric objects attached to G, in
the cohomology of which one tried to realize the automorphic induction:

(i) Varieties (or rigid or adic spaces) over Spec F' equipped with integral models over Spec Op
and special fibers over F,.
(ii) Reduced varieties over F,.



Constructions of type (ii) are purely in characteristic p, i.e., over Fy, and only the reduced struc-
ture is relevant. Up to now, constructions of type (ii) only existed for unramified tori of G (except
for a construction by Stasinski for GL,, and SL,, see below), which was a serious drawback. This
article contributes to the automorphic induction over local fields by introducing a new construction
of type (ii), which works for all tori and all reductive groups (in the equal characteristic case). For
G = GLy in the equal characteristic case we prove that our construction indeed realizes the f-adic
automorphic induction for all at most tamely ramified tori. Here a very intriguing phenomenon oc-
curs: the constructed varieties attached to the totally tamely ramified torus of GLg turn out to be
zero-dimensional and reduced, more precisely, they are just discrete unions of [F-rational points and
the automorphic induction is realized in their zeroth cohomology groups H(—, Q,) with coefficients
in the constant sheaf Q.

We recall some of the existing unramified constructions of type (ii). A first such construction
was suggested in 1977 by Lusztig [Lus79]. Its variants were studied by Boyarchenko, Boyarchenko-
Weinstein and Chan in [Boyl12], [BW16], [Chal6|. A different, but apparently related approach via
higher level covers of Rapoport’s affine Deligne-Lusztig varieties was studied by the author in [Ival6].
The nature of all these constructions is strongly related to the classical Deligne-Lusztig construction
explained in the beginning. In particular, if F denotes the completion of the unramified closure of
F, o the Frobenius of F /F, and b € G(F ) is some element, then an affine Deligne-Lusztig variety
attached to these data can be seen as the subvariety of the affine flag manifold of G, consisting of
all Twahori subgroups of G(F) being in a fixed relative position with their bo-translates.

Main construction. We will define the extended affine Deligne-Lusztig varieties and torsors nat-
urally attached to them in Section 2] below. Roughly, the construction goes as follows. Let F' be
a non-archimedean local field. Let G be a connected reductive group over F. Let T be a maximal
F-torus of G. Let E/F be the completion of the maximal unramified extension of the splitting
field E of ¥ and let ¥ be a set of continuous F-automorphisms of E‘, such that B = F. Let w
be a map from 3 to the set of all possible relative positions of Iwahori subgroups of G (E) and let
be G(E) Then the extended affine Deligne-Lusztig set attached to w and b is the subset X,,(b)
of the affine flag manifold .% of Gj; consisting of all Iwahori subgroups, whose relative position to
their by-translate is equal to w(vy) for all v € X.

Now we turn to torsors over X, (b). Let I be some S-stable Twahori subgroup of G(E) (as G is
residually quasi-split over F' by [BT87], such I always exists). By a level f we essentially mean a
congruence subgroup I/ of I. Attached to such f, there is a natural cover .#7 — .Z of the affine
flag manifold. Then to any lift w; of w to a function into an appropriate space of relative positions
of level f, we naturally attach a subset Xi () of 7 J, which lies over X,,(b). In many cases, X, (b)

and Xi f(b) can be given a scheme structure, turning them into reduced schemes locally of finite
type over a finite extension of IF,. Moreover, we obtain two natural commuting group actions

Jy(F) C X, (0)O Ifw, — T(F).
Here J, is the X-stabilizer of b, i.e., the algebraic group over F' defined by

Jo(R) :={ge G(R@r E): g 'by(g) = b Vy e T}
for an F-algebra R, and I}, ; is a certain subgroup of G(F), which depends on w # (but not on b)

and admits T(F') as a natural quotient, if w, is appropriate. Further, Xif(b) is in a natural way
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a torsor over X,,(b) under a certain subquotient of I favgs which is an algebraic group of finite type
over a finite extension of [F,.

Comment of the scheme structure. The affine flag manifold .% and its covers .#7 are Ind-schemes
resp. Ind perfect algebraic spaces if F' has equal resp. mixed characteristics by [PRO8| Theorem 1.4
resp. [Zhul4| Theorem 1.4. Thus X, (b) and its covers Xi ;(b) can be given structures of sub-Ind-
schemes resp. sub-Ind perfect algebraic spaces, whenever they can be shown to be locally closed in
Z or .F1. In either case one can attach to them ¢-adic cohomology groups with compact support.

The construction explained above generalizes the unramified construction from [Ival6], i.e., if
one chooses T to be an unramified maximal torus of G (i.e., E = F‘) and X to be the set with one
element containing only the Frobenius of F'/F, then the corresponding Twahori-level variety X, (b)
will be just the affine Deligne-Lusztig variety of Rapoport, and the torsors Xi f(b) over it will be
precisely the torsors defined in [Ival6).

We wish to point out that in 2011 Stasinski made in [Stall| the first attempt to define some vari-
eties (of type (ii)) attached to ramified tori. He worked over finite rings IF,[t]/(t") and was interested
in the representation theory of the finite group G(F4[t]/(t")). For G = GL,, SL,, he constructed
extended Deligne-Lusztig varieties (hence our choice of terminology) attached to G(F,[t]/(t")) and
any maximal torus in G = GL,, SL,. This construction is technically involved, and, in particular,
works a priori only for G = GL,,SL,. Also, there are issues about defining higher-level torsors.
Nevertheless, the main ideas of his and our constructions seem to coincide: in both cases, one de-
fines a variety by fixing the relative position with respect to many automorphisms of an extension
of F', and not only with respect to the Frobenius. Moreover, the first example of a zero-dimensional
variety (attached to GLa(F,[t]/(t?))), realizing interesting representations occurs in [Stall].

Affine Deligne-Lusztig induction. We can use the /-adic cohomology of Xif (b) to define the
following map, which we call the affine Deligne-Lusztig induction:

R=Ryu b Repg,(Iru,/I') = Repg, (Jo(F)), x Z(—l)iHi(Xif(b),@e)[X] (1.1)

between the categories of smooth Q,-representations. In particular, whenever w # 1s such that T(F)
is a quotient of INf&f, characters of T(F') (of level bounded by f) induce, after inflation to jf,wfa
representations of J,(F'). We formulate the following conjecture here only for GL,, and b = 1, in
which case J1(F) = G(F). For more general reductive groups G we expect that a similar statement
is true, but that some endoscopy phenomena occur.

Conjecture 1.1. Let G = GL,, and b = 1. The collection of maps (L.1) satisfies the following
properties:

(A) If T is anisotropic modulo the center of G, and x is a character of T(F) in sufficiently general
position, then there are f,w;, such that INf&f — Z(F) and Rf,wf,l(X) is an irreducible
supercuspidal representation of G(F).

(B) The map X — Ryuw,1(X) in (A) is injective up to Galois conjugation.

(C) The map x — Ry, 1(X) in (A) coincides with the realization of the automorphic induction
constructed via cuspidal types by Bushnell, Kutzko and others (see [BK93]).

Further, we expect the following two facts to be true:
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(D) If ¥ is unramified, then Xif(l) is isomorphic (up to a possible unessential defect) to the
reduction of the open affinoid in the Lubin-Tate perfectoid space constructed by Boyarchenko
and Weinstein in [BW16].

(E) If Tis purely tamely ramified, then w; can be chosen such that Xif (1) is a zero-dimensional
reduced scheme (disjoint union of points).

The evidence for Conjecture [1.1/ and expectations (D) and (E) is build up mainly on the at most
tamely ramified GLg-case (see Theorem below), and the analogy with the classical Deligne-
Lusztig induction. We discuss some further evidence below in this introduction.

Case GLy in characteristic p > 0. Assume now char F' = p > 0. Let Po(F') be the set of all
isomorphism classes of admissible pairs (E/F,x) attached to at most tamely ramified quadratic
extensions E/F. Note that if T € G is a torus with T(F') = £, then characters of T(F') in general
position up to Galois conjugation are in 1:1-correspondence with the subset of minimal pairs. Let
3¢ () be the set of isomorphism classes of irreducible supercuspidal representations of G(F),
which are additionally assumed to be unramified if char /' = 2. Then the tame parametrization
theorem ( [BHO6| 20.2 Theorem) shows the existence of a certain well-behaved bijection

Po(F) = 3™ (F), (E/F,x) > my. (1.2)
The following theorem shows Conjecture and expectation (E) for GLg in the positive character-

istic case for all at most tamely ramified tori in GLs.

Theorem 1.2 (rough statement; cf. Theorem[4.2]and [Ival6] Theorem 4.3). Let G = GLy. Let T be
a non-split mazimal torus of G. Let E/F be the completion of the unramified closure of the splitting
field E of T. Then there are choices of 3, f,wy such that the corresponding maps R = Ry 1 from
(1.1) realize the automorphic induction from T to G. Moreover, they induce a bijection

Po(F) 5 dy™°(F), (E/F,x)— Ry, (1.3)

and one has Ry = my, i.e., the maps (L.3) and (L.2) coincide. In the case of the ramified torus, w;

can be chosen such that the varieties Xéf(l) are disjoint unions of Fq-points.

f

If T is tamely ramified with splitting field F, it suffices to work with E instead of E to obtain
the same results (see Remark [3.11)i)). A similar statement is not true if T is unramified.

Ramified torus in GLs. Besides the construction explained above, the main result of this article
is Theorem [£.2] (the tamely ramified case of Theorem [1.2} the unramified case was proven in [Ival6]).
Its proof is analogous to the proof in the unramified case [Ival6] Theorem 4.3. Roughly speaking,
there are three instruments used in the proof:

(1) a trace formula, which in the present case reduces, due to zero-dimensionality, to (quite
involved) point-counting arguments.

(2) the theory of elementary modifications of characters of E*, developed in Section It
allows to prove our second main result, Theorem It gives a precise description of the
restriction of a certain cuspidal type (from which R, is induced) to an E*-representation.
From this we deduce the injectivity of

(3) the theory of cuspidal types of Bushnell, Kutzko, Henniart and others. We need it to

compare R, with 7, and, in particular, to show surjectivity of ([1.3).
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Some evidence for Conjecture Let now G = GL,, and let T be a maximal F-torus of G.
Here are some heuristic reasons, justifying Conjecture and the expectations (D) and (E):

o If G = GL2 and ¥ is at most tamely ramified, (A),(B),(C),(E) hold in the positive charac-
teristic case (see Theorem [4.2 below and [Ival6| Theorem 4.3)

e The construction is completely analogous to the classical Deligne-Lusztig induction.

e (D) becomes evident for G = GLg, b superbasic by looking at the explicit defining equations
(see |Ival6] Section 3.6).

e Assume ¥ is unramified, and let ¥ := {0} consist only of the Frobenius, i.e., the correspond-
ing varieties are torsors of level f over the usual affine Deligne-Lusztig varieties X,,(1), where
w is an element of the extended affine Weyl group W of G. By |[GH15| Proposition 2.2.1, if w
is contained in a finite Weyl subgroup of W, then essentially, X, (1) = ngG(F)/G(OF) g Xw,
where the union is taken over translates of classical Deligne-Lusztig varieties X,,. This im-
plies a similar decomposition for level- f-covers Xi (1) = Hearycon gYMf ; with ny ; of
finite type. If Z denotes the center of G(F'), we deduce

HE (X (1), Q)] = ¢ — Indg50,  HX (Y], TN

On the other side, it follows from the theory of cuspidal types (see [BK93|) that any su-
percuspidal representation is compactly induction from a cuspidal type, thus we have, in
particular, a natural family of supercuspidal representations of G(F), which are all of the
form ¢ — Indggzz%)
ramified, the conjecture should boil down to statements about smooth representations of
the group ZG(Op), which is compact modulo center. For n = 2, this holds also for the
tamely ramified torus and is part of our strategy of the proof of Theorem

e Concerning expectation (E), we remark that if F/F is tamely ramified and some lift o’ of
the Frobenius of F//F lies in ¥ and w(c’) = 1, then the extended affine Deligne-Luszstig
variety X, (1) of Iwahori level is a disjoint union of points (for any G).

=, where = is some cuspidal inducing datum. Thus if the torus is un-

Outline. In Section 2] we define the extended affine Deligne-Lusztig varieties and their covers for
arbitrary connected reductive groups. In Section[3]we compute certain of those varieties for G = GLy
explicitly. Based on these computations, in Section 4] we state and prove our main results about
tamely ramified automorphic induction for GLg. The proofs of all results from Section [, which
contain any trace computations, are postponed to Section
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2. EXTENDED AFFINE DELIGNE-LUSZTIG VARIETIES OF HIGHER LEVEL

2.1. Preliminaries.

2.1.1. Basic notation. Let F be a non-archimedean local field with residue field k with ¢ elements.
Let F be the completion of a maximal unramified extension of F' with residue field k, which is an

algebraic closure of k. Let E/F be a finite separable extension of F', such that E := EF is the
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completion of a Galois extension of F. We denote by u a uniformizer of E and by kg C k its residue
field. For a Galois extension M /L we denote by Galy, /L 1ts Galois group.

2.1.2. Group theoretic data. Let G be a connected reductive group over F. Let Sy be a maximal
split torus in G . By [BT84] 5.1.12, Sy can be chosen to be defined over F. Let Tj := 2, (So) be
the centralizer of So. By Steinberg’s theorem, G is quasi-split, hence T is a maximal torus. Then
the base change T := Tp ®» E is a maximal torus of G . Let ' be a maximal E-split subtorus of
T, containing S := Sy ®;z E. We consider the root system & := ®(Gy,S'). For a e ®, we write U,
for the corresponding root subgroup of G'j;. Moreover, we write Uy := T

2.1.3. Bruhat-Tits buildings. For any finite extension L of F or F', let %y, denote the Bruhat-Tits
building of G over L. It always exists by |[BT72|, [BT84|§4, [Rou77| Chap. 5 and |[MSVM14]. If
L © M are two such extensions such that M/L is Galois, then Galy/, acts on %y. Moreover,
there is a unique embedding of Zy, into Ay, in the sense of [Rou77| Definition 2.5.1. Indeed, the
centralizer T' of Sy is a maximal torus, hence abelian, and its derived group is trivial. This allows

to apply [Rou77| Theorem 2.5.6, to show that there is a unique such embedding. Note that if M /L
Galps /1,

is ramified, then %, %,, are not equal as simplicial complexes. However, if M /L is Galois
tamely ramified, then % = %EalM/ " as subsets, as follows from [Rou77] 5.1.1 (see also [Pra01]).

2.1.4. Apartments and Galois-stable alcoves. Let @/s be the apartment of % corresponding to S’.
Via the embedding % — % it contains the apartment /5, of % corresponding to Sp. The
restriction of any root a in ® to S is non-trivial (indeed, otherwise U, would lie in the centralizer
26, (8S) of S, but taking the centralizer commutes with base change, hence 2¢ . (S) = 26, (S0) ®F
F = T. This leads to a contradiction). This means that s, is not contained in a wall of g
Further, by [BT87| Theorem 4.1, G is residually quasi-split over F', i.e., there exists an alcove g in
2/s,,, which is fixed by all continuous automorphisms of F /F. Let now a be some alcove of /s which
contains a point g of g in its interior. As xg is GalE/F—stable, and as a is the unique alcove of %’E
containing o, it follows that a is also Gal /F—stable. Let I denote the associated Galy /F—stable

Iwahori subgroup of G(E).

2.1.5. Filtrations on root subgroups. Let x be a vertex of a. Let R := R U {r+: 7 € R} u {o0} be
the ordered monoid as in [BT72| 6.4.1. Bruhat-Tits theory (see [BT72] 6.2.1, 6.4.1 and especially
6.2.3 ¢)) provides a filtration (depending on z) on root subgroups U, (E) for all a € ®: for r € R,
we denote the r-th filtration step by Ua(E)m,r- If U, = Gg, then this filtration is up to some shift

(depending on z) equal to the usual valuation filtration on U, (E) =~ E.

2.1.6. Filtration on the torus. We choose an admissible schematic filtration on tori in the sense of
Yu [Yu02| §4. This gives a filtration Up(E), = T(E), on T(E). If G satisfies the condition (T)
from [Yu02| 4.7.1 (in particular, if G is either simply connected or adjoint or split over a tamely
ramified extension), then this filtration is independent of the choice of the admissible schematic
filtration and coincides with the Moy-Prasad filtration [Yu02| Lemma 4.7.4.

2.1.7. Smooth models of root subgroups. Let f: ® U {0} — Rxo~ {00} be a concave function, i.e.,

f(Qhai) = 2 f(as), for all a; € U {0}, such that ), a; € 2U{0} (see [BT72| 6.4). Following [Yu02|,

let G(EU')xyf be the subgroup of G(E) generated by Ua(E)x,f(a) for a € ® U {0}. We refer to f as a

level and to G(E');C,f as the corresponding level subgroup. By [Yu02] Theorem 8.3, there is a unique

smooth model G, ¢ of G, over O, such that G, ((Op) = G(E')Lf. Moreover, if G(E)x7f is stable
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under the Frobenius of E/E, then G, s descends to a group scheme over Op (see [Yu02] Section
9.1).

For a concave function f, we write I/ := G(Ev)m’f. Let f; denote the concave function such that
G(E)yys, = 1. It f = fr, then IF C T.

2.1.8. Loop groups and covers of the affine flag variety. To have a common notation for the equal
and mixed characteristic cases, for a kg-algebra R set

W(R) = {R&)kE Og if char(F) >0
W(R) Ow(ky) OF 1t char(F) = 0,
where W (R) denotes the p-typical Witt-ring of R. The ring W(R) behaves well in the mixed
characteristic case only if R is a perfect k-algebra. Let LG be the loop group of G, i.e., the functor
on the category of kp-algebras,

LG: R GW(R)[u']).
Let f > f1 be some level, such that I/ is stable under the Frobenius of E/E. Let L*G, ; be the
functor on the category of kg-algebras,

L*G, st R Gy ((W(R)).
Let

F1:=LG/L"G, ;
be the quotient of fpgc-sheaves on the category of kp-algebras in the equal characteristic case resp.
on the category of perfect kgp-algebras in the mixed characteristic case. By [PR0O§| Theorem 1.4
resp. [Zhuld] Theorem 1.4 it is represented by an Ind-kg-scheme resp. Ind-perfect algebraic space
of Ind-finite type over kp. Its k-points are .F/ (k) = G(E)/G(E)mf Moreover, if g > f are two
concave functions satisfying the above assumptions, then there is a natural projection F9 —» F/f.
We write .% instead of .Z71. This is just the affine flag manifold of G.

2.1.9. Actions on FI. Let f > fr be some level. By construction, LG acts on .Z/ by left multipli-
cation. In particular, G(E) = LG(k) acts on the k-valued points .Zf (k) = G(E)/G(E)xf Assume
now that I is normal in I and let Z be the center of G. Then Z(E)I acts by right multiplication
on F1(k).

2.1.10. Eztended affine Weyl group and Iwahori-Bruhat decomposition. Let 45 be the normalizer
of S"in G. Let W := Ag(E)/(As(E) n I) be the extended affine Weyl group of G associated
with §'. Let W := A& (E)/T(E) be the finite Weyl group. Then W sits in the short exact sequence

0— X*(TE)Ga]E SW—->W -0
(here Gal; denotes the absolute Galois group of E) The Iwahori-Bruhat decomposition states that

G(E) = [ ] I,
weWw

where b is any lift of w to A7(E).



2.1.11. Double coset decomposition at level f. Let f = fr be some fixed level. Consider the set of
double cosets

D¢, :=IN\G(E)/I.
If g = f, then there is a natural projection D¢, 4 — D¢, . In particular, we have the natural
projection D¢, f — Dg . f, = I\G(E)/I =~ W. For many w, f the fiber D¢ (w) of this projection
can be given the structure of a finite-dimensional affine variety over k. This will be discussed in
detail in a future work. Below we only need the case G = GLg, where an explicit parametrization

can be given (see Section [3.1.8]).
2.1.12. Relative position. Let f be as in Section [2.1.11] We define the map

inv/: F/(k) x F/(k) - Da, ¢
on E—points by invf(a:If, yIf) = wy, where wy is the unique double I7-coset containing afly.
2.2. Extended affine Deligne-Lusztig varieties of higher level.
2.2.1. Main definition.

Definition 2.1. Let G be a connected reductive group over F'. Fix the following data:

e a finite separable extension E/F, such that E = EF is the completion of a Galois extension
of F

e a set X of continuous F-automorphisms of E such that E® = F.

e a concave function f: ® U {0} — Rxg ~ {0}, such that I/ is X-stable

e a function w;: ¥ — D¢,

e an element b e G(E).

We define the extended affine Deligne-Lusztig set Xif(b) attached to (G, E/F, f,%,wy,b) as the
subset

Xif(b) ={zre ﬂ’f(lz:): invf(:):,b'y(x)) =we(y) Vye X} < 3”0(/5).

2.2.2. Left action by the X-stabilizer of b. For b € G(E), let J, be the Y-stabilizer of b, i.e., the
algebraic group over F' defined by

Jo(R) := {ge G(R@r E): g~ 'by(g) = b Vy € X}
for any F-algebra R. Then Jy(F) acts on Xif(b) by left multiplication for any f and any wg. If
g = f and wy equals w, composed with the natural projection DGM —» DGE7f’ then the natural

projection .#9 — Zf restricts to a map Xig(b) — Xif (b) and the J,(F')-actions are compatible.

2.2.3. Right action on Xif (b) by the stabilizer of wy. If I7 is normal in I, then Z(E)I/I acts on
Dg ¢ by left and right multiplication and we obtain a (right) action of Z(E)I/I' on the set of
maps 11 X — Dg, ¢ by (¢,1) = 1.4, where (¢.i)(7) 1= i~Yp(y) (i) for any i € Z(E)I/I, v e ©.

v

This inflates to an action of Z(F)I on the same set.

Lemma 2.2. Let (G, E/F,%, f,wy,b) be as in Definition . Assume that f > f; and that I is
normal in I. For i€ Z(E)I, the map xI' — xzil! defines an isomorphism Xif (b) > Xif.i(b)'
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Proof. Since I is normal in I and Z(E) is the center of G(E), we have iI/ = I7i. As a consequence,
the map Z#f — Z7 given by xI' — xiIf is well-defined. Let zIf € Xif (b). Then for each v € 3,
one has inv(zI/,by(x)1)) = wy(y), or equivalently, 7 y(z) € Ifyf(y)lf. We deduce for each
ved:

(i) by(wi) = i~ ta by (2)y (i) € i wy (NG = i () () = T (i) ()7,
where the second equality uses normality of I/ in I. Thus zil/ € Xif.i(b). Hence xIf +— 2ilf
defines a map Xif ) —» X7

w 4(b). Analogously, one shows that xI/ + xi I/ defines a map in

other direction. Obviously, these two maps are inverse to each other. O

Thus if I is normal in I, the group

ff&f ={ie Z(E)]: wy.i=w}
acts on Xif(b) by right multiplication. We have the subgroup If@f = jzf@f N I. Tt is clear that
Tw, 2 I7 and that the right ff@f—action on Xif(b) factors through an action of ff@f/lf.

Lemma 2.3. Letw: ¥ — Dg y, be the composition of w; with the natural projection Dg,y — Dg ;-
Then Xif(b) 5 a If&f—torsor over the underlying Twahori-level set (resp. wvariety, if a variety
structure is provided) Xﬁ ().

Proof. Let p: Xif (b) — Xi’ (b) denote the natural projection. Pick a point zI/ € Xif(b) with
image p(zI7) = 2l € Xil(b). By Lemma , If,wf/lf acts on Xif(b) and this action stabilizes the
fibers of p, as Iy, < 1. We have to show that i — ziI! defines a bijection If&f/lf — p Yp(xIh)).
If zilf = xjI7 for i,j e If@f, then iI7 = jI/, or with other words, the images of 4, j in If,wf/lf
are equal. This shows injectivity. Let yI7 € p~'(p(zI7)), that is 2 = yI. Then i := 2 'y € I and
it remains to show that 7 € Itw,. But yIf = ziIf, and hence by Lemma yIf e Xif.i(b)' But

by assumption yI/ e Xif(b), hence wy.i = wy, that is i € I1y . This finishes the proof. O

2.2.4. Scheme structure. Being subsets of k-points of the Ind-schemes resp. Ind-perfect algebraic
spaces Z7f, the sets Xif(b) can be equipped with the same kind of structure, when they can
be shown to be locally closed. This is for example done by Rapoport for affine Deligne-Lusztig
varieties, i.e., in the case £ = F, ¥ = {0}, where o is the Frobenius automorphism of F/F and
f = fr. Moreover, in that case he has shown that these varieties are also locally of finite type over
k.

Here we investigate a sufficient condition, under which Xi ; (b) is locally closed in .#/ and hence
can be endowed with the induced reduced sub-Ind-scheme resp. sub-Ind perfect algebraic space
structure. For a level subgroup I/ € I and w € G(E), the action of I on IwI/If by left multipli-
cation factors through the action of a quotient, which is a finite-dimensional algebraic group over k
(indeed, any subgroup J € I/ nwIfw~!, which is normal in I acts trivially on CT*).

Proposition 2.4. Let (G,E/F,%, f,w,b) be as in Deﬁmtion with f > f1. Assume that X is
finite and contains a lift of a power of the Frobenius of F/F Assume that the action of a finite-
dimensional quotient of I1 by left multiplication on IQf('y)I/If possesses a geometric quotient in the

sense of Mumford for any v € X, where w¢(7) is any preimage of w(7y) in G(E). Then the subset
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Xif (b) < F7T is locally closed, and hence can be equipped with the induced reduced sub-Ind-scheme
resp. sub-Ind perfect algebraic space structure.

Proof. We write Xg}f(b) for Xif(b). Let w be the composition of wy with the projection D¢, f —
W. If 6 is a lift of a power of the Frobenius of F /F to a continuous F-automorphism of E,

then [HV11]| Corollary 6.5 shows that Xi?}j)ff(b) is a locally closed subset of .#. Moreover, it is a

scheme locally of finite type over a finite extension of kg. Now, Xi’f T(b) is the subset of ng(}j)f ' (b)

cut out by the finitely many locally closed conditions 2~ 'by(x) € w(y). This shows that Xﬁ’f 1(b)
is locally closed and locally of finite type over kg.

Consider the preimage X of Xi’ff (b) under Ff — Z. The projection f: LG — ZI admits
sections locally for the étale topology. In the equal characteristic case this follows from |[PROS]
Theorem 1.4 and in the mixed characteristic case it is contained in the proof of [Zhul4| Lemma 1.3.
Let U — X be étale, such that there is a section s: U — B~Y(U) of B. Consider the composition of

the two morphisms

Vv: U — Hﬁfl(U) ><U—>Hﬂ’f,
YyeX yEX
where the first is given by z — (s(z) 7!, by(2)),ex and the second is just the componentwise restric-
tion of the left multiplication action of G(E) on .Z7. As U lies over X, this composed morphism
factors through the inclusion [ [ oy I@f(y)l/lf S e FI. Let my: I@f(v)I/If — D¢, r(w(7))
denote the geometric quotient with respect to the left multiplication action by I/. Let 7 = 1_[762 Ty
Then the composition

U5 [T 1w1/1 = T Deysw). (2.1)
yEX YEX

is independent of the choice of the section s. Moreover, it sends a k-point z to the tuple (Ifx_lbfy(:z)lf)yeg.
Thus, étale locally, Xi}f (b) is just the preimage of a k-point under the composite morphism (2.1]).
This finishes the proof. O

The condition about the existence of geometric quotients is satisfied in many cases. This will be
studied in detail in a future work.

3. GLQ, TAMELY RAMIFIED CASE: GEOMETRY

From here and until the end of the article we set G = GLg and assume that char F' = p > 0 and
p # 2. After fixing some notation in Section we study some extended affine Deligne-Lusztig
varieties of Iwahori level in Section [3.2] and of higher levels in Section [3.3]

3.1. Some preliminaries in the GLs-case.

3.1.1. Basic notation. Let ¢ be an uniformizer of F, i.e., F = k((t)) and F' = k((t)), with char k # 2.
Let E/F be a totally tamely ramified degree 2 extension and let E := EF. We can find an
uniformizer u € E such that u? = t. Then E = k((u)), E = k((u)). For an algebraic extension
M of F, we denote by Ojps resp. pps its ring of integers resp. its maximal ideal. We denote by
Un = O, the units of Oy, and for n > 0 we denote by U}, the n-units of M. We have Op = k[u],
O} = k[u]. We denote by v; the t-adic valuation on F, normalized such that v;(t) = 1 and extend

it to a valuation of E. Analogously, we denote by v, the u-adic valuation on E normalzed such
10



that v, (u) = 1. The Galois group of E /F' is generated by the two commuting elements o, 7 given

by o(3; aiu’) = >, alu; and 7(3; aiut) = 3 (—1)'au’. We set X := {O’,T}EI.

3.1.2. Lewvel subgroups. We use the standard Iwahori subgroup I < G(E') and the filtration of it

given for m = 0 by
14 p7Ht m 0% O
I = nfﬂ pm+1 cl:= BS
pv 1+p pE OE

We write .# for the affine flag manifold of G, and .#™ for its cover corresponding to I (see Section
21.8).

3.1.3. Subgroups of G(F'). Consider the Op-subalgebra

(o )

' pr Or
of My(Op). Then the units Uy of J form a compact subgroup of G(F). Note that Uy = I is the
Iwahori subgroup of G(F'). Further, we fix the embedding of F-algebras

cpean), s ()

(here and further, omitted entries are zeros). Via ¢ we consider E* as a subgroup of G(F'). The
center of G(F) is «(F*). Usually we omit ¢ from the notation and write E* € G(F), etc. We have
Ug =Uzn EX.

3.1.4. Root subgroups. The extended set of roots ® U {0} consists of three elements. Denote by +
resp. — the positive resp. the negative root. For = € ® u {0}, we denote by

ex: Uy > G

the embedding of the root subgroup. Thus, for a € E, erfa) = ( 1 Clb ), eo(c,d) = < ¢ d ), ete.

3.1.5. Slices of positive loops Consider the additive group G, over E. The group G,(E ) has a
filtration by subgroups G.(E)y := uw*k[u] for A € Zso. There is a unique smooth model Ga,x
of G, over Op, such that G, (0p) = Gq (E)x. For any p < ), there exists a unique morphism
Gax — Gaps mducing the natural embedding u*k[u] < u”k[u] (see [BT84] Section 1.7). Let L™
denote the positive loop group functor from I;:[[u}]—schemes to k-schemes. For non-negative integers
< A, we define

L[M,)\]Ga = L+Gd,#/L+Ga7)\+l'
This is a smooth k-group of finite type and we have canonically L Ga(k) = u“/%[u]/u)‘ﬂl?:[u].
Replacing G, by G, and using the filtration on Gy, (E) = k((u)* given by G (E)o = k[u]*,
Gm(E) = 1+ v*k[u] for A > 0, we obtain in exactly the same way the k-groups L A Gm. All
these groups uniquely descend to smooth group schemes over k.

Lthe more canonical choice of all Frobenius lifts ¥ := {0, 07} was suggested to the author by P. Scholze. At least in
the cases we study in this article, this choice will lead to the same results as ¥ from the text.
11



Let now 0 < pu < A < N. We have the natural projection, which comes from reduction
A+1.

mod u
Pax: L[%)\/]Ga - L[“’)\]Ga.

Moreover, there are group-theoretic sections

ot LpGa = LipaGa
of py v, sending ZZ u a;u’ to Z — a;u’ + ZZ)‘/ Al Ou’. Then the image of sy v is a closed subgroup
scheme of L, »1G, and we denote it by L[MAA,](G For a € Ly, »1Gq, we use the shortcut notation
alx == sxn(pax(a)).

3.1.6. Schubert cells. Let W denote the extended affine Weyl group of G'j, relative to the diagonal
torus (as in Section [2.1.10). Let v € W and let © € G(E) be a lift. We denote by C, = I0I/I € .7
the Schubert cell attached to v. There is a parametrization (depending of v) of C), given by:

Vit Lippsow)—1]Ga = Co,  a> ex(a)il,
where p € {0,1} and the sign in e4+ depend on v, and ¢(v) is the length of v. E.g., for v =

—k —k
( i ) resp. v = ( s ), this parametrization is given by:
u

’(/J{,: L[l,é(v)]Ga 5 CU, a +— 6_(0,)1.)1, (3.1)
where a = Zf( 1) a;u’ (note that £(v) = 2k — 1 resp. £(v) = 2k).

3.1.7. Schubert cells in hzgher levels. For m = 0, let pr,,: #™ — .% be the natural projection. Let
v e W with lift © to G(E). Let C™ := pr;}(C,). We give a parametrization of C”" for v, as in
(3.1) (for other v € W the parametrization is defined similarly). There is a well-defined injective

morphism Ly y(v)+m]Ga — Oy given by a +— e_(a)vl. Using it we get a diagram

[

1,6(0) +m] G L1e() 4m) G — C'

\ JA SCiprm
L ¢(0))Ga — Cb

where the lower horizontal map is 1;, the left vertical map is sy, ¢(v)+m, and the section s to pry, is

defined such that the diagram commutes. As C)* — C,, is a I/I™-torsor, s induces the trivialization
isomorphism C, x I/I™ = C'™ given by z,i + s(z)i. Using a parametrization of I/I™, we obtain
the following explicit parametrization of C)" (depending on v):

(e [1 Zz)v)er]Ga x L[O,m]Gzn * Liom-11Ga * Li1,mGa — Oy =1IoI/I™"
(a,C,D,A,B)  — e_(a)ve(C, D)ey(A)e(B)I(3.2)

—n

n

3.1.8. Spaces of double cosets. Let m = 0 be an integer and let w = ( ) with n > 0 with

image w € W. An explicit parametrization of the set of double cosets D¢, m(w) = I"™\Iwl/I™ is
given by
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éu LiomiGi(k) x Ly m)Ga(k) = Daym(w) = ™M Iwl/T™
((C.D),(E,B)) ~ I™c (E)ieo(C,D)e (B)I™ (3.3)

We use this parametrization to give the set DGE,m(w) the structure of a smooth variety over k
(which is in fact isomorphic to an affine space).

Lemma 3.1. The natural projection p: Cy" = IwI/I™ — I"™\IwI/I™ = D¢, m(w) is a geometric
quotient.

Proof. Let a,C,D, A, B be the coordinates on C!" given by and let C', D', E', B’ be the
coordinates on D¢ . m(w) given by (3-3). Then p is given by E' — a + v*""'CD7'A mod u™*1,
C'— C, D' — D, B'— B. In particular, p is a separable morphism of varieties.

The action of I"™ factors through an appropriate quotient, which is finite dimensional over k
(indeed, any subgroup J S I"™ nwI™w ™!, which is normal in I"™ acts trivially on C'™), thus taking
this quotient instead of I™, we may replace I'™™ by some finite-dimensional algebraic group over k.
Now p is surjective with fibers being precisely the orbits of the action, and both, C]"* and D(;Evm(w)
are isomorphic to affine spaces. Now [Bor91| Proposition 6.6 finishes the proof. g

3.1.9. Bruhat-Tits buildings. (cf. Section i For any finite extension M of F or F, the Bruhat-
Tits building Z) of G over M is an one-dimensional simplicial complex and it carries a Galy/p-

action if M/F is Galois. We identify the subcomplex %’g> of % with Br. Moreover, as E’/F
is tamely ramified, the embedding % — % identifies % with %’j? as subsets. The simplicial
complex ‘@éﬂ is obtained from % by adding an extra vertex in the middle of each alcove. Thus

any alcove of % ’contains’ two alcoves of %g>. Any vertex of % has an associated type in
Z/27 = {0,1}, which is defined as the t-valuation modulo 2 of the determinant of the lattice,
representing it. Similarly, we attach to any vertex of %, its relative type in %Z/Z = vt(EX )/vt(ﬁ’x),
defined as the class modulo Z of the t-valuation of the determinant of the representing lattice. The
same considerations also apply to the relationship between the o-stable subcomplexes Bp v
AT < Bp.

3.1.10. Vertez of departure. In the proofs below we have to use the simple combinatorics of the tree
A . Therefore, following [Reu02| we introduce the notion of the vertex of departure. Let ¢ < %,
be a connected non-empty subcomplex. For any alcove C' of %, which is not contained in %,
there is a unique gallery I' = (Cp, C1,...,Cy) of minimal length d, such that Cy = C and Cy is
not contained in % and has a (unique) vertex which is contained in . This vertex of Cy is called
the vertex of departure of C from ¥. The same considerations can also be applied to g and a
connected subcomplex.

3.1.11. Connected components of F. It is well-known ( [PRO8| Theorem 5.1) that v, odet: G(E) —
7 induces an isomorphism

mo(vy o det): mo(F) > Z.
Denote the connected component of .Z corresponding to the integer i by .# (). Note that the alcoves
of %, can be identified with k-points of .7 and that there are (non-canonical) isomorphisms

ZO) 5 Z@  Further, denote by .#=" the preimage under v, o det in .% of 2Z + i. This divides
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Z in two disjoint sub-Ind-schemes .F = .Z=90.Z=1. Note that the subgroup G(F) of G(E) acts
transitively (by left multiplication) on the set of connected components of .# =" and that the action

1 o = =
of < ) € G(E) interchanges the two parts = and .#=" of Z.
u

3.1.12. Commutation relations. We will need the following relations: for a,b € E with N := 1+ab #
0, we have
e(a)e-(b) = e (BN~ Ve (aN)eo(N, N7

3.4
e_(b)eq(a) = eg(N 1, N)eg(aN)e_ (bN ). (34

3.2. Structure of X,,(1) at the Iwahori-level in some cases.
We write X,,(1) instead of X)),

u—n

n

Notation 3.2. Let w := ( ) € W with some integer n > 0 and let w: ¥ — W be defined

u
by w(o) =1 and w(7) = w. Further, we set

u—F
if n=2k—1>0is odd,
uk

0 =0(w) = -
( > if n =2k > 0 is even.
uk+1

In both cases let v be the image of © in W and let D], be the set of k-rational points of C, lying
in the locus a; # 0 with respect to the coordinates (3.1). In particular, D], is just a finite discrete
union of k-rational points.

It will follow from the proof of Proposition (or can be seen directly) that D], is stable under
the left multiplication action by Uz on .#.

Remark 3.3. If in Notation n is odd, then C, is contained in the connected component .%(©)
of .7, i.e., its points can be seen as alcoves in %. Moreover, they all are k-rational, hence lie in
HBp. Let Pyjp be the vertex of the base alcove (= the alcove corresponding to I) of Zg with relative
type % (see Section . Then DJ, corresponds to the set of the alcoves contained in %, having

relative position v to the base alcove and having P as the vertex of departure from ,%’g>.

Proposition 3.4. Let w be as in Notation[3.2. There is an isomorphism

Xo()= ] gD;
9eG(F)/U;

equivariant for the left G(F)-action. In particular, X, (1) is a zero-dimensional reduced k-variety,
containing only k-rational points.

Proof. Let first n be odd. The natural action of G(F') on X,,(1) induces a transitive action of G(F)
on the set

(Xp(1) nZP): ez}
of subsets of X,,(1). This follows by taking any element g € G(F) with v,(det(g)) = 2. The

stabilizer of .Z© in G(F) is
14



H := (v, o det)™1(0) € G(F),
where v, o det is the map v, o det: G(E) — Z. We deduce

X, nF 0= J] ¢Xu)nFO) (3.5)

9eG(F)/H
The k-rational points of X, (1) N Z () can be identified with alcoves in P, which satisfy two
conditions (defined by w(o) = 1 and w(7) = w) on the relative position with respect to their o-
resp. 7-translate. The o-condition simply assures that each of the alcoves contained in X, (1) is

o-stable, i.e., is contained in Bg. Let (,%’g>)(1/2) be the set of all vertices of %’%ﬂ of relative type %
For an alcove C of A, which is not contained in %g>, let I'c ; denote the unique minimal gallery

connecting C' with %g>. Taking into account the types of the involved vertices, we deduce (exactly
as in [Ival3|) that

XM nFO = ]

C is an alcove in A with vertex of departure from
w C: . (36)
Pe(#7)(1/2)

@}? equal to P and length of I'c - equal to n — 1

with n as in Notation . Let Py/; be the vertex of type % of the base alcove of ZBr. Observe that

for P = Py, the set of alcoves C on the right hand side of (3.6) is simply D7, (cf. Remark [3.3).
3.L9).

Now, (%g>)(1/ 2) can be canonically identified with the set of alcoves in % (see Section
The natural action of H on %r induces a transitive action of H on the set of alcoves of Zr, and the
stabilizer of the base alcove in A is precisely Uy € H. Combining these observations, we obtain a
natural H-equivariant bijection

H/Uy = (B2, WUy hPy,. (3.7)
Combining (3.5)), (3.6) and (3.7)), we deduce

X,(1)n 7= = H g. (Xy(l) N 9(0)) = H g. H hD] | = H gD;,.

B 9eG(F)/H geG(F)/H  \heH/U, 9eG(F)/Us

_ 1
It remains to show that X,,(1) n.#=! = . This can be done as follows: let h = ( ) By
= u
Lemma the map xI — xhl defines an isomorphism

~

Xy(1) n F= 5 yr(l) N F=0 (3.8)
for any y: ¥ — W, where (y.h)(7y) := h=y(v)y(h) for v € £. Thus it is enough to show that

Xun(l) n F=" = &, where (w.h)(o)

1 (wh)(r) = h-wr(h) = ( i w? ) e . This

follows from (3.5) and X, 1 (1) n.Z© = . This last follows from the combinatorics of Zx as n— 1
is even: one has to use the fact that a vertex P of %g of relative type 0 cannot be the vertex of
departure from %g> for a non-7-stable alcove C' of &g, as all alcoves having P as a vertex lie in
7.
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Let now n be even. Applying the isomorphism (3.8) with h replaced by h™!, we reduce to

n—1
determining Xg(l) with g(a) =1and y(T) - ( i U

n ) , where we can proceed exactly as in

the case n odd (after replacing n by —n). O

3.3. Structure of X} (1) in some cases.
Continuing with notations from preceding sections, we now study higher level covers of X,,(1).
For 2 € G(E) we denote the image of  in D¢ ,.m again by x, if no ambiguity can occur.

Notation 3.5. Let n, w, w be as in Notation [3.2 We define the lift 1 € G(E) of w by

) Y k15 0is odd
_ (_1)k+1u2k—1 B )

w =
(_1)ku—2k . )
if n =2k > 0 is even.
(_1)kzu2k
Moreover, let m = 1 be an odd integer. Let w,,: ¥ — DGE,m be the lift of w defined by
w,,(0) =1, w,, (T) 1= w. (3.9)

We have J1(F) = G(F) and hence by Section [2.2| we obtain the group actions

G(F)C Xy (1) Inw, /T™ (3.10)

—m

Lemma 3.6. Let m = 1 be an odd integer. There is an isomorphism

~

I, /TS {( Z& z: ) ) Liy € BXJUPY iy € B/pg, va(ia) = vu(il)} < Z(E)I/T™.
W, iy
In particular, there is a surjection induced by the projection onto the diagonal part

L JT™ — EXJUPTL (3.11)

=m

under which I, /I™ maps onto Ug/Uptt,
Proof. The proof is an easy computation. O

Recall from Section that we see E* as a subgroup of G(F'). This defines a left multiplication
action of E* on X' (1) (do not confuse this £ with the quotient E* of I, acting on the right).

Definition 3.7. With notation from Notations [3.2}f3.5) we define the discrete subscheme Y;" of

C)r < ™ as follows. Let a = Zf(:vl) a;iu’ € Lﬁ%éjgﬂm](@a(l&) be as used in the parametrization (3.2)

of C". Put R :=u"!(r(a) —a) mod u™!. We define Y." to be the subscheme of CI" defined in
coordinates ¥ from (3.2]) by the following conditions:

a, A, C are k-rational
ap # 0 (in particular, R is invertible) (3.12)
B = Cr(C)"tun
1

D = R 'Y7(O)(1+Cr(C) T Au" — C™1r(C)r(A)u™)
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(both last equations take place in k[u]/(u™"1)). In particular, Y, is just a finite discrete union of
k-rational points. Moreover, let y; := eo(u, (—u)’) and define Y* < #™ to be (disjoint) union
Y, = H Y-y
1€Z
It will follow from the proof of Theorem that the right multiplication action of I/I"™ on CJ"
restricts to an action of I, /I™ on Y, which in turn extends to a right fm@m/Im—action on Y.

Remark 3.8. The varieties Y, ffu’? depend on w, not only on w, but the choice of the lift w of w
is not essential: another choices would give either empty varieties or varieties isomorphic to those
attached to w. The full study of these choices is not relevant for the goals of this article, so we
restrict our attention to our choice w.

Theorem 3.9. Let m > 1 be an odd integer. With notation as in Definition assume that
m < l(w) =2n—1. Then Y (resp. Y") is invariant under the left E*Uy- (resp. Uj-)action and
the right I /I™- (resp. Imaw /I™-)action and there is an isomorphism

Xpo = ][] o
geG(F)/E* Uy

equivariant for the left G(F')- and right fmvym/Im—actions. In particular, X' (1) is a zero-dimensional

reduced k-variety, containing only k-rational points.

Proof. We claim that Xgm(l) ~ ngG(F)/UJ gY;". As the natural projection #™ — .Z restricts to
a G(F)-equivariant projection py,: X;) (1) — Xy (1), Proposition shows

Xpo (=[] pa'@Dp) =[] 90, (Dp).

ey 9€G(F)/U;
Now, Lemma implies that p,,'(D]) = Xy (1) n Oyt = Y, hence the isomorphism claimed in
the theorem. As p,,!(D7) < Xy, (1) is stable under the right I, - and left Uy-actions, the above
shows that V" also is. As fm@m = 1L Iy, vi, with y; := eo(u’, (—u)") the theorem now follows
from Lemma 3121 O
Lemma 3.10. Let 2I™ = ¢}*(a,C, D, A, B) be a point of C}'. Assume m < {(w) = 2n — 1.
(i) Let R:=u (7(a) —a) mod u™*!. Then

ap #0 (ie., R is invertible)
inv™(zI™, 7(&I™)) =w e { B =u"Cr(C)! (3.13)
D =R 7(C)1 +u"Cr(C) A +u(=1)"Cr(C)7(A))

(the equations on the right hand side take place in k[u]/u™*!).
(ii) Suppose, £I™ satisfies the equations on the right hand side of (3.13|). Then:

inv"™ (1™, o(xI™)) =1 < a,A,B,C, D are k-rational.

Proof. Choose some lifts of a, A, B,C, D to elements of k[u]. We denote them by the same letters.
(i): A computation shows that the I-double coset of 27'7() is equal to the I-double coset of the

element ey (u "R), and w lies in this double coset if and only if R is invertible. This is clearly
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necessary for the left hand side of part (i) to hold. Thus we can assume in the following that a; # 0,
i.e., that R is invertible. In G (E) one easily computes (independently of the parity of n):

b’le_(—a)e_(T(a))T(i)) = e_(u”Rfl)eo(R, R’l)we_((—l)”ﬂu”R’l). (3.14)
In the rest of the proof we write z ~ y to express that x,y lie in the same I"-double coset. Using

(3.14) we compute:

#7lr(#) ~ e_(=B)es(=A)eo(CT
oo eo(T(C), T(D))es(T(A
~ e (-B)es(=Ae_(u"CD 'R Y - eo(D 'R 7(C),C 'Rr(D))... (3.15)
e—((=1)"" "7 (C) (D) R™ ey (T(A))e—(7(B)).
Let N :=1—u"CD 'R~'A. We apply formulas to deduce:

DY Je_(u"R Neg(R, R -1 - e_(—1)" "R -...

S— ~
~—

@

|
—

3
—~
Z
~—

I"e (—B)er(—A)e (u"CD'R™Y =I"e (-B+u"CD 'RIN"Ne, (—AN)eo(N,N~1)
(3.16)
=I"e (=B 4 u"CD 'R e (~AN)eo(N, N71),

n m—+1

where the last equation is true, since «” N*! = ™ mod u , which in turn follows from 2n —1 >
m. Noting that the product of the last three matrices in the last expression in (3.15) is equal to 7
applied to the inverse of the product of the first three (use 7(R) = R), we deduce from (3.15) and
(13.16)):

7)) ~ e (=(B—u"CD 'R N)e (~NA)eo(N,N 1) -ai-...
eo(r(C)D 'R, C 1 (D)R)eo(r(N) L, 7(N))ey (T(NA))...
e (1(B—u"CD™'R™Y)).
Now we bring the term e, (—NA) to the right side of w, without modifying the other terms and it
can be canceled there, as it lands in I"™ and I is normal in I. Here we again used 2n — 1 > m.

Analogously, we cancel the term e, (7(INA)) by bringing it to the left side of w. Now put the three
ep-terms together and obtain

i) ~ e (~(B—u"CD'R™Y) ...
eo(r(C)D'RTIN~Ir(N)™t, C7'7(D)RN7(N))e_(7(B — u"CD™'R™1))3.17)
The left hand side of (3.13)) is equivalent to 2 '7(%) ~ w, which by (3.17) and Section is

equivalent to

B—u"CD'R™' = 0 mod v™H!
7(C)D'RIN"1r(N)! 1 mod u™"! (3.18)
C'7(D)RNT(N) = 1 mod u™"
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Using 72 = 1 and 7(R) = R, we see that the second and the third equations are equivalent. Hence
the third can be ignored. Assume first n = m + 1. Then it is trivial to see that is equivalent
to the right hand side of (3.13). Assume now m > n. Then, asn > m+1—-n > 0and N =1
mod u", the second equation of shows

D=7(C)R™' mod v™1™ 7, (3.19)
Using this and N = 1 —«"CD 'R 1A it is now easy to deduce the equivalence of (3.18) and the
right hand side of (3.13]).

(ii): The implication '<’ is immediate. We prove '=’. Assume @ 'o (i) € I"™. In particular, the
I-double coset of 2~ 1o (2) is I. This is equivalent to a being k-rational, and we deduce v 'e_(o(a) —
a)o(v) = 1. Setting G := 1+ AB, we compute

i lo(d) = e—(=B)er(=A)eo(C~1, D Heo(0(C), o(D))e+(0(A))e—(o(B)) (3.20)
_ C7'o(C)o(G) — D 'o(D)o(B)A  C~lo(C)o(A) — D 'o(D)A
- ( D 'o(D)Go(B) — C 'o(C)Bo(G) D 'o(D)G —C 1o(C)Bo(A) )

We have to show that B, C, D resp. A are o-stable mod u™*! resp. mod v™. If n > m+ 1, we have
B =0 mod v™! and G =1 mod u™*! by assumption and part (i), and the claimed equivalence
is trivial. Assume m > n. By assumption and as n > m + 1 —n > 0, we know that

G = 1+AB=1+4"Cr(C) A mod v™"!
B = 4"Cr(C)'=0 modu",
and we deduce from ({3.20))

Clo(CYo(1 4+ u"CT(C) 1A) =1+ D lo(D)u"e(CT(C) HA mod u™"! (3.21)
Clo(C)o(A) =D 16(D)A mod u™ (3.22)
D 'o(D)(1+u"Cr(C)1A) =1+ C o (C)u"CT(C) 'o(A) mod u™H! (3.23)

D lo(D)(1 +u"Cr(C) ' A)o(u"Cr(C) ) = ...
o= C (OO (C) M1+ ue(C)o(T(C)) Lo (A)) mod ™. (3.24)

From (3.21), and m > n, we deduce C' = ¢(C) mod u" and D = (D) mod u"”. Using
this and m = n, we deduce from that A = 0(A) mod u". Using these congruences and
n>=m+1—n > 0, we may replace o(A),o(C),o(D) by A,C,D in all terms which are = 0
mod u” in equations (3.21)-(3.24). Then simplifies to C~!o(C) =1 mod u™*! and
to D~'o(D) =1 mod u™*!. Using this, we deduce 0(4) = A mod u™ from equation ([3.22)). The
o-stability of B follows by assumption and (3.13)). This finishes the proof of the lemma. O

Remark 3.11.

(i) Lemma [3.10[ii) shows, that one could have started directly with E/F and ¥ = {7}, instead
of E/F and ¥ = {0, 7} as in the text, to obtain the same results. However, the approach in

the text seems to the author to be more flexible.
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(ii) The computations in the proof of Lemma get significantly simpler under the stronger
assumption n = m + 1. However, it is the "hardest’ case m = 2n — 1 of this theorem, which
is necessary to realize the automorphic induction in a pure way, see Theorems

Lemma 3.12. }71;” is stable under the left action of E*Uj.

Proof. As YI' is Uy-stable (see the proof of Theorem , 1712” also is. As E*Uj is generated
by Uy and w (w as in Section , it is enough to show wY " = YY", which in turn follows
from wY;' = Y "y;. Let pr,,: . #™ — % denote the natural projection. Lemma shows
wDj, = Dj,y1. Using w-(resp. y1-)equivariance of pr,, and w-(resp. y;-)invariance of X7} (1), we
deduce from this

SYP = wlor, (DL) A X (1)) = pr, (@Dh) 0 X (1) = pr, (D) o X2 (1)
= (DY) A XZ (D) = Y. O

Lemma 3.13. Let ¢y(a) € C, be a point. Write a = ua’ and assume that v,(a’) = 0. The point
wm-,(a)yfl of & (with y1 as in Definition lies in Cy. Moreover,

@@y’ = Po(ua” ).
Proof. A computation shows that the I-cosets we_(a)vy; T and e_(ua”~1)I coincide. O

4. REPRESENTATION THEORY

Recall that G = GL2 and chark # 2. We use the notation from Section |3l Further, we fix a
prime £ # char k. All representations considered below are smooth Q-representations.

4.1. Some preparations.

4.1.1. Filtrations on Uy and Ug. Recall the Op-algebra J from Section Then

1+pl"T“J pl%J
U:i=1+o"J = QF Fn+1
J [2]+1 [#3=]
pr 1+pp

for n > 0 form a filtration of Ug := Uy by open subgroups. Note that via ¢ we have Uy n E* = Ugp.

4.1.2. Some notation. For a locally compact group H, we denote by HY the set of all smooth
@;—valued characters of H. For an additive character ¢ of F', we let ¥ := ¢ o trg/p be the
corresponding character of E, where trg,p is the trace of E/F. Let 9 := M3(Or). We denote by
thom := 1 o troy the corresponding character of 9. For a character ¢ of F* we set ¢ := ¢ oNpg/p
be the corresponding character of E*, where Ng/p is the norm of E/F. For a G(F)-representation
7w we denote by ¢m the G(F)-representation g — ¢(det(g))m(g).

4.1.3. Characters of Uy. Let 1 be an additive character of F' of level 1 (i.e., ¥(pr) = 1, but ¢
non-trivial on Op). Let 0 < k < r < 2k + 1 be integers. By [BHO06| 12.5 Proposition we have
isomorphisms

@@ UFUSYY, a = e Yl (4.1)

where 19p o denotes the function & +— tgn(a(z — 1)) and 9 is as in Section |4.1.2,
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4.1.4. Admissible pairs. Let x be a character of E*. The level {(x) of x is the least integer m > 0,
such that X|U7En+1 is trivial. The pair (E/F,x) is said to be admissible ( [BH06| 18.2) if X|U}~: does
not factor through the norm map Ng/p. An admissible pair (E/F, x) with x of level m is called
minimal, if x|up does not factor through Np/p. Note that if (E/F) x) is minimal, then £(x) is odd.
Two pairs (E/F,x), (E/F,x’) are said to be F-isomorphic if there is some v € Galg/p such that
X' = x ov. We denote by P¥ (F) the set of isomorphism classes of all admissible pairs attached to
the tamely ramified extension E/F.

4.1.5. Supercuspidal representations. Denote by 73" (F) the set of all isomorphism classes of irre-
ducible supercuspidal representations of G(F'), which are not unramified (i.e., are not attached to
an unramified stratum. We use the definition of unramified from [BH06] 20.1, see also 20.3 Lemma)).
The ramified part of the tame parametrization theorem ( [BHO6| 20.2 Theorem) states the existence
of a certain bijection

m: Py (F) S "(F)  (E/F,x) — 7y (4.2)

4.1.6. Bushnell-Henniart construction of m,. We recall the construction of m, from [BH06|§15,19.
By twisting with a character of F'*, it is enough to construct m, for minimal pairs. Fix an additive
character ¢ of F' of level one. Let (E/F,x) be a minimal admissible pair with x of odd level
m = 2n —1 > 1. Choose an element € p,"" such that

X(1+x) =v¢g(Bz) forall z e pl. (4.3)
Via ¢ we see § as an element of My(F'). Then (J,m, ) is a ramified simple stratum (see [BHOG]
13.1). Via ([@.1)), 8 defines a character g of Uy, which is trivial on Ug”“. Let A be the character
of Jg := E*Uy defined by

A|U%l = 1/},3, A|E>< =X
(by (4.3) this is a consistent definition, as tran|o, = trg/plo, and En U} = Ug). Then (3, Jg, A)
is a cuspidal type in G(F') attached to (E/F,x) (see [BH06| 15.5). The cuspidal inducing datum
attached to this cuspidal type is the pair (U;, ©), where ©, :=c — IndfﬁX YA, Then Ty is defined
to be the compact induction
Ty i=C— Ind%(F) A=c— Indg(XFU)7 O,.

The isomorphism class of 7, is independent of the choices of ¢, ¥ and 3. We work with the fixed
choice of ¢, but ¥ and  can be arbitrary.

4.1.7. Cohomology. For a scheme X over k we denote by H*(X,Q,) the f-adic cohomology of X
with compact support.

4.2. Automorphic induction from the ramified torus of GLs.

Let m > 1 be an odd integer. Let x be character of E* of level m. Let w,, be as in Notation
. By inflation via , x determines a character of fm,wm /I™ and hence we can consider the
X-isotypic subspace HZ (X7 (1), Q¢)[x] of the cohomology of X3y (1). Analogously, we can consider

the y-isotypic subspace in the cohomology of 1712”
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Definition 4.1. Let (E/F, x) be a minimal pair of odd level m > 1. Let w, n, w be as in Notation
such that ¢(w) = 2n — 1 > m and take w,, as in Notation [3.5]lying over w. Define R, , to be
the G(F')-representation

Ryn = H(Xy (1),Q0)[x]
and 2, , to be the E*Uy-representation

EXan = H(c)(?wmv@) [X]
For an arbitrary admissible pair (E/F,x) such that x = ¢x’ with (E/F,x’) minimal we define
= QR n, Exn i= Oy . I m = 2n — 1, write

R,:=R,, and E,:=E, ,.

We also denote by V) the space in which Z, acts.

As X0 ( ) is zero-dimensional, its cohomology in all positive degrees vanishes, and Definition
is cornpatlble with ( . The following theorem is our main result.

Theorem 4.2. Let (E/F,x) be an admissible pair. The representation R, is irreducible, cuspidal,
ramified, has level £(x) and central character x|px. Moreover, R, is isomorphic to my, i.e., the map

R:Py(F) > o' (F)  (E/F.x)~ Ry (4.4)
coincides with the map m, from (4.2) and is, in particular, a bijection.

We believe that R, for non-minimal pairs also occurs naturally in the zeroth cohomology of
X0 ( ) with m even. After necessary preparations, Theorem is shown in Sectlons H . We
wish to point out, that the injectivity of (4.4)) follows from the results of Section [1.5] and essentially
does not use cuspidal types and the isomorphism R, = m,. We need them to prove surjectivity of
. From Theorem we deduce:

Lemma 4.3. Let (E/F,x) be an admissible pair. Then

G(F) —
Ryn=c— IndE(X ZJ);] SV
Proof. It follows from Theorem and the commutativity of the left and the right group actions

on X' (1). O

In Section we also study the representations R, , for n = m +1, where m is the (odd) level of
X- We determine the structure of R, , and give a recipe how to reconstruct x (up to 7-conjugacy)
from R, .

4.3. Unipotent traces.
From now on and until the end of Section we assume 2n — 1 =m

Lemma 4.4. The central character of R, is x|px. The subgroup U\%"H acts trivially in Vy, and V

has dimension (¢ — 1)g" .

Proof. Elements of F'* act on X ( ) in the same way from the left and from the right. As R, is

the x-isotypic component of HO(X m ( ), @z) the first statement of the lemma follows. The proof

of the second statement is given in Sectron (|
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By Lemma@.4{we can consider =, as a I~ Ug/U\%”*l—representation. Let N, be the finite subgroup
of £ XUS/U&”+ , equipped with a descending filtration by subgroups N: for 1 < i < n + 1 defined

by
: 1 0 1 0 1 0 1 0
N! = 4 C N, := c U,/ umtt,
" (p% 1)/(#*11) <pF1)/<p%“1> /0

Proposition 4.5. As N, -representations one has

- ~ Nn _ Nn ~
Ex = Ind;™ 1 —Indyy 1 = S
YeN,
Y| nn non-trivial

In particular, =, does not contain the trivial character on N

Proof. If A is a finite abelian group and B € A is a subgroup, then the traces of elements of A\ B
in the induced representation Ind‘gl are equal to 0 and the traces of elements of B are equal to the
index of B in A. This allows to compute the traces on the right hand side in the proposition. The
proposition follows from Lemma by comparing the traces of Ny-representations on the left and
the right side. O

Lemma 4.6. For g € N, we have:

(g—1)¢" ' ifg=1
tr(g; =) = { —¢" ! if g€ NI~ {1} (4.5)
0 if g€ N, ~ N

Proof. The proof is given in Section [5.3] O

Corollary 4.7. E, is irreducible as B-representation, where B < Uy is the subgroup consisting of
lower triangular matrices.

Proof. The proof is the same as the proof of [Ival6] Corollary 4.12 (using Proposition instead
of [Ival6| Proposition 4.10). O

4.4. Some character theory.

In this section we work relative to a fixed character y of E* of the odd level m = 2n —1 > 1.
We write x” := x o 7. Moreover, in this section (in the proof of Proposition and in Lemma
it will be convenient to use the following notation: for two elements x,y € F and an integer a,
the writing x = y + O(u®) will just indicate that z =y mod u® (and the same notation with E, u
replaced by F,t).

4.4.1. Admissibility of (E/F, x).

Lemma 4.8. The following hold:

(i) x|up does not factor through the norm Ngp.

(i) xlup # X" vy
Proof. First we show (ii): Assume x(1 + u™x) = x(1 — u™z) for all z € k. As (1 —u™z) ! €
(1 + u™z)UZ™ and as y has level m > 1, we deduce 1 = x((1 + u™x)?) = x(1 + u™2z) for all

x € k. As char E # 2, we obtain a conradiction to our assumption ¢(x) = m. Now we deduce
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(i) from (ii): assume that x|y factors through the norm, i.e., x = x' o Ng/p on Up'. Then
X" (%) = X' (Ng/p((7(2))) = X'(Ng/p(z)) = x(2), which contradicts (ii). O

4.4.2. Filtration on Ug. We have the disjoint decomposition

n—1
Ug = UpUR*t O | (UpUZ T N URUZ?).
a=0

Note that UFUJ%O‘+1 = UFU%‘”.
4.4.3. Index of coincidence for characters.

Definition 4.9. For a character 6 of E*, which coincides with x on F'* UEH, we define the integer
] =1 i L = i = X [Jt X[ri. — T XL -
i(0) =i () to be the smallest integer i > 0, such that 0|FXUE X|F vi or 0| Ui = X |p Ui

Observe that 0 < i(f) < m + 1 and i(0) is always even.

4.4.4. Modifications of characters. Fix some integer 0 < o < n. Consider the k-algebra

Ry = Op/pn=2* = k[u]/(u™2%).
The 7-invariants of it are RS = E[t]/(t" ). Consider the subset

RY = {se€ R{’: s=+1 mod u"1722a+1)}
of R§J> (note that Rﬁ?” = R§J> if 2a + 1 > n, or equivalently, a > |5]).

Proposition 4.10. Let 0 < a < n. Let s € RS{>”. There is a unique character xs of FXU%O‘H,
such that the following hold:
(i) xs coincides with x on FXUR*.

(ii) if a < |5], then xs coincides on FXUE(MH) with x o 7%, where s = (—1)" mod u.

(iii) xs(1 + u2**th) = x(1 + u?**Lhs) for all h € Op.

Conversely, let 0 be a character ofFXU%JO‘H, which coincides with x or x™ on FXUgﬂn{mH’Q(zaH)}.

Then there is a unique s € ng such that 0 = xs.

Note that the expression x (1 +u?**'hs) in (iii) is well-defined: Indeed, x is trivial on U, and

on the other hand if 51, §9 € Op = k[t] S k[u] represent the same element s in ng, then §; = 3
mod u™ 2%, hence 1 + u***t'hs; =1 4+ v?*T1hs, mod u™*1.

Proof. Consider the subset

U;éa“’/ = {z e Ut Jhe Op with z =1 +4***h mod UFT} < Uz

. - !
Lemma 4.11. Any element x € FXUJ%QJrl can be written as v = z,x' with z, € Up, 2’ € Uéaﬂ’ .
Moreover, modulo ng+17 2z, 2" are uniquely determined by v and if x = Zi>0 riut € U%O‘H, then

_ 2 m+1
Zp = Dm0 T2ill +1

mod u

Proof. Multiplying by an element in F'*, we can assume x € U}%‘“H. Write x =1+ 2212a+1 ziu' +
O(u™*1). As 2 has to lie in Ué‘”l" c U also 2, must lie in Uzt Thus we seek for two
elements z, 1= 1+ Y721 | 29;u? + O(u™1) and 2’ = 1+ Y1) yaip1u®+! + O(u™ ') which have

to satisfy
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n—1 n—1 m
(1 + Z Zoiu?t + O(um+1)> <1 + Z Yoi1u? T 4 O(um+1)> =1+ Z zu + O(u™ ).

il i=a i=2a+1

Comparing the parity of the degrees we see that zo; = x9;. Further, a computation shows that y;’s
satisfying this equation exist and are uniquely determined by the z;’s. O

Let now s e RS?”. For x € FXU}%‘XJrl with decomposition z = z,2’ according to Lemma , set
xs(®) == x(22)x(1 + u**T1sh)  where 2’ =1 +4**™'h mod Up™! with h e Op.

We show that y, is a character of FXU]%JQH. Let z,y € FXU}QE“Jrl with decompositions = = z,a/,
Yy = zyy' as in Lemma and let 2’ = 14+ u?*™h,, ¥ = 1+ u?*"h, (up to some elements in
Upth). Write A := w2t (hy + hy), B := u*?**Dh,h,. We compute

Xs(@)xs(y) = x(zezy(1+u?*Tshy) (1 + w?*Tshy))
= x(zz2y(1 +sA + s*B))
= X(zz2y(1 +sA+ B)),

the last equation being true, as s2 =1 mod u” =222+ We have

2y =14+ A+ B.
As hg, hy € Op, Lemma implies 2,y = 1 + B (up to elements in U}E”H). We deduce

(') = az'y'z;;, =1+A—-AB(1+B)™.
Now, zy = 2z2y2y,y (¢'y') is the decomposition of zy according to Lemma and we compute

Xs(2y) = x(222y2Zary )x(1 + s(A— AB(1 + B)™H).
If 2a + 1 > n, we have B € (u™"1!), hence all terms containing B can be ignored and we deduce

Xs(z)xs(y) = xs(zy). Assume 2a + 1 < n. Let sgn(s) := £1, if s = £1 mod w. From the above,
s=(—1)%) mod w1722+ and B =0 mod u2*+1) we deduce

Xs(wy) = x(z2zy(1+ B)(1+sA— (-1)*¥AB(1+ B) "))
= X(2o2y(1 +sA+ B+ sAB — (-1)*")AB))
= X(zz2y(1 +sA+ B)).
This shows that xs is a character. Now, xs satisfies (i) and (iii) by definition. Let us show (ii).
Therefore, assume a < [3]. As s € RS’ we may write s = (—1)%8n() 4 m+1-2Qa+D) ¢/ for some
s'e RSJ>. Let x € FXU;(QO‘H). Write © = z,2' with z, € F*, 2’ € U;(QO‘H). To compute ys(x), we
write 2’/ = 1 +u2**'h mod UP*! for some h e Op. As 2’ € Ué@a“), we have further h = u?*+1p/

for some h' € Op. By definition of ys we compute:
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+ u2a+1 h)

Xs(r) = x(z)x(1
= X(Zx)X(l + u2°‘+1((_ )sgn(s) + um+1—2(2a+1)8,)h,u2a+1)
= x(zz)x(1+ 2(2a+1)(( )sgn(a:) +um+1—2(2a+1)$,)h,)
= x(zz)x(1 + (-1 )sgn(x)u2(2a+1)h,)

= x(z)x(L+ (1)@ ) = x(z,)x (15" (@) = (x 0 7)) (2),

where the fourth equality follows as x is trivial on Ug”l. This finishes the proof of the first part

of the proposition. For the converse statement, one shows by a simple computation that the map

2a+1
UE

s — X from R§Z>” to characters of F'* is injective. This completes the proof, as the number

of elements in R<T>/ coincides with the number of characters 6 of FXUJ%O‘Jrl

Umm{m+1 2(20+1)} (lf 20 + 1

, which are equal to

x or X7 on F* > n, then there are ¢"~® those, otherwise there are
2qa+1). O

4.4.5. Compatibility with changing o. Let 0 < a < n. Let 6 be a character of E*, coinciding on
FXUglm{mH’z(zaﬂ)} with x or x7. By Proposition there is some s(0,a) € ng such that
0|FXU]%Ja+1 = Xs(0,)- This construction is compatible with changing the level a.

Lemma 4.12. Let 0 < a1 < ag < n. Let 0 be a character of E* coinciding on FXUglin{mHQ(zalH)}

with x or x™. Under the natural projection Réf Rg;, s(6, 1) maps to s(0,as).

Proof. Write s; := s(0, ;). Let 51 denote the image of s; in Ré?’/. On .F’XU)%JO‘QJr1 we have

O(1 + u?2T ) = xq, (1 + w2 Th) = x(1 + w?*2 15, h).
Thus on FXUfEazﬂ we have xs, = 6 = x5,. By the uniqueness statement in Proposition we
have 51 = s9. O

4.4.6. Elementary modifications and distances.

Definition 4.13. For s € pr", we call the character xs of FXU]?EO‘Jr1 constructed in Proposition
an elementary modification of x. Let 6 be character of E* coinciding with y on FXULPH. Set

ap :=min{a: 0 < a <n,2(2a + 1) = i(0)},

i.e., ag is the smallest integer such that 6 restricted to F*Up, 20041 ig an elementary modification of

X- We define the distance from x to € to be the (uniquely determined by Proposition 4.10) element
s(0) = s(0,ap) € R&; , such that 6 coincides on F*U2""! with Xs(6)-

As i(0) is an even integer < m + 1 = 2n, it follows easily that in any case ay < |5]. (Moreover,

one has oy = [TJ, but we will not use this). Further, o, = a,» =0 and s(x) = 1 and s(x") = —1.
4.4.7. Quadratic distance. Let 0 < a < n. There is the norm map

Nro: Ro = RS s s7(s).
Lemma 4.14. The image im(N, ) of N, consists of precisely such elements s € Rg? for which

(—1)ve(s) . Su(s) 18 @ square in k™, where s,, ;) denotes the leading coefficient of s.
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Proof. This follows immediately from Lemma [4.15] g
Lemma 4.15. Let z € k[t] ~ {0} with leading coefficient x,,(,) € k*. Then x is

- a square of an element of k[t] if and only if vi(z) is even and x,,(,) is a square in k>,
- a square of an element of k[u] if and only if x,,(, is a square in k>,
- n the image of the norm map Ng,p if and only if (_1)Uz(1)$vt(x) 18 a square in k.

Proof. This is well-known. O

Consider the following subset of RSN:

Qo :={s€ jo%’: s2—1¢ im(N7 o)}~ {£1}.

Definition 4.16. Let 6 be a character of E* coinciding with y on FXUng. We say that the
distance from x to 0 is properly quadratic if s(0) € Qq,, with s(f) as in Definition m

4.4.8. Structure of Q.. Set Rﬁp := {1}. Let pr,, be the natural projection

pro: R = K[/t — k[t]/t" "' =~ RY,.

Lemma 4.17. Let 0 < a <n—1. An element s € R§,T> N {x1} lies in Qq if and only if either
-az2 |5, s#+1l modu and s> —1 mod u is a square in k>, or
- s=41 mod u, ie., s =+l +t/sg+ Ot *) for some sp € kX, max{l,n— (2a+1)} <j <
n—a—1and £(—1)72sg is a square in k.
Moreover, the following hold:
(i) Let 0 < o < n — 2. The preimage of 1 (resp. —1) under the composed map Qo — RS> —

Rf;il contains precisely % elements.

(ii) Assume 0 < o <n—2. Let sp € R with pry(so) # *1. Then $pr, (pr,(so)) = ¢ and
we have the equivalence so € Qo < pryt(pry(so)) € Qa-

(iii) We have $Qn—1 = q;23.

Proof. The description of @, follows by an easy computation from Lemma (i),(ii) follow from
this description (along with fk*2 = q;zl)

(iii): Note that Q, 1 = {s € k: s> — 1 is a square in k} \ {£1}. Consider the affine curve C' :
52 —1 = y? over k and let C be the unique smooth projective curve over k containing C' as an open
subset. We have #(C(k) \. C(k)) = 2. Further, C is a smooth quadric in P? over a finite field, hence
isomorphic to P!, i.e., fC(k) = ¢+ 1. We deduce §C (k) = ¢— 1. Now (iii) follows from the fact that
the map C'(k) ~ {(£1,0)} > Qn—1 given by (s,y) — s is surjective and two-to-one. O

4.5. Restriction to the ramified torus £* < G(F).
For a finite finite group H, let {, )y denote the inner product on the set of class functions of H. For
a character 6 let (6, =, )px denote the multiplicity of 6 in =, .

Theorem 4.18. Let (E/F,x) be a minimal pair of odd level m = 1. A character 0 of E* can only
occur in Ey, if 0 coincides with x on FXU}E”H. In this case we have

1 if 0 =x or0 =x" orthe distance from x to 0 is properly quadratic

0 otherwise.

<9’ EX>EX = {
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We prove this theorem below. First we investigate the restriction of Z, to Ug. Note that s(6)
from Definition is in exactly the same way also defined for characters 6 of Ug, which coincide
with x on UFUZFH.

Proposition 4.19. Let (E/F,x) be a minimal pair of odd level m > 1. A character 0 of Ug can
only occur in =y |y, if 0 coincides with x on UFUg‘H, In this case we have

1 if0=xorx”
O.Zus =12 if0#x, X" and 5(0) € Qq,
0 otherwise.

The main ingredient in the proof of Proposition is the following trace computation.
Proposition 4.20. Let 0 < a<n. Let g€ UFUJQEO‘Jr1 ~ UFU%C“JF?). Then

tr(g;Ey) = 2¢% Y, xs(9) + ¢ (x(9) + X" (9))-
5€Qa
Proof. We can write g = z¢’ for z € UpUp™ and ¢’ = «(1 + ©?***1y) with y € Ur. We have the
following computation, where the first equality follows from Lemma[4.4] which shows that z acts in
Ey as the scalar x(z), and the second equality follows from Proposition applied to ¢':

tr(g;Ey) = x(2)tr(g Ex)
= x(2) (qa(x(g’) +X7(g) +2¢ > x(1+ u2“+1sy))
5€Qa
= ¢*(x(9) +X7(9) +2¢" D x(2)x(1 +u**sy),
S€EQa
Now, x(2)x(1 + u***1sy) = xs(g) with x, as in Proposition and hence we are done. O

Proof of Proposition [[.19. As UpUp™! acts in V;, by x| ypum+1, the first statement is clear. Assume
E

— m+1
0|UFU7E71+1 = X|UFU7En+1. NOW, UE

Ug/ Ug”l—representation. The filtration from Section induces a disjoint decomposition

acts trivially in V), thus we can equivalently consider V as a

UE/UgLJrl VA U \Ha+1 7

where H® := UpU*t/URH! and Z := H" = UFU]g”“/UQH. We have §H* = (¢ — 1)¢™ ™ for
0<a<n For 0 <a<nset

Sai= Y, 0(g7H)r(g;Ey)

gEH“ Ho+1
Then the trace computation Proposition shows that S, = (¢ — 1)¢™ 15!, with

St =2 D (@0, xsyme — 0, Xsymas1) + 40, X + X ra — 0, X + X Yo+,
5€Qa

and using Lemma {.4| we deduce (H® = Up/Up*t)
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n—1 n—1
0.E0m0 = <29 “Hitr(g:Ey) + Zsa> = ﬁl (ij dim V;, +Zs>

geZ =0 a=0

1<q—1+nZ: S&)
q a=0

Now the proposition follows from Lemma by considering the five cases i(f) = 0, 0 < i(f) <
m+1 and s(6) € Qa,, 0 <i(0) <m+1and s(0) ¢ Qq,, i(0) =m+1 and s(0) € Qq,, i(f) =m+1

and s(0) ¢ Qq,- O
Lemma 4.21. (i) Assume 0 < a <n—2. Then
ifi(0) <20+ 1
o )1 if i(0) = 2a0+ 2 and (6, ) € Qq
“ —q ifi(0) =2a +2 and 5(0,a) ¢ Qq
0 ifi(0)=2a+3.
(ii) For a =n —1 we have
1 if i) <m=2n-1

n1=13q+1 if i(0) =m+1=2n and s(0,n —1) € Qp_1
—q+1 ifi@)=m+1=2nand s(O,n—1) ¢ Qn_1.

Proof. Let pr, be as in Section [1.4.8] (i): Assume 0 < a <n—2.

Case i(f) < 2« + 1. Then on H® resp. on H®T! the character # is equal to exactly one of the
characters y or x7 (as o <n—2and y # x” on H"~! by Lemmau Assume that this character is
X (the other case is similar). Thus {0, xsyge = 0 for all s € Qq, 0, x + X" Yge = {0, X + X Y ppat1 =1
and by Lemma [4.12| we have

1 ifpr,(s)=1

(4.6)
0 otherwise.

<97 XS>H°‘+1 = {

By Lemma [1.17]i), the first case happens for exactly (¢ — 1)/2 elements in s € Q4. Altogether we
obtain $/, = 2(0 — %51) + ¢ -1 = 0.

Case i(f) = 2a + 2. The character 6 coincides on H® neither with y nor with x7, hence
B, x+XDga =0. As 2a+3 < 2(n—2) +3 = m by assumption, 6 coincides on H*"! with precisely
one of the characters x or x” and hence {0, x + X" )ga+1 = 1. As 2(2a + 1) = 2a + 2 = (), the
quantity s(6,«) € R is well-defined. Thus

D @l xsyma =
S€Qa
Moreover, holds also in this case, and again there are precisely (¢ — 1)/2 elements of @), with
image 1 in Ra {1- From this we deduce the result.
Case () = 2a+ 3. Then 0, x + X Dre = {0, x + X" )ga+1 = 0. Assume first 2(2a + 1) > i(0)

(in particular, « > 0). By Proposition there is a unique s(6,«) € R such that 0 coincides
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with x(9,0) on H®. Hence

> ab,xsdme =
$€Qa

On the other hand, note that @ coincides with ys; on H**! if and only if s € pry!(pr,(s(6,))).
Thus using Lemma [4.17(ii) we deduce

{q if (0, ) € Qo

0 otherwise.

Z <9? XS>H0+1 =

S€Qa
In any case we compute S/, = 0. Finally, assume that i(6) > 2(2« + 1), i.e., i(0) = 2(2a+ 2) as i(6)
is even. Thus 6 does not coincide with x or x™ on UFUglm{er1’2(20Hr1)}/Ug”rl = H?*t1 On the

other hand, for s € Rﬁ?”, the character x, coincides by definition with x or x™ on H?**!. Thus 6
does not coincide with any of the characters y, on H?**! and from 20 + 1 < 20 + 3 < 4a + 3 we

{q if s(0,a) € Qq

0 otherwise.

deduce

<07XS>ILI(¥ = <07XS>HO‘+1 = 07
and hence also S/, = 0.

(ii): Case () < m. Then 6 coincides with exactly one of the characters x, x™ on H"~!. Thus
O, x + X Hpgn—1 =1, O, x + x>z =2, and O, xs)ygn-1 = 0, O, xs)7z = 1 for all s € Q,. Using
Lemma {.17((iii) we compute

-3
51,1—1:2@'0—%)‘*‘@'1—2):1'

Case i(f) = m + 1. Then 8, x + x")gn-1 =0, O, x + X" )z =2, {8, xs)z = 1 for all s € Qn_1.
Moreover, s(f,n — 1) is well-defined and

D@, Xy =
S€Qn—1

Again we conclude by Lemma {.17((iii). O

0 otherwise.

{q if s(0,m—1)€ Qn_1

Proof of Theorem[{.18, Let ¢ be any one of the two characters of E* satistying ¢(Ug) = 1 and
#(t) = x(t)~'. Consider the E*-representation ¢=, given by (¢Z,)(e) = ¢(e)Ey(e). By construc-
tion, it is trivial on the subgroup (t, Ug+1> of £, and we consider it as a representation of the finite
group EX/(t, Uptty = Ug/UR™T x (uy/(u?). Let 0 be a character of EX. Then (§,Z,)p« = 0,
unless 0 coincides with x on F* U}E”H. Assume this holds. Then ¢@ also factors through a character
of Ug/Up™! x (uy/{u?)y and its multiplicity in Z, can be computed as follows:

- - 1 - -
0,2 )px = {¢b, ¢:X>UE/UfE"'+1x<u>/<u2> = W Z (g 1)tr(g; PEy).
9eUR U+ x(uy/(u?)

Let A(6) € {0, 1} be such that 6(u) = (=1)*? x(u) and let sgn(x) be 0 if x is even, and 1 otherwise.
We deduce from the above and from Proposition

—_ 1 —_ sgn T
O, Epx = §(<97 :X>UE/U;3”“ + (_1))\(9)<97X +(=1)%® (X)X >UE/U}§+1)'
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Now Theorem follows from Proposition by a simple case-by-case study. For example, if
6 = x, then (0,2, )y, = 1 by Proposition A(#) = 0 and {0, x")v, = 0. Hence the above
computation shows

- 1 sgn T

If @ = x7, then {0, =, )y, = 1 by Proposition .19, 8(u) = X7 (u) = x(—u) = (=1)%*Xy(u), ie.,
A(0) = sgn(x), and 0, x)u, = 0. Hence the above computation shows

—_ 1 (O sgn T _ 1 _
O Fp = 51+ (=1, x + (IO = S(1+1) = 1

The other cases, i.e., # coincides with x (resp. with x7) on Ug, but not on E*, 6 does not coincide
with x or x™ on Ug and the distanse from x to 6 is properly quadratic (resp. is not properly
quadratic), follow by similar computations. O

Proposition 4.22. Let g € E* with v,(g) = 1. Then

tr(g; Ey) = x(9) + X" (9).
Proof. The proof is given in Section [5.5] O
Corollary 4.23. The character x can be reconstructed from the E* -representation Zy|px.

Proof. By Lemma , Ey|gp~ determines x| m+1 uniquely. Consider the map
E

f: A:= {9 € (EX)VZ 9|FXU7En+1 = X|FXU’E"+1} —» {9/ € UE 01|UFUrEn+1 = X|UFU7En+1},
given by restricting characters of E* to Ug. It is surjective and 2-to-1. By Proposition and
Theorem [£.18] x and x” are the two unique elements among all elements 6 € A, with the following
property: 6 occurs in Z,, but the unique element of f~1(f(#)) \ {#} does not occur in Z,. O

4.6. Relation to strata, cuspidality.

Using the unipotent traces computed in Section [4.3] we show the first part of Theorem
We use the terminology of intertwining and strata from [BHO06|§11 and Chapter 4. The following
is analogous to [Ival6| Proposition 4.22 and Corollary 4.23. Recall the notation N,, N from
Section Let N resp. N" denote the preimage of N,, resp. N;' under the natural projection
Uy — U /U

Proposition 4.24. Let m > 0. Let = be an irreducible E*Ujz-representation, which is triv-

al on U;”H and does not contain the trivial character on N™. Then the G(F)-representation
II= =c— Indg(f;}a = is irreducible, cuspidal and admissible. Moreover, it contains a ramified simple

stratum (J,m, ) for some o € w™J. One has ((Ilz) = 3. For any character ¢ of F'* one has
0< K(HE) < f(gf)ﬂg).

From this we can deduce the first statement of Theorem .2

Corollary 4.25. Let (E/F,x) be a minimal pair. The representation R, is irreducible, cuspidal
and admissible. It contains o ramified simple stratum and is, in particular, ramified. Moreover,
U(Ry) = @ and for any character ¢ of F'* one has 0 < {(Ry) < {(¢R,).

Proof. The assumptions of Proposition are satisfied for the £ Uy-representation =, by Corol-
lary [£.7] and Proposition O
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Proof of Proposition[4.24 Irreducibility and cuspidality of Z follow from |BHO06| Theorem 11.4,
which assumptions are satisfied due to Lemma To contain a stratum is defined with respect to
an additive character. So fix some character ¢ of F' of level 1. Make the isomorphism (4.1]) explicit
fork=m-1,r=m:

~

wim:j/wlfm:j SN (Ugn/Ugn—&-l)v.
. . t"
An element of w*mfj/wkm‘? resp. of Ug’”‘/Ug”Jrl is represented by a matrix a = ( aatl=n @2 )
3

t?’L*l . . -
resp. T = ( g T2 ) with as, a3, x2,x3 € k and Yoy o(z) = 9 (a2xs + azxz). The restriction
3

of = to U3" factors through a representation of the abelian group Uy" / Ug”“, thus it decomposes as
a sum of characters, each of which is of the form ¢fm,a|U§” for some a € w™™J. With other words,
for each a, such that z/ng,a|U‘1;m is contained in =, the ramified stratum (J,m,a) occurs in II=. By
definition, a ramified stratum is simple, if and only it is fundamental, i.e., the coset a +w!' ™ does
not contain a nilpotent element of 9. Thus to show that IIz contains a ramified simple stratum it
is enough to show the following claim.

Claim. Let ¢ € w ™J. Assume ’Lﬁgm’a|U‘%n occurs in Z. Then a + w!™™J does not contain
nilpotent elements of M, or with other words ag, a3 # 0 (with notations as above).

Proof of the claim. Assume az = 0, then the restriction of gy, to the subgroup N™ of Uj" is
the trivial character, which contradicts our assumptions on Z. Thus as # 0. Assume a3 = 0.
As w € EXUj, the character ¢ _,,—1 also occurs in = (proof as in [Ival6| Lemma 4.25). But

ast™" _ .
waw ™! = ( f-n 3 ) and we deduce a contradiction as in the already proven part. O
a

Thus we have shown that IIz contains a ramified fundamental stratum of the form (J,m,a).
Then [BHO6| Theorem 12.9 shows that /(Ilz) = . Furthermore, if an essentially scalar stratum
would be contained in IIz, then by [BH06] Section 12.9, it would have to intertwine with (J,m,a).
But by [BH06| 13.2 Proposition, no fundamental stratum of the form (9, r,b) can intertwine with
the fundamental ramified stratum (J, m,a). Thus no essentially scalar stratum is contained in Iz
and [BHO6| 13.3 Theorem shows the last statement of the proposition. t

Lemma 4.26. Let = be an irreducible E* Uy-representation, which is trivial on Userl and does not
contain the trivial character on N™. An element g € G(F) intertwines = if and only if g € E*Uj.

Proof. The double E*Uj-cosets in G(F') are represented by diagonal matrices with entries t%, 1 for
a = 0. The rest of the proof works exactly as in |Ilval6| Lemma 4.24. O

4.7. Relation to cuspidal inducing data.
We relate the representations R, , m, to each other. The following proposition finishes the proof
of Theorem

Proposition 4.27. Let (E/F,x) be an admissible pair. Then R, = .

Proof. By twisting both sides with a character of F'*, we can assume that (F/F,x) is a minimal

pair. By construction of 7, and Lemma , it is enough to show that 2, = O, (0, is as in Section

[41.6). From Corollary and the proof of Proposition it follows that there is a simple

(ramified) stratum (J,m, 8) such that =, |y contains ¢g. By [BHO6] 15.8 Exercise it follows that
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(E*Ujy, =y) is a cuspidal inducing datum in G(F), i.e., there is some x’ with Z, = ©,,. By the last
statement of Corollary 4.25] (E/F, x’) has to be minimal. By Lemma Oy |px = Ey|px. Thus
Ey|px = Ey|gx. Now, by Corollary X is (up to T-conjugacy) uniquely determined by =,, and
we deduce x' = x or X’ = x7. As ©, = O,~, the proposition follows. O

Lemma 4.28. Let (E/F,x) be a minimal pair. We have O, |gx = Z\|gx.

Proof. The proof is given in Section [5.6] O

4.8. Small level case.
Let x be a character of E* of (odd) level m > 1. Let n = m + 1 be an integer. Then x defines a
character x of the group E*UJ' by composition

L BXUY - EXURJUY ~ B* JUR — B /UR™ 5Q;. (4.7)
Proposition 4.29. Let x be a character of E* of odd level m =1 and let n = m + 1. Then
Ryn 2 c— Indgiﬁ}n

Proof of Proposition[{.29 By Lemma 4.3|it is enough to show Z, , = ¢ —1In ngUn
is enough to show that the traces of each element of E*Ujy in both spaces agree. Modulo center,

which acts by x|r= in both spaces, any element of E* Uy is represented by an element in Uy U wUj,

X- To do so, it

thus we can restrict to elements lying in this union. The required trace computations are covered

by Lemmas [4.30] and (.31} O

Lemma 4.30. Let g € Uy. Precisely one of the following cases occurs:

(i) g€ UrpUy. Then tr(g;ZExn)[x]) = (¢— 1)¢""'x(g). In particular, U3y acts trivial in =y 5)[x]
and Up acts through the character x|px.
(ii) g € Uy \UrpU3 is conjugate to an element x of UFU]%O‘HUJ NUrp U2a+3U3 , such that 20 +
2<n. Then
tr(g; Exn)[X]) = T (X(2) + X7 (2)).
(iii) g € Uy \UFrU} is not conjugate to an element of UgU3'. Then tr(g;Zy»)[x]) = 0
Let g € wUy. Precisely one of the following two cases can occur:

(i) g is not conjugate to an element of EXUY. Then tr(g; Zyn)[x])

o)+ @)

(ii)" g is conjugate to an element x of EXUY. Then tr(g; Ey.n)[X])
Proof. The proof is given in Section [5.7] O
Lemma 4.31. Lemma |4.30) holds with =, replaced by ¢ — Indgigﬂ X
E

Proof. The lemma follows by an explicit computation using the Mackey-formula in a way very
similar to the proof of Lemma 4.280 We omit the details. O

Using notations from Definition we have the following structure result.

Theorem 4.32. Let x be a character of E* of odd level m = 1 and let n = m + 1. Let 0 be a
character of level = m. There are no non-zero maps from R, ,, to Ry, unless 0 coincides with x on

FXUgLH. In this case, we have
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Qy if0=x, or@=x", or the distance from 0 to x is properly quadratic
Homg( gy (Ryn, Ry) =

0 otherwise.

In particular, the character x can be reconstructed from Ry .

Proof. By Lemma we may assume that 6 and x coincide on F'* ‘lj”H. Thus by our assumption
on 0, (E/F, x) is a minimal pair and we compute

Homgp (Ryn,Rg) = Hompx U; (Ex.nsZ0)

= Homgx (X, Zp)
= Homg« (X, P, ¢,

where ¢’ runs through the set of all characters of E* coinciding with 6 on F'* Ug”l, such that either
0 =6,0r 0 =67, or the distance from 6 to 0’ is properly quadratic. Above, the first equality follows
from Lemma The second is Frobenius reciprocity and Proposition [£.29] The third follows, as
n = m+1 and hence X, = are trivial on U3. Finally, the forth equality follows from Theorem m
The above computation shows the statement of the theorem about Homg(g)(Ry n, Ig). It remains
to show that x can be reconstructed from R, ,. First, the above considerations characterize m as
the greatest odd integer, such that there are non-zero maps from R, , to Ry for some 0 of level m.
The rest follows as in the proof of Corollary O

Lemma 4.33. Let 6 be a character of E* of odd level £(0) = m. If 6 does not coincide with x on
FXUg”l, then there are no non-zero morphisms between R, , and Rg. Assume 0 coincides with x
on FXURY (in particular, £(0) = m). Then

HomG(F) (RX,TH Ry) = Homp« Us (EXJL’ Zp).

Proof. Applying twice the Frobenius reciprocity and once the Mackey formula, we see by Lemma

(4.3l

Homg(p)(van,Ra) = @ HomExUng(Ean)(g\Exvn,E.g),
gEE]>< U:;\G(F)/EX UJ

where 9(E*Uy) = g(E*Uy)g~"! and 92, ,,(z) = Eyn(97 zg). The set EXU;\G(F)/E*Uy is repre-

sented by the diagonal matrices eg(t, 1) for a = 0. Let g = eo(t*,1) with a > 0. We show that
m+1

the summand on the right side corresponding to g vanish. Note that EXUy n9(E*Uy) 2 e_(pp* ).

m+1
On the one hand, Proposition shows that =g does not contain the trivial character on e_(p,* ).
m+1
On the other hand, e_(p > +a) c Ug”“ as a > 0. As U‘l;”l is normal in E* Uy, and y is trivial on

m+1
US”H, we see by Proposition 4.29|that =, ,, is trivial on Ug”“ and, in particular, on e_(p,’ +a).

As

gEx,n(e— (r)) = Ex,n(e— (t%x)),
m+1

we deduce that 92, ,, is trivial on e_(p® ). The claim follows, and hence

HomG(F) (RX7n7 RG) = HomEXUJ (EX,TL7 EG)
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It remains to show that this space is 0, unless 6 coincides with x on F'* Ug‘“. Asssume Hompxy, (Ex,n, Ep) #
0. By comparing central characters, we see that | px = x|p«. As above, we see that 2, ,, is trivial
on Ug”“. Hence Zy is too. We deduce £(f) = m. This shows our claim. O

5. TRACE COMPUTATIONS
In this section we use notations from Sections [3] and [ especially from Notations and

Deﬁnition For g € G(F') we always write g = ( g1 92 )
g3 94

5.1. Left and right group actions on X7 (1).

To apply a trace formula in what followg, we make here the actions explicit using the
coordinates 7" from (3.2). It is clear that I acts on C]* < #™ by left multiplication. The
following proposition describes this action.

Proposition 5.1. Let v,v,n be as in Notation and m = 1 odd (we do not assume 2n —1 > m
here). Let £I™ = 7" (a,C, D, A, B) be a point of C;*. Then g € I acts on £I™ by

) det _
g.xI™ = 7 (g.aln, gzaigg)hCN L (g2a 4+ g1)DN, ...
2DN2
AN + h(g, a) 922t 9 B+urtt— 2 ___cp-iN-Y,
det(g)C (920 + 1)
where
g.a = w €L n+m]Ga(E) and -|,, is as in Section[3.1.5]
g2a + g1 ’
N = 1+u—%2 _copla
920 + g1
h(g’a) = U_(n+1)(g'a - g-a|n) € L[O,m—l]Gfl(k)'

Proof. First, observe that the expressions in the proposition are well-defined, as v, (g1) = vy (g4) = 0,
vu(g2) = 0, vy(g3) > 0 and v,(a) > 0. We compute in G(F) (with a, g.a,C, D replaced by some
representatives in kfu]):

ge_(a)veg(C, D) = e_ (g.a)i}eo(M’ (g2a + g1)D)e_ (u""'l@

920 + g1 ga+ag1”
Further, using (3.4) we see that

CcD™! CcD-1
e_(un+1L)e+(A)e_(B) :60(N71,N)6+(AN)€_(B+un+1LN71
920 + 41 920 + g1

with N as in the proposition. Combining the two last computations we see:

),

gil™ = ge_(a)ieo(C. Dyes (A)e_(B)
det(g)C ni192C0D71

= e_(g.a)veg(—"—, +g1)D)e_ = Ae_ (B 5.1
e (ga)ieo S D, (o + go)D)e (0 EID e (e () 5.1
. det(g)C . L g2CD!
= e_(g.a)veog(—Z=, (gaa + g1)D)eg(N ™, N)ey (AN)e_(B + u"TH1=— ).
(9.a) Mma+m(w g1)D)eo( Je+(AN)e_( o
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Now the only thing we have to do, is to replace g.a € Ly ;4mGa (k) in the last expression by an
]G(l(k)ﬂ

element in L[1 b

[,
i.e., g.a — g.al, is divisible by u"*! and h(g, a) is well-defined as an element of Lio,m—-1)Ga(k) and
that

]Ga(k‘) Therefore note that g.a and g.al,, have the same image in Lp;

e—(9.0)i = e—(g.aln)e—(g.0 — g.al,)i = e—(g.al)oe. (h(g, a)).
Combining this and (5.1]) finishes the proof of the proposition. O

We compute h(g,a) from Proposition in some cases of interest for us. We point out, that
later we need to know h(g,a) only modulo u” (cf. Proposition [5.6)).

Lemma 5.2. Let n,m be as in Proposition [5.1, Assume m < 2n — 1. Let g € Uy and a €

Ly mGalk) with a1 # 0.

(i) Forge U:I”H we have vy (h(g,a)) = n.
Let g = o(1 + yu?**) with0 < a <n—1 and y € Up. Write a = ua'
(i) If a = |%], then h(g,a) = w1 "y(1 — a"?)(1 — u?* ya’).
(iii) If 0 € o < |%] and o’ = +1 4+ u" 2> b for some b € L[%;Q%HQH]GCL(I{), then h(g,a) =

y($2b_un72a71b2)
1tu?otlytunyb -

Proof. In any of the three cases, a simple calculation shows g.a|, = a (only this case is of interest
for us, cf. (5.2))). Now (i) is an easy computation. For (ii) and (iii) we compute

2042 20042 1,2
n+1h — _ — _ :w_ :u y(l_CL’)
wh(g,a) = ga—galn =ga—a=mmnr = 0= o et

From this the lemma follows. OJ

Let @ be as in Section and y1 := ep(u, —u) Left multrphcatron by w composed Wrth right
multiplication by v, deﬁnes an automorphism B of Ym By (the proof of) Lemma | B
restricts to an automorphism

Bo: Y SV given by 2™ e wiy, [T™.

Proposition 5.3. Let v, v, n, D], be as in Notatz'on and2n—1>m = 1 odd. Lety (+u,C,D, A, B)
be a point of Y[ lying over tu € Dy,. Then

Bw (VT (xu, C, D, A, B)) = 7" (tu, FCM ™', DM, —AM, B),
where M =1 —2u"C1(C)™1 A.
Proof. Write 1™ = ¢*(£u,C, D, A, B). Using formulas (3.4) we compute

B (zI™) = e_(Fu)veo(F1, Fl)e_(Fu")eo(C, D)er(—A)e_(—B)I™ =
= e (+u)veg(FOCM" "™, FDM e, (—AM")e (Fu"CD™' — B),
where M’ := 1+ u"CD 1A. Now a = +u gives R = u }(7(a) —a) = v }(Fu — (£u)) = F2 and as
&I™ € Y, we have D™! = R7(C)™! = ¥27(C)™! mod u™ and B = v"C7(C)~!. This shows on
the one hand M’ = M, and on the other hand Fu"CD~! — B =2B — B = B. O

Now we make the right I,,,, /I™-action on Y;" explicit.
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Proposition 5.4. Let 0,v, n be as in Notation[3.9 and m > 1 odd (we do not assume 2n—1=m

here). Let ¢ (a,C,D, A, B) be a point of C}'. Then i = < " (i1) ) ( ! Zf > €l /I™ acts
11 —m

on Y (a,C,D,A,B) by

Yi(a,C,D, A, B).i =" (a,CiyH™Y, Dr(ir)H, iy '7(i1) H*A + ioH,iy7(i1) ' BH™Y),

where H = 1 + i17(i1) "2 B € k[u]/u™*! (note that iy is only determined mod u™, but B = 0
mod u).
Proof. The proof is a computation similar to (and simpler as) the proof of Proposition O

5.2. Generalities on the trace formula.
We use the following trace formula due to Boyarchenko.

Lemma 5.5 ( [Boyl2| Lemma 2.12). Let X be a separated scheme of finite type over a finite field Fg
with Q elements, on which a finite group A acts on the right. Let g: X — X be an automorphism
of X, which commutes with the action of A. Let ¥: A — @Z be a character of A. Assume that
H.(X)[4)] = 0 for i # i and Frobg acts on H(X)[¢] by a scalar A € Q,. Then

Z (a) - $Sg.a;

acA

Tr(g*, H (X)[¢]

)\ ﬂA
where Sy = {x € X(F,): g(Frobg(z)) = x - a}.
We adapt Lemma [5.5] to our situation.

Proposition 5.6. Let n > 1, m > 1 two integers with m < 2n + 1. Let x be a character of E* of
level m. Let g € Uy. Then

(g HIYIODD = ), #Seax(i),

i1eUg/UpT!

m-+1

where Sq;, is empty, unless det(g) = i17(i1) mod u™"", in which case it is the set of solutions of

the equations

920> + (g1 —gs)a—g3 = 0 mod u"™! 5.2
m(i1)(1 +u"h(g,a)R™") = goa+g1 mod u™ (5.3)
inac L[\lnn+m] Ga(k) (with ay # 0), where

h(g7 a) = ui(nJrl)(g-a - g'a|u") € L[O,mfl]Ga(]%)
R = u(r(a)—a). (5.4)
Lemma 5.7. Let x be a character of EX. We have H(Y)[x] = HAYZ)[x|v,)-
Proof. The proof is the same as in [Ival6| Lemma 4.5. O

Lemma 5.8. Let n < s < 2n be positive integers. Let f € k[u]/(u®) and let h: k[u]/(u") —

k[u]/(u®~™) be some map. Then for x € k[u]/(u®) we have
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z=f4+u"h(r modu") < z=f+u"h(f modu")
(both equalities take place in k|u]/(u®)).

Proof. This is trivial. O
Proof of Proposition[5.6. The action of g on }77;” fixes YI". By Lemma m we have

tr(g; Ho (V") [x]) = tr(gs Ho (V) [xlu,])-
We have $1,0 /1™ = (¢—1)¢*™. Applying Lemmato the left action of Uy and the right action
of Img /I™ on Y7" and Frob, (this is possible, as only the zeroth cohomology is non-vanishing,
and as the Frobenius acts as a scalar in H?), we deduce

- 1 .
tr(g; Ho (Vi) [x]) = (G= g Z £54.ix(7),
q q 1€lm,w,, /[I™
where Sg; is the set of points y € V)" with g.y = y.i (note that any point in Y* has coordinates
in k, hence Frobenius acts trivial). Further, note that a point of Y} is uniquely determined by its
. 1
coordinates a,C, A (cf. Definition . Write i = ( “ (i) ) ( 212 ) with i, € Ug/Upt,
7(11
io € k[u]/u™. As the determinant is multiplicative, we see that Sy; = ¢J, unless det(g) = det(i) =
117(41) mod u™1. Assume this holds. By Propositions and we see that §S,; is equal to
the number of solutions of the equations

g.al, = a modu"t! (5.5)
‘Mfrg)czv—l = CiH™' mod u™! (5.6)
g2a + g1
+ g1)>DN? . :
AN + h(g,a) (92adetg(1g))0 = i7'7(i))H?*A+ isH mod u™ (5.7)

in the variables a = >,/ au’ + >0, Ou' € Lﬁ?ner]Ga(k) (with a1 # 0), C € (k[u]/u™*1)* and
A € k[u]/u™, where

B = u"Cr(C)7!

D = R '7(C)(1+u"Cr(C) A —u"C'r(C)r(A))

(as we are in Y; here R = u~!(7(a) — a)) and h(g,a) and

N = 1+ — %2 _cpla=1+ u”HLRCT(C)_lA mod u™ !
92a + g1 92a + g1

H = 14i17(i1) YieB = 1 4+ u™iy7(i1) tiCr(C) 7t

are as in Propositions and As the character x of In, /I™ is inflated from a character of
UE/U}E”Jrl (again denoted by x), we see that

2. 8Sgix(i) = #8¢,, x(in),
i1
where 7 varies through all elements of I, ., /I™ lying over i1 and ﬁS;m is the number of solutions

of equations (5.5), (5.6), (5.7) in the variables a,C, A,is. It is enough to show that 57, =
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(g — 1)¢*™4Syi,- If n = m + 1, then N,H = 1 mod ™! and the proof is immediate. Assume
n < m < 2n. We cancel C in (5.6) and insert the condition on the determinant to bring it to the
form

70D g N mod wntL (5.8)
92a + g1
By replacing N by %H in (5.7) and canceling the invertible term H we see that the equations

(5.5), (5.6), (5.7) are equivalent to the three equations (5.5)), (5.8) and

h(g,a)T(i1)HD N T(i)A  T(i)HA
1WC goa + g1 (1
Using H =1 mod v" and D = R~'7(C) mod u" equation (5.9) implies:

hg,a)7(i)7(C) ~ 7(i1) T(i1)A
. + A— —
11 RC 92a + g1 al
(the right hand side does not depend on i3). We can replace i occurring in the term H in (5.8)) by
the right hand side of (5.10)) and hence our three original equations (5.5)), (5.6), (5.7) are equivalent
to (5.5),

Qo = mod u'™. (5.9)

io = mod u" (5.10)

h(gaa’) + il
R g2a + g1
= (g2a + g1) + "1 RCT(C)™*A mod u™H!

and . By Lemma applied to x = 19, equation is just an expression of i in terms of
g,i1,a,C, A, hence it can be ignored and we see that ﬁS;’il is the number of solutions of and
in the variables a, C, A.

Now, implies 7(i1) = goa + g1 mod u™. Applying Lemma to x = 7(i1), we see that
is equivalent to

(i) (1 + u™( Cr(C) A —Cr(C) 1A)) = (5.11)

(i) + u"((g2a + g1)h(g. ) R™" + (g27(a) + 91)CT(C) ' A = (g2a + 1) C(C) ' A) =
= (ga+g)+u"M"NgpRCT(C)'A mod u™ . (5.12)
Inserting on the right hand side R = u=!(7(a) — a), we immediately see that (5.12) is equivalent

to (5.3). Moreover, (5.5) is immediately seen to be equivalent to (5.2]). As in (5.2, (5.3) neither

C, nor A occur, and as C lives in (k[u]/u™1)* and A lives in k[u]/u™, we deduce that 85954, =
(7= 1)g*"$Sg.i1- O

We now examine solutions of the equation (5.2)) in a € Lﬁf‘ner]Ga(k) (with a1 # 0). Recall that

via the embedding ¢ (see Section [3.1.3)) we have the subgroups UpU € UgU? < Us.
J J J

Lemma 5.9. Let g € Uy. Precisely one of the following cases occur:

(i) g€ UpUY. Then (5.2) has precisely (¢ —1)¢" ™" solutions.
(ii) g € Uy~ UpU3 1s conjugate in Uy to an element of UpUY . In this case (5.2) has precisely
2¢v(93)=1 solutions.

(iii) g € Uy~ UpUj3 1s not conjugate in Uy to an element of UgU3'. Then (5.2) has no solutions.
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Proof. Assume has a solution a. As g € Uy, the integers v, (92),vu(93), vu(g1 — g4) are even.
As a; # 0, we have v,(a) = 1. We deduce that v,((g1 — g4)a) is odd and v, (g2a?), v,(g3) are even.
Thus by Lemma we are either in the case g € UpU7 of the lemma, where each of these three
integers is = n + 1 and each element of Lﬁf‘n+m]Ga(l€) solves equation (5.2)), or we are forced to
have vy (g3) = vu(92) +2 <n + 1 and v, (g3) < vu(g1 — g4) + 1 (this last is, using parity, equivalent
to vu(g3) < vu(g1 — g4)). In the last case write go = ghu'=(92) g3 = ghu?=(92)+2 o = g/ and
g1 — g4 = 91,4“””(92”2 with g5, g5,a" € k[t][* and g 4 € k[t]. After canceling u?n(93) = qvu(92)+2
(5.2)) is equivalent to

gha? + g} 40'u—g3=0 mod unt1vul(es) (5.13)
where n + 1 — v,(g3) = 1. Reducing modulo u, we deduce a? = 5—5 mod w, which shows that

mod u must be a square of an element of k*, or, equivalently (cf. Lemma , that 93 € k[t] <

a square. Thus by Lemma we deduce that we must be in case (ii) of the Iemma and that in case
(iii) there are no solutions. In case (i) with notations as above, we have to determine how many
solutions in a’ = ay +asu+---+a,u""! equation has. Using induction, one now easily deduces
that there are exactly two possibilities for a;, exactly 1 possibility for each ag, ..., ay11_4,(4;) and
exactly g possibilities for each a, 1o 4, (g5)s - - n- O

Lemma 5.10. Let ge Uy and n = 1. Then

(i) ge UrUS < vu(g2) 2 n—1, vu(g3) 2 n+1, vu(g1 — g4) 2
(ii) g € Uy \UrpU5 and g is conjugate to an element of UgU3 if and only if vu(g3) = vu(g2) +2 <
n+1, vu(g3) < vulgr — g4) and 2 € k[t]* is a square of an element in k[u]*>

Proof. (i): is an easy computation (use that v,(g;) is always even). (ii): In the Op-algebra J
the subset w"J form a two-sided ideal and Uy/U} = (J/@"J)*. Assume g € Uy \UrU3 and
vu(g3) = vulge) +2 < n+1, v,(g3) < vu(g91 — g4) and tg,% € k[t]* is a square of an element in
k[u]*. We replace Uy (resp. J) by U;/U3 (resp. J/@"J) and g by its image there. We show that
g is conjugate to an element of Ug/Uy = Ug/Ugr n Uy. Replace g by the difference of g and the
scalar matrix with entries %(gl + g4). Thus we can assume that g has trace zero and we must show

that there is some b € O such that g is conjugate in J/@w"J to the image of ( b b ) Consider
Ty from Lemma Note that

b\ o1 (A by =A%)
WA 1 "y byt bt

By our assumptions we can write go = t%gh, g3 = t*T'gh, g1 = —ga = t*Tlg] with o + 1 < |Z]

n +1
and g, g4 € k[t]*. Thus we can conclude, if we find appropriate y € UF/UF J, A€ OF/(’)F and
b = bot* € O with by € Ur such that

boh = ¢, mod tl"z I-(etD)
boy = g5 mod ¢zl (5.14)
boy (1 —X%%) = g¢b mod Izl

Using the first and the second equations to eliminate by and A, the only remaining equation is

"1 —g%g5%y%t) mod thal=e
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This equation has a solution in y by Hensel’s lemma and our assumption on t%. The other direction
in (ii) is an immediate computation. O

5.3. Traces of unipotent elements.
In Sections we assume m = 2n — 1.

Proof of Lemma[{.4]. We use notations of Proposition Let g € Ug’”l. Thus vy, (91 —1), vu(92), vu(ga—
1) 2 2n = m + 1 and v,(g93) = m + 3. This, Proposition and Lemma [5.2(i) show that
85y, = 0 for iy € Ug/Up ™ \ {1}. Lemma [5.9|implies #S,1 = (¢ — 1)¢"~!. Proposition shows
tr(g;Ey) = (¢ — 1g" . O
Proof of Lemma[{.6 We use notations from Proposition The case g = 1 of Lemma [4.6] follows

from Lemma [4.4 Write ¢ := [%EL| — | 2. For 0 < o < |%FL| — 1 consider the subgroup

Ay = {1+ um=0)+204 Ly g T-invariant}

of U}gjnfé)Jr2a+1/Ug“r17 and let Al%] ={1} < UE/Ung,

Lemma 5.11. Let ge N, ~{1}. Ifg ¢ NTLL%JH, then Sy, = & for all iy € Ug/Up™t. Otherwise,

let g € N,LEHHO& ~ N}FH%Q for some 0 < o < |™EL| — 1 and iy € Ug/URT!. Then

C(Oz) if 11 € Aa AN Aa+1
ﬁSgﬂll = .
0 otherwise,

where c(a) depends only on «, not on iy. Moreover, c(|242] — 1) = ¢"~.

Proof. If g € N, \NTLFJH, then g is not conjugate to an element of UgUy by Lemma [5.10} so
Sgi = & for all iy € UE/UEHl by Lemma and the first statement of the lemma follows from

Proposition (alternatively, look at equation (5.2)) for g). Let g € NT[L%HHQ ~ NTLL%HHQ

1
0<a< ["THJ—I and i1 € UE/UgLH. Write g = < A+,

(5.2) is trivially satisfied for each a and equation (5.3) takes the form

for some

) with v;(z) = 0. Then equation

i1 =14 a2t Rl od oM (5.15)
(one easily computes h(g,a) = u?**19z). Write a = I ;au’. Then R = u"!(r(a) — a) =
—2(a1 + agu® 4+ ...) and z are T-invariant and we have v (R) = vi(z) = 0. Hence Sy;, = &
unless i1 € Ay~ Agy1- On the other hand, from the explicit form of R, it is clear that for any
i1 € Aq \ Ana41 the set Sy ;, of solutions a of has the same cardinality. The second statement
of the lemma follows. To see the last statement, put v = |28 |—1. Then (n—§)+2a+1 = 2n—1=m
and for a fixed i; € A[nTHJ_l N Al%J = UR/UR {1} equation amounts to a condition on

R mod u, or, which is the same, on a;. It determines a; uniquely and ao, as, ..., a, can be chosen
arbitrarily. Thus (5.15)) has exactly ¢" ! solutions. O

Now we can finish the proof of the Lemma Let ge N, NN If g ¢ N,[FJH, then Proposition

and the first statement in Lemma immediately show tr(g; Z,) = 0. Otherwise, there is some
|5]+2+a

. Z]+1 ..
o with 0 < o < [231] — 1, such that g € NkQH TEUN, , and we deduce from Proposition

(.6l and Lemma
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r(g; 80 = Y, da)x(i) =cla) > x(@)—cl@) Y, x(i) =0,

ileAa \A(¥+1 ileAa z‘leAuH

as Ay, Aq+1 both are subgroups containing UgL/UglJr1 and y is a non-trivial character on UEL/USH.
Now assume g € Nj?~ {1}. This corresponds to a = |%| — 1 and A[nTHJ_l = Up/UR. By
Proposition and Lemma, we compute

tr(g; 2y ) = > ¢"'x(in) = —¢" 1,
i eUR/URT {1}
as x is non-trivial on UZ'/ UE”H. This finishes the proof of Lemma . O

5.4. Traces of some non-split elements.
Proposition 5.12. Let 0 < a <n —1. Let g = (1 + u?***'h) for some h € Up. Then

(g Ey) = ¢*(x(9) +X7(9)) +2¢ - >, x(i), (5.16)
i1=14u?t1hs

S€Qa
with Qn as in Section[].1.7.

Proof. This follows immediately from Proposition and Lemma [5.13] O

Lemma 5.13. Let «, g, h be as in Proposition . Then Sy, = &, unless iy = 1 + u?**hs for
some s € R,. Assume this holds. Then

2¢%  if s€Qa
Sgin =4 ¢% if s = =1

0 otherwise.

Proof. Assume first o > |3], or equivalently 2a + 1 > n. In this case 45, is equal to the
number of solutions of in the variable a. Using Lemma (ii), we see that Sy ;, = J, unless
in = 14 u?*Ths for some s € R,. Assume this holds. As h is 7-invariant, it follows that the
condition det(g) = i17(i1) mod u™"! (necessary for the non-emptiness of Sy;,) is equivalent to
s € Ré?. Thus we can assume that 77 = 1 + u2*t1hs with s € pr. Then, using Lemma (ii),

(5.3) is seen to be equivalent to

s=(1-d?*1—-u**ha )R —d mod u™ 2%,
where we write @ = ua’. By assumption 2« 4+ 1 > m — 2, and moreover, R = u !(7(a) — a) =
—(7(a") + a’). Hence (5.3)) is equivalent to

1+d7(a)
a' + 7(a’)
Assume this equation has a solution in a’. Then we deduce

1 / ny 2 1 g2
ST(S)—1=S2—1=(W) —1=NT’a<a>

a + 7(a) a’ + 7(a’)
in R,. This shows that if Sq;, # &, then s € Q, U {£1}. Conversely, assume that s € Q, U {£1}.

Write o' = a; + agu + - - - + a,u™ 1. We differ between three cases.
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Case 1. s # £1 mod u. Let sp := s mod u. By Lemma s2 —1is a square in k*. We can
rearrange the equation (5.17)) and bring it to the form

i—1
(1+af) + (2aras —a3)u® + -+ (2 ) (=1 ajrazi-j1 + (<1 af, )u® + ..
=0

n+1 n+l

+ Qala?["T“J*l +... )uleJ*2 = —2s(ay + asu® + -+ + annTHJ71U2lTJ72) mod u™ 2%,

Taking this equation modulo u, we obtain the equation a? +2spa; +1 = 0 in k. It has precisely two
different solutions in aq as 8(2) — 1is a square in £*. Note that both solutions satisfy a; # —sgo due

to sg # +1. Taking the above equation iteratively modulo 3,...,u™ 2% and using a; # —so, we
see that there are exactly ¢ possibilities to choose any of the pairs (a2, as), ..., (@Gm—2a—1, @m—2a)
and we obtain ¢ possibilities for each of the remaining variables a,,—2q, - - ., an (note that m —2a <
2["T+1J —1). Altogether we obtain 2¢" @ 1¢"~(m—20) — 242 golutions.

Case 2. vy(s+ 1) = 2j or v,(s — 1) = 2j with 0 < 2j < m — 2a (note that the v,(s + 1) has
to be even, as s is T-invariant). We assume v, (s — 1) = 25 (the other case is similar). Then we can
write s = 1 + u? s’ for some 7-invariant unit s’. Then (5.17) is equivalent to

(1+d)(1+7(a)) = —u¥s'(d +7(a")) mod u™ 2,
and we deduce that a solution o’ must satisfy v,(1 +a') = j (as s',a’ + 7(a’) are necessarily units
and v, (1 +a') = v, (1 +7(a’))). Set @/ = —1 + u/b with some b = Y7 ' bu’ € (k[u]/u™~7)*. The
number of solutions of (5.17)) in o’ is equal to the number of solutions of

(=1)7br(b) = 8'(2 — v (b + (—1)/7(b))) mod u™ 2> (5.18)
in the variable b € (k[u]/u"~7)*. Taking this equation modulo u we get the equation (—1)7b% = 25’
mod u. As s = 1 +u¥s' € Q,, Lemma m shows that (—1)72s’ mod u is a square in k>, and
thus this equation has exactly two solutions in bp. Similarly as in case 1 above, taking (5.18])

iteratively modulo u?,u®, ... um=20=2%

, we get per step exactly one condition which determines
b2, b4, ..., bm—2a—2j—1 uniquely (note: the set of these conditions also can be empty). For each b;
with i ¢ {0,2,4,...,m — 2ac — 2j — 1} there are ¢ possible choices. Thus the number of solutions of
in b is equal to 2¢(n—i—D—(n—a=i=1) — 9g0

Case 3. s = +1. Assume s = 1 (the other case is similar). Then is equivalent to

(1+ad)1+7(d)=0 mod u™ 2

which in turn is equivalent to v, (1 + a’) > ™=22+L = n — o We easily deduce that the number of

solutions of this equation in o’ is equal to ¢®. This finishes the case o > |5 ].

Assume now 0 < o < |§]. Then 2a + 1 < n. The quantity #Sg;, is equal to the number of
solutions of and in a. We again write a = ua’. Equation is immediately seen to
be equivalent to a’ = +1 mod u" 2~ and we write @’ = +1 + u" 2% 1p for b € k[u]/u?**!. We
deduce

R=—(d +7(d)=F2—u"2Yb+ (-=1)""'7(b)) mod ™. (5.19)
Let us denote the ’automorphic factor’ gea + g1 by
fi=gea+g1 =1+£u**"h +u"hb. (5.20)
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By Lemma (iii), the quantity §S5,;, is equal to the number of solutions in the variable b €
E[u]/u?**t! of the equation

1 h($2b _ un72aflb2)
f

T(i1)(1 +u"R™ )= f mod u™t,

or equivalently,

7(i1) = f —u"R Th(F2b — u" ** %) mod ™t (5.21)
Taking this equation modulo u™ 2 = 2" 291 and using (5.19) and (5.20), we deduce that
Sgiy = &, unless i1 = 1 F u?*th mod u™~2%, or with other words, iy = 1 + u?***!hs with s € R,

satisfying s = F1 mod u™4e~!
m+1

. Assume that this holds. An easy computation shows now that
det(g) = i17(i1) mod u is equivalent to s € jo),/’ so we also can assume this (otherwise,
Sgiy = ). Let us write s = F1 +u™ 1971 . (u¥ sg), with sg € (k[u]/u?*"2+1)* r-invariant with
0<j<a+1(j=a+1corresponds to s = +1). Straightforward rearrangements of terms show

that (5.21)) is equivalent to

(F2 — (b+ (=1)"TLr()u" 22" Y2 sy = (=1)""br(b) mod w2+l (5.22)
If j=a+1, then s = £1 and is equivalent to b7(b) = 0 mod u?**!. This is equivalent
to b =0 mod u®*!, and hence has precisely ¢® solutions in b. Assume j < a. A potential
solution b of must satisfy b =0 mod u’, hence we can write b = w/b’ for a b € k[u]/u?¥+1-7
and rewrite (5.22)) as

(12 _ (b/ + (_1)n+j+17_(bl))un72afl+j)SO = (_1)n+j+1bl7_(bl) mod u2a+1f2j. (523)
Assume first Sg;, # &, i.e., (5.23) has at least one solution. Taking (5.23)) modulo u, we deduce
that +(—1)"*72sy mod u is a square in k>, which is by Lemma m equivalent to s € Q,. Thus
Sgiy # & implies s € Q4. Conversely, if s € Q,, we can deduce that §S,;, = 2¢” in the same way
as in the case a > [5]. O

We are convinced that there must be a more elegant proof of Lemma but we still can not

find it.

5.5. Traces of elements in £* with u-valuation 1.

Proof of Proposition [4.29 Put y1 := eo(u, —u). Consider the automorphism By: ffu’)” — }N/UT)” given
by Bg(2I) = gay; 1™ Then By induces an automorphism of HS(YJ)”) and hence also an automor-
phism 87: V) — V) of its x-isotypic quotient. As y; acts in Vy as the scalar multiplicatio with
x(u), we have tr(g;2,) = X(u)tr(z‘;VX). We determine tr(B;‘;VX). As vy(g) = 1, Lemma
shows that gY " = Y;"y;. With other words, Bg restricts to an automorphism 3, of Y. Further,
By induces an automorphism S of HY(Y™)[x|u,]- Moreover, the isomorphism from Lemma
induces a commutative diagram

27 subtlety: we suppressed our choice of an identification of £ with the diagonal quotient of fmyw, for which we

silently have chosen that u corresponds to yi. This choice determines on the one hand that y1 acts in V3 by x(u),

and on the other hand, that we have to evaluate the trace formula using the identifications @ < u « y1 = eo(u, —u).
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HY(Y ) xlve] —— BV ]

& |5
H(Y ) xlve] —— BV ]
from which we deduce tr(B;; Vi) = tr(By; H2(Y™)[x|v,]). Lemma finishes the proof. O

Lemma 5.14. Let g € E* with v,(g) = 1. Let By be the automorphism of Y\ defined by Bg(x1™) =
gdcyflfm. Write g = gou. Then

tr(8%: HY (V) [x|us]) = x(90) + X7 (—90)-

Proof. Multiplying with some central element in Up S Ug (those act as scalars in V) we can
assume that go = 1 + u?**'h for some h € Up (and 0 < o < n). We proceed analogously as in
the proof of Proposition Let i € Iy, /I™. A point 2 € Y;" can lie in the set Sg ; = {2] €
Y Bg(2I™) = &il™} from Lemma 5.5 only if 3, fixes its a-coordinate. By Lemma [3.13| 3, acts
on the coordinate a by a = ua’ — ua”"~!'. From this and Proposition one easily deduces that

B3 (a) = a is equivalent to a = +u (for any go) and that h(g, +u) = 0. Apply Propositions
to determine the actions of 34 and ¢ on Y,". Exactly as in the proof of Proposition we see
that

. m 1 ,
tr(By; Ho (Y ) [xlug]) = T 2 853,01 x(i1),
7,'1EUE/UgL+1
where Sg_;, is the set of all solutions of the equations

A Fu® TR (FOMINTY = CitH™' mod u™*! (5.24)
~AMN = iy'7(i1)H*A+ixH mod u™ (5.25)

in the variables C' € (k[u]/u™*1)*, A, iy € k[u]/u™ (the sign & corresponds to the two possibilities
a = tu), where

M = 1-2u"Cr(C)'A asin Proposition and

N = l+u"'— 2 (oM “)W(FDM) {(-AM) =1+ 2u”ﬂ07(0)’1/1
92(£1) + g1 1+ u2etlh

H = 1+i17(i1) YieB = 1+ u™iy7(iy) Y Cr(C) L.

Canceling C in (5.24) we see that it is equivalent to

MNi; = F(1 Fu®*"h)H mod u™'!. (5.26)
Taking modulo u", we see that S/Bgﬂ- =, unless i1 = F(1 F u2°‘+1h) mod u™. Assume the
last holds. Taking equation modulo u" and ingerting M N from and i; = F(1Fu?**1h)
mod u" we deduce
ig = —Am mod u".
This allows to compute
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n 1 —1

As in the proof of Proposition we eliminate iz and ignore equation (5.25). Thus §Sg,;, is
equal to the number of solutions of (5.26)) in C' and A. Finally, we compute M N = H (this uses

i1 = F(1Fu**'h) mod u" and (5.27)) and canceling these terms in (5.26) shows that Sg, ;, = &,
unless i1 = F(1 F u?*"h), in which case $Sp,;, = (¢ — 1)¢*™, finishing the proof. O

5.6. Traces on the induced side.

Proof of Lemma[].28, In =, and ©, the central characters are x|px and Up! acts trivial. Thus
it is enough to show

tr(g;2y) = tr(g;0y) Vg=(1+ u?*Th) with he Up and 0 < e < — 1, (5.28)
tr(g;Ey) = tr(g;0y) VgewUs. (5.29)
ntl n
Lemma 5.15. Letn>1. Forye UF/U}7 2 J, A€ OF/O]EEJ the matrices
1 1A ;
Ty 1= ( y > ( 1 ) € Uy/U; (5.30)

for a system of representatives for the left (and right) cosets of UgUy in Uy and hence also of
Jg = E*U3 in E*Uj.

Proof. We have Uy/UgU} =~ E*Uy/E*Us'. The rest is an immediate computation. O

We use notations from Section and compute the traces tr(g; ©,). Let g = «(1 +u?*T1h) be as
in (5.28). Applying the Mackey formula to ©, = IndiX YA we see

tr(g; ©y) = X A(ryngr;}), (5.31)
YA

where the sum is taken over all representatives r,\ of E*U;/Js (from Lemma [5.15)), such that
"ﬂy’AgT;i € Jg = EXUZ. We compute:

1 1+ Ahtett g Th(1 — A%t)te
TyAdTy x = yhtaJrl 1 — \ptotl

Write 8 = (b + uc)u™™ with some b,c € Op. Assume first a > |5]. Then ry,Agr;\ e Uy < UpUy}
for all r, » and we compute:

tr(g; Oy) = Yt p(ryngr, ) = DY T bh(y + y (1 =A%),
Y, [T
Taking some lifts of y, A to E and setting n := $h(y + y (1 — A\%))u?**! € E, we see that
Bn + 7(Bn) = t¥F1"bh(y + y~L(1 — A2t)), i.e., using (£.3), we deduce

1 — a
tr(g; 0y) = Y ¥u(Bn) = Y x(1+ shly +y ' (1= A2,
YA YA 2
This does not depend on the choice of the lifts y, A to E, as x is of level m. Interpreting 1 +

Ih(y + y7 11 — A2))u?**! as an element of Ug/Up™!, we have to show that the summand y(i1)
46



for i; € Ug/ Ug”l occurs in this sum if and only if and with the same multiplicity as it occurs in

the sum (5.16). Therefore, writing 4; = 1 + u?**1hs, it is enough to show that for a fixed s € R
the equation

1
§(y +y H1=X) =5 mod t" (5.32)
n+l n
in the variables y € UF/U}? 2 J, A€ (’)F/(’)%ZJ is equivalent to the equation (5.17)) in the variable
a =ay+au+ -+ a,u"t € (k[u]/u™)*. Indeed, write ' = —b' + c'u with ¥/ = —1(7(d’) + d’) =
(25

ng - bt/ and du = (r(a) — d) = uzgzj(;l c;t/ with b, ¢/ 7-invariant. Then (5.17) can be

rewritten as

L2 =t e,
24
which is evidently equivalent to (replace V' by y and ¢’ by A). The case o < || can be done
similarly. This shows .
To show (5.29), we let g = ¢(u(1 + hu)) for some h € Op (restriction to this case is possible after
multiplication with a central element). We compute

-1 -1 _ Yy h — )\
@Y AGT, ) = ( (h+ Mty 11— A%) ) : (5.33)

Notice that 7, xgr, \ € Jg = EXUZ if and only if w™'r, \gr, | € EXU} n Uy = UgU}. By (5.33),
this is the case if and only if A = 0, y = +1. Thus tr(g;0,) = x(g9) + x"(g9). Together with
Proposition it shows (5.29)) and thus the lemma. O

S

5.7. Computation of traces in the small level case.
In this section we assume n = m + 1.

Proof of Lemma[[.30} Let g € Uy. We apply Proposition [.6] Observe first that equation (5.3)
reduces to

7(i1) = goa + g1 mod u™ . (5.34)
(i): Then we are exactly in the case (i) of Lemma[5.9} As vy(a) = 1 and v,(g2) = 2| %], we see that
goa + g1 = g1 mod u™ and hence also gea + g1 = g1 mod u™". Let iy € (k[u]/u™*1)*. Then
(5-34) simply says that either i1 is g1 mod u™*! or S,;, = &. By Proposition We deduce

tr(g; HO(Ya)[X]) = (¢ — 1)g™ 'x(g1) = (¢ = Dg" ' x(9),
showing the first statement of (i). The last statement of (i) follows immediately from the first, as x
is trivial on Uy
(ii): Conjugating g into UpU3 and multiplying with an element of UrUJ" (these elements act by
part (i) as scalars), we can without loss of generality assume that g = (1 + w?**'h) with some
h € Up and with 2a + 2 = vy(g3) < n. Let iy € UE/U]E"H. We determine $S, ;,. First of all is
equivalent to

(t*h)a® —t*"'h =0 mod u""!.

Write a = a’u with @’ invertible. This equation is equivalent to
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'=+41 mod u"17(2e+2) (5.35)

S
I

Equation (5.34) takes the form

7(i1) = 1 + v**"ha’ mod u™ "L
Thus (5.35) and n = m + 1 shows that either Sg; = J, or iy = 1 & w22+ Moreover, for each
of this two choices of i1, there are exactly ¢v»(93)~1 = 42+l possible a’s satisfying equations (5.35)
) y g

and (5.34) (cf. Lemma [5.9(ii)). We obtain

tr(g; HY(Vi) [x]) = ¢°+ 1 - (%(9) + X7 (9))-
(iii): By Lemma [5.9[(iii) it is clear that Sy, = ¢ for all 4; in this case.
Let now g = gow € wlUg. As in the proof of Proposition we have the automorphism £, of
Y, defined by fg4(21™) = gi;yl_llm, where y1 = eg(u, —u) and its restriction 5, to Y*. Again, we
have

tr(g; HO (Y X)) = x(w)tr(555 HAYE [X]) = x(uw)tr (85 HU(YE) [X])-
The right action of I, /I™ does not affect the a-coordinate of a point 21 € Y[, thus we see from
the Lemma that tr(3;; HY(Y,7")[x]) = 0, unless 8%(a) = a. A simple computation shows that
this can only be the case if g is conjugate to an element in £*Uy". This shows (ii)'. If g is conjugate
to an element of E*Uj, then we can assume g € E*Uy and (i)’ can be shown as in the proof of

Proposition {.22] O
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